PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES” TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN MHQANIKWN EMP - EKEFE “DHMOKRITOS” Telikă exètash sto mĹjhma: “HLEKTROMAGNHTISMOS I” FlebĹrhc 2006

DiĹrkeia: 3 ÿrec. GrĹyte kai ta tèssera (bajmologikĹ isodÔnama) jèmata.

Jèma 1o Jewrăste dÔo omìkentrec sfaÐrec me aktÐnec R_1 kai R_2 (R_2 > R_1). H sfaÐra eÐnai agÿgimec kai geiwmènec, enÿ metaxÔ touc, sth jèsh ⃗R_0 (R_1 < R_0 < R_2) topojeteÐtai fortÐo q. Na apodeiqjeÐ ìti to fortÐo pou epĹgetai sthn eswterikă sfaÐra isoÔtai me Q = −q^{R1}_{R0}^{R2−R0}_{R2−R1} .

UpodeÐxeic: To dunamikì mporeÐ na grafteÐ: Φ =^{kq}_{|⃗r− ⃗R0|} + ∑ ( a_nr^n +^{bn}_{rn+1} ) . EpÐshc, o Ĺxonac twn z kalì eÐnai na pernĹei apì th jèsh tou fortÐou q.

LÔsh: KatĹ thn upìdeixh, Φ = kq |⃗r − ⃗R_0| + ∑ ( a_nr^n + b_n r^{n+1} ) . ParathroÔme ìti, gia r < R_0, to dunamikì tou fortÐou q grĹfetai diadoqikĹ: kq |⃗r − ⃗R_0| = kq R_0 1 √ 1 + (_r R_0

)_2 − 2 (_r R_0 ) cos θ = kq ∞∑ 0 r^n R^{n+1}_0

P_n(cos θ), r < R_0.

Entelÿc antÐstoiqa, an r > R_0, kq |⃗r − ⃗R_0| = kq ∞∑ 0 R^n_0 r^{n+1} P_n(cos θ), r > R_0.

Taktopoiÿntac touc diĹforouc ìrouc, to sunolikì dunamikì dÐnetai apì tic duì diaforetikèc parastĹseic:

Φ = Φ_< = ∞∑ 0 [( a_n + kq R^{n+1}_0 ) r^n + b_n r^{n+1} ] , r < R_0

Φ = Φ_> = ∞∑ 0 [ a_nr^n + b_n + kqR^n_0 r^{n+1} ] , r > R_0.

Tÿra ja epibĹlloume tic oriakèc sunjăkec: Φ|_{R1} = Φ_<|_{R1} = 0, kai Φ|_{R2} = Φ_>|_{R2} = 0. H prÿth sunepĹgetai ìti ( a_n +^{kq}_{Rn+10} ) R^n_1 +^{bn}_{Rn+11} = 0 kai h deÔ-

terh ìti: a_nR^n_2 +^{bn+kqRn0}_{Rn+12} = 0. Apì autèc tic sqèseic mporoÔme na prosdiorÐsoume touc suntelestèc a_n kai b_n, Ĺra to dunamikì. H puknìthta fortÐou ja brejeÐ apì th sqèsh σ =^1_{4πk} E|_{R1} = −^1_{4πk}^{∂Φ}_{∂r} | | |_{R1} = −^1_{4πk}^{∂Φ<}_{∂r} | | |_{R1} , kai

to fortÐo sthn eswterikă sfaÐra ja eÐnai to epifaneiakì oloklărwma autăc thc posìthtac. LambĹnontac up’ ìyh ìti

∫_1

−1 d cos θP_n(cos θ) = 2δ_{n0}, eÐnai eÔkolo na doÔme ìti mìno oi ìroi me n = 0 ja suneisfèroun sto fortÐo, dhladă arkeÐ na upologÐsoume ta a_0 kai b_0. Oi parapĹnw sqèseic mac dÐnoun: a_0 = −^{kq}_{R0}^{R0−R1}_{R2−R1} , b_0 = −^{kqR1}_{R0} − R_1a_0 = −kq^{R1}_{R0}^{R2−R0}_{R2−R1} . TelikĹ:

Q = −4πR^2_1 1 4πk ∂ [ a_0 +^{kq}_{Rn+10} +^{b0}_r ] ∂r | | | | | | R_1 = R^2_1 k b_0 R^2_1 = −q R_1 R_0

R_2 − R_0 R_2 − R_1 .

Jèma 2o Jewrăste ènan monwtă hmisfairikoÔ sqămatoc pou èqei aktÐna R, kai eÐnai fortismènoc me puknìthta ρ(r) = ρ_0^r_R . H epÐpedh pleurĹ tou monwtă brÐsketai sto epÐpedo xy kai ekteÐnetai ston hmiqÿro me jetikì z. (a) Na breÐte thn polupolikă anĹptuxh tou dunamikoÔ gia apostĹseic r > R. (b) Na breÐte thn antÐstoiqh polupolikă anĹptuxh tou dunamikoÔ gia hmisfairikì monwtă pou ekteÐnetai ston hmiqÿro me arnhtikì z.

LÔsh: To dunamikì dÐnetai apì th sqèsh:

Φ(⃗x) = 1 ϵ_0 ∑ l,m 1 2l + 1 Q_{lm} Y_{lm} r^{l+1} , Q_{lm} ≡ ∫ d^3r^′ρ(⃗r^′)r^{′l}Y^∗_{lm}. (a) H oloklhrwtèa parĹstash den èqei exĹrthsh apì to ϕ, opìte h oloklărwsh aută ja dÐnei mh mhdenikì apotèlesma mìno gia m = 0. Shmeiÿnoume ìti Y_{l0} =

√_{2l+1}

4π P_l(cos θ). H oloklărwsh wc proc θ ja ekteÐnetai apì θ = 0 mèqri θ =^π_2 kai prèpei na upologisteÐ to ∫ π_2 θ=0 d(− cos θ)P_l(cos θ) = −

∫_0 x=1 dxP_l(x) = 1 2l + 1

∫_1 0 dx[P^′_{l+1}(x)−P^′_{l−1}(x)] = = 1 2l + 1

[(P_{l+1}(1)−P_{l+1}(0))−(P_{l−1}(1)−P_{l−1}(0))] = 1 2l + 1

[P_{l−1}(0))−P_{l+1}(0)].

Gia thn eidikă perÐptwsh l = 0 to oloklărwma ja eÐnai monĹda. Gia Ĺrtia l to oloklărwma ja mhdenÐzetai. Mènoun ta perittĹ l = 2k + 1. H gennătria sunĹrthsh dÐnei:

P_{2k}(x) =

(−1)^k(2k − 1)!!

(2k)!!

, P_{2k+2}(x) = −

(−1)^k(2k + 1)!!

(2k + 2)!! . Mènei to aktinikì oloklărwma, pou isoÔtai me ∫_R 0 dr^′r^{′2}ρ_0^{r′}_R r^{′l} = ρ_0R^{l+3}.

(b) ’Enac aplìc trìpoc gia na upologÐsoume th deÔterh polupolikă anĹptuxh prokÔptei apì thn paratărhsh ìti to sÔsthma twn dÔo monwtÿn, dhladă to Ĺjroisma twn polupolikÿn anaptugmĹtwn, ja eÐnai mÐa sfaÐra me ènan mìno ìro sthn polupolikă anĹptuxh: 1 4πϵ_0 Q r = 1 ϵ_0 ∑ l,m 1 2l + 1

(Q^+_{lm} + Q^−_{lm}) Y_{lm} r^{l+1} , ìpou ta Q^+_{lm} eÐnai gnwstĹ: eÐnai oi posìthtec pou sumbolÐsame me Q_{lm} sto prÿto mèroc thc Ĺskhshc kai Q^−_{lm} eÐnai ta zhtoÔmena. Ex Ĺllou to Q eÐnai to olikì fortÐo sfaÐrac aktÐnac R me puknìthta fortÐou ρ(r) = ρ_0^r_R : Q = ∫_R 0 (4πr^2dr)ρ_0^r_R = πρ_0R^3. Apì th sqèsh twn anaptugmĹtwn sumperaÐnoume ìti: Q^−_{00} =^Q_{4πϵ0} − Q^+_{00} (gia l = m = 0) kai Q^−_{lm} = −Q^+_{lm} gia ìlec tic Ĺllec timèc twn l kai m.

Jèma 3o Leptìc kulindrikìc floiìc me măkoc L kai aktÐna R << L fèrei epifaneiakă puknìthta fortÐou σ. O floiìc peristrèfetai perÐ ton ĹxonĹ tou me gwniakă taqÔthta ω = at. Na upologÐsete:

(a) To magnhtikì pedÐo mèsa ston floiì. (b) To hlektrikì pedÐo mèsa ston floiì.

(g) Thn hlektrikă kai magnhtikă enèrgeia mèsa sto floiì. Agnoăste: (a) pijanèc paramorfÿseic twn pedÐwn kontĹ stic dÔo bĹseic tou floioÔ (b) pijanì reÔma metatìpishc.

LÔsh: (a) H puknìthta reÔmatoc eÐnai: ⃗K = σωRϕ̂ ⇒ ⃗J = ⃗Kδ(ρ − R) = σωRδ(ρ − R)ϕ̂. (PrĹgmati, fortÐo δQ = σ(2πR)δz sumplhrÿnei ènan plărh kÔklo mia forĹ kĹje perÐodo T =^{2π}_ω , parĹgontac reÔma δI =^{δQ}_T = σ(2πR) 2π ω δz, opìte K ≡^{δI}_{δz} = σωR). An agnoăsoume to reÔma metatìpishc, h exÐswsh ⃗∇ × ⃗B = μ_0 ⃗J ja mac dÿsei −^{∂Bz}_{∂ρ} = μ_0σωRδ(ρ − R), opìte: ⃗B(ρ) = −μ_0σωRẑ = −μ_0σaRtẑ, ρ < R. To Ðdio apotèlesma mporeÐ kaneÐc na breÐ efarmìzontac tic oriakèc sunjăkec gia to magnhtikì pedÐo sthn epifĹneia tou floioÔ.

(b) Apì thn ∫ C(S) ⃗E · ⃗dl = − d dt ∫ S ⃗B · n̂da, gia kÔklo aktÐnac ρ kĹjeto ston Ĺxona twn z me kèntro pĹnw ston Ĺxona paÐrnoume: ⃗E =^{μ0σaRρ}_2 ϕ̂.

(g) U_E =^{ϵ0}_2 ∫ d^3xE^2 =^{ϵ0L}_2 ∫_R 0 (_{μ0σaRρ} 2 )_2 2πρdρ =^{πϵ0μ20σ2a2R6L}_{16} , U_B = 1 2μ_0 ∫ d^3xB^2 =^1_{2μ0} (πR^2L) (μ_0σωR)^2 =^{πμ0σ2 a2R4Lt2}_2 .

Jèma 4o (a) GrĹyte th sunĹrthsh Green gia geiwmèno mh peperasmèno agÿgimo epÐpedo pou brÐsketai sto epÐpedo xy. (b) Me th boăjeia thc sunĹrthshc Green tou prohgoÔmenou erwtămatoc prosdiorÐste to dunamikì sth jèsh (0, 0, z) pou ofeÐletai se rĹbdo me puknìthta fortÐou ρ(⃗r^′) = λΘ(L − |x^′|)δ(y^′)δ(z^′ − z_0). (RĹbdoc qwrÐc pĹqoc kai me grammikă puknìthta fortÐou λ pou brÐsketai sto epÐpedo xz, eÐnai parĹllhlh ston Ĺxona twn x, pernĹei apì to shmeÐo z_0 kai ekteÐnetai apì to −L mèqri to +L.) Upìdeixh: ∫ dx^{1√}_{x2+a2} = log(x + √ x^2 + a^2).

LÔsh: (a) H sunĹrthsh Green gia oriakèc sunjăkec Dirichlet ìpwc oi parapĹnw eÐnai: G_D(⃗x, ⃗x^′) = 1 |⃗x − ⃗x^′| − 1 |⃗x − ⃗x^′_I | . (b) Gia oriakèc sunjăkec Dirichlet xèroume ìti Φ(⃗x) = k ∫ V d^3x^′ρ(⃗x^′)G_D(⃗x, ⃗x^′) − 1 4π ∫ S(V ) da^′Φ(⃗x^′) ∂G_D ∂n^′ . Gia to prìblhmĹ mac brÐskoume:

Φ(0, 0, z) = k ∫ z^′≥0 dx^′dy^′dz^′[λΘ(L−|x^′|)δ(y^′)δ(z^′−z_0)] [ 1 |⃗x − ⃗x^′| − 1 |⃗x − ⃗x^′_I | ] =

= kλ ∫ z^′≥0 dx^′dy^′dz^′[λΘ(L−|x^′|)δ(y^′)δ(z^′−z_0)] 1 √ (0 − x^′)^2 + (0 − y^′)^2 + (z − z^′)^2 −

− 1 √ (0 − x^′)^2 + (0 − y^′)^2 + (z + z^′)^2 =

= kλ ∫_L x^′=−L dx^′ 1 √ x^{′2} + (z − z_0)^2 − 1 √ x^{′2} + (z + z_0)^2 =

= kλ ln L + √ L^2 + (z − z_0)^2 −L + √ L^2 + (z − z_0)^2 − kλ ln L + √ L^2 + (z + z_0)^2 −L + √ L^2 + (z + z_0)^2 =

= kλ ln ( √ L^2 + (z − z_0)^2 + L)( √ L^2 + (z + z_0)^2 − L) ( √ L^2 + (z − z_0)^2 − L)( √ L^2 + (z + z_0)^2 + L) .