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SQOLH EFARMOSMENWN MAJHMATIKWN KAI FUSIKWN EPISTHMWN

UPOLOGISTIKH FUSIKH � 7o EXAMHNO

EISAGWGIKES PLHROFORIES GIA TO ERGASTHRIO

P¸c xekin�me to logismikì gia FORTRAN

1. K�noume klik sto eikonÐdio thc FORTRAN.

2. Epilègoume: File> New

3. Sumplhr¸noume sto pedÐo Project Name: ASKISI 1
Epilègoume sto pedÐo Location to path pou ja brÐskontai ta arqeÐa:

C:\ Documents & Settings\ Usertemfe\ My Documents
Epilègoume: Fortran Window Application.

4. Finish

5. OK

6. Epilègoume File> New

7. Sumplhr¸noume sto pedÐo File Name: ASKISI 1.for
Epilègoume: Fortran Fixed Format Source File.

Sto par�juro pou �noixe mporoÔme na plhktrolog soume ton k¸dika.

Met� thn plhktrolìghsh k�noume tic ex c 3 diadikasÐec:

1. Epilègoume: Build>Compile askisi 1.f
An den up�rqei l�joc sthn �metagl¸ttish� (compilation), mporeÐte na proqwr sete sto
epìmeno b ma. An up�rqei l�joc, ja emfanisteÐ sto k�tw mèroc thc ojìnhc dieukrinÐ-

zontac to eÐdoc tou l�jouc, en¸ an k�nete klik p�nw sth dieukrÐnish aut  ja emfanisteÐ

èna bel�ki sth gramm  tou k¸dika ìpou emfanÐzetai to l�joc.

2. Epilègoume: Build>Build askisi 1.exe

3. Epilègoume: Build>Execute askisi 1.exe

P¸c xekin�me to logismikì gia MATLAB

1. K�noume klik sto eikonÐdio tou MATLAB

2. Epilègoume to f�kello ìpou brÐskontai ta arqeÐa me ta dedomèna pou par qjhkan apì

to prìgramma FORTRAN.

3. Diab�zoume to arqeÐo apì to MATLAB:
load data.dat -ascii
ìpou data.dat eÐnai to ìnoma tou arqeÐou pou perièqei ta dedomèna.

4. Sqedi�zoume ta dedomèna:

plot(data(:,1),data(:,2),’r*’,’MarkerSize’,1)
ìpou data(:,1) shmaÐnei apì to arqeÐo data p�re ìlec tic grammèc (:) apì th st lh 1 twn

dedomènwn. To r* shmaÐnei qrhsimopoÐhse kìkkino (r) qr¸ma kai sÔmbolo asterÐsko

(*) gia th sqedÐash. Sth jèsh tou r mporeÐte na b�lete g, b klp. en¸ antÐ * mporeÐte

na dialèxete teleÐa (.)   sun (+). Tèloc, to ’MarkerSize’,1 upodhl¸nei to mègejoc

tou sumbìlou pou qrhsimopoieÐtai.

5. K�je for� pou ekteleÐtai h entol  plot to prohgoÔmeno di�gramma q�netai. An jèlete

na k�nete poll� plot sto Ðdio di�gramma qrhsimopoieÐste thn entol  hold on met� to

pr¸to plot.



KEF�ALAIO 1

SqedÐash Dunamik¸n

Gramm¸n

Oi hlektrikèc dunamikèc grammèc kai oi isodunamikèc epif�neiec eÐnai oi pio
sunhjismènoi trìpoi par�stashc enìc hlektrostatikoÔ pedÐou. Oi dunamikèc
grammèc orÐzontai apì dÔo idiìthtec: (1) Se k�je shmeÐo, h efaptomènh sth
dunamik  gramm  eÐnai par�llhlh me to di�nusma tou hlektrikoÔ pedÐou sto
shmeÐo autì kai (2) Se k�je shmeÐo o arijmìc twn dunamik¸n gramm¸n (pou
diapernoÔn k�jeta mia monadiaÐa epif�neia) eÐnai an�logoc me thn èntash tou
pedÐou sto shmeÐo autì. H deÔterh idiìthta mac lèei ìti ìso oi dunamikèc
grammèc gÐnontai pio puknèc, tìso to hlektrikì pedÐo (kai epomènwc kai h
dÔnamh pou askeÐtai s� èna fortÐo) gÐnetai isqurìtero. H pr¸th idiìthta mac
prosfèrei mia eÔkolh upologistik  mèjodo gia na sqedi�zoume tic dunamikèc
grammèc. H katanìhsh kai h perigraf  fusik¸n katast�sewn kai fainomè-
nwn me b�sh tic dunamikèc grammèc eÐnai polÔ basik  kai qr simh diergasÐa
ston hlektrismì kai to magnhtismì. H apìkthsh peÐrac sthn anagn¸rish thc
morf c twn dunamik¸n gramm¸n gia orismènec katanomèc fortÐwn, bohj�ei
sthn kallÐterh katanìhsh kai qr sh twn hlektrik¸n pedÐwn.

Oi isodunamikèc epif�neiec eÐnai epif�neiec sto q¸ro p�nw stic opoÐec ta
fortÐa mporoÔn na metakinoÔntai qwrÐc thn paragwg  (  katan�lwsh) èrgou.
Oi isodunamikèc epif�neic eÐnai pantoÔ k�jetec stic hlektrostatikèc dun�meic
(F · dl=0). Epomènwc, oi isodunamikèc epif�neiec eÐnai pantoÔ k�jetec stic
dunamikèc grammèc tou pedÐou. H diagraf  miac kampÔlhc pou brÐsketai p�nw
se mÐa isodunamik  epif�neia epitugq�netai an kinoÔmaste monÐmwc k�jeta
sthn topik  dunamik  gramm . Aut  h idiìthta mac bohj� sthn sqedÐash
isodunamik¸n kampul¸n me eÔkolo upologistikì trìpo.
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2 KEF�ALAIO 1. SQEDIASH DUNAMIKWN GRAMMWN

1.1 Basikèc Exis¸seic

Oi parak�tw exis¸seic sqoli�zontai plhrèstera s� ìla ta biblÐa fusik c.
Ed¸ anafèroume ìsec ja mac qreiasjoÔn s' autì to kef�laio.

1. O nìmoc tou Coulomb

F =
1

4πε0

q q1

r2
r̂

ìpou F eÐnai h dÔnamh pou askeÐtai sto fortÐo q apì to fortÐo q1 kai
r̂ eÐnai to monadiaÐo di�nusma apì to fortÐo q1 sto fortÐo q kai r h
metaxÔ touc apìstash

2. To axÐwma thc epallhlÐac

Folik  = F1 + F2 + F3 + · · ·FN =
N∑

i=1

Fi =
N∑

i=1

q qi

4πε0r2
i

r̂i

ìpou Folik  eÐnai h dÔnamh pou askeÐtai sto fortÐo q apì ìla ta �lla
fortÐa q1, . . . , qN , ri h apìstash tou qi fortÐou apì to q kai r̂i to
antÐstoiqo monadiaÐo di�nusma (apì to qi sto q).

3. O orismìc tou hlektrikoÔ pedÐou pou ofeÐletai se shmeiakì fortÐo q

E(r) =
1

4πε0

q

r2
r̂

ìpou E(r) eÐnai èna dianusmatikì pedÐo. EÐnai dhlad  mia sun�rthsh
pou oi timèc thc eÐnai dianÔsmata kai pou all�zei apì shmeÐo se shmeÐo
sto q¸ro. H dÔnamh F pou askeÐtai se fortÐo q0 pou brÐsketai sto
shmeÐo r0 dÐnetai apì th sqèsh:

F = E(r0) q0

4. Oi dunamikèc grammèc tou hlektrostatikoÔ pedÐou xekinoÔn apì jetik�
fortÐa kai katal goun se arnhtik� fortÐa   sto �peiro.

5. Ola ta shmeÐa miac isodunamik c epif�neiac èqoun to Ðdio hlektrosta-
tikì dunamikì.

6. Oi hlektrostatikèc dunamikèc grammèc eÐnai pantoÔ k�jetec stic iso-
dunamikèc epif�neiec.

1.2 Upologismìc twn Dunamik¸n Gramm¸n

Oi dunamikèc grammèc mporoÔn na upologistoÔn algorijmik�, dhlad  me mia
mèjodo b ma-proc-b ma . H diadikasÐa aut  qrhsimopoieÐ thn pr¸th apì tic
idiìthtec pou anafèrame parap�nw: h efaptomènh sth dunamik  gramm  eÐnai
p�nta par�llhlh me to di�nusma tou hlektrikoÔ pedÐou. Ac perioristoÔme
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se probl mata pou eÐnai,   mporeÐ na anaqjoÔn, se dÔo diast�seic Sq.(1.1).
Jewr ste to hlektrikì pedÐo sto tuqaÐo shmeÐo (x, y) tou epipèdou, pou
prokaleÐtai apì omoepÐpeda shmeiak� fortÐa. To sunolikì pedÐo E brÐsketai
an ajroÐsoume touc ìrouc (q/4πε0)(r̂/r2) gia ìla ta fortÐa. T¸ra upojèste
ìti metakineÐste kata èna mikrì di�sthma ∆s p�nw sth dunamik  gramm , apì
to shmeÐo (x, y) èwc to shmeÐo (x + ∆x, y + ∆y). Gia mikrì b ma ∆s, to
trÐgwno pou sqhmatÐzetai apì ta ∆x, ∆y kai ∆s eÐnai ìmoio me to trÐgwno
pou sqhmatÐzoun ta Ex, Ey kai

√
E2

x + E2
y . Epomènwc, ta ∆x kai ∆y dÐnontai

apì tic sqèseic

∆x = ∆s
Ex√

E2
x + E2

y

, ∆y = ∆s
Ey√

E2
x + E2

y

To nèo shmeÐo thc dunamik c gramm c eÐnai to (x+∆x, y+∆y) kai h diadikasÐa
arqÐzei xan�. M� autì to trìpo proqwroÔme p�nw sth dunamik  gramm 
b ma-proc-b ma.

H diadikasÐa gia thn isodunamik  gramm  (dhlad  thn tom  thc isodu-
namik c epif�neiac me to epÐpedo pou brÐskontai ta fortÐa), eÐnai ki aut 
eÔkolh. Epeid  oi isodunamikèc eÐnai k�jetec stic dunamikèc grammèc   sto
pedÐo E, se k�je b ma h kÐnhsh prèpei na eÐnai k�jeth sto hlektrikì pe-
dÐo. GnwrÐzoume ìti to ginìmeno twn klÐsewn duo kajètwn eujei¸n eÐnai −1.
Epomènwc an jèloume na akolouj soume mia isodunamik  gramm , ja prèpei
na metakinhjoÔme kat� ∆x kai ∆y

∆x = ∆s
Ey√

E2
x + E2

y

∆y = ∆s
−Ex√

E2
x + E2

y

par�llhla me touc �xonec x kai y. H epilog  tou arnhtikoÔ pros mou sto
∆y, kai ìqi sto ∆x eÐnai tuqaÐa. H diafor� ègkeitai sth for� diagraf c
thc isodunamik c gramm c.

Sto Sq.(1.2) faÐnetai to logikì di�gramma gia th diadikasÐa upologismoÔ
twn dunamik¸n kai isodunamik¸n gramm¸n.
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Sq ma 1.1: Se k�je shmeÐo thc dunamik c gramm c, ta trÐgwna (∆x, ∆y, ∆s)
kai Ex, Ey, |E|) eÐnai ìmoia.
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'Orise ta q, x, y,∆s

?

Di�lexe Dun.   Isodun.

?

'Orise to arqikì (x, y)

?

Upolìgise Ex, Ey, |E|

?

Upolìgise ta ∆x,∆y

?

Upolìgise ta nèa x,y

?

TÔpwse ta apotelèsmata

?
HHH

HHH

���
���

HH
HHHH

��
����

Tèloc gramm c;

-

�

OQI NAI

Sq ma 1.2: Di�gramma ro c gia thn sqedÐash dunamik¸n kai isodunamik¸n
gramm¸n. Met� ton kajorismì twn arqik¸n tim¸n twn paramètrwn, o upo-
logismìc �proqwr�� p�nw sthn dunamik    isodunamik  gramm  b ma - proc -
b ma. Se k�je shmeÐo, h èntash tou pedÐou kajorÐzei tic suntetagmènec tou
epìmenou b matoc.

Parak�tw faÐnetai o k¸dikac se gl¸ssa FORTRAN pou mporeÐ na qrh-
simopoihjeÐ gia sqedÐash dunamik¸n   isodunamik¸n gramm¸n.
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C ********************************
PROGRAM ELECTRIC FIELDS

C ********************************
C *******************1o TMHMA***************************

IMPLICIT NONE
INTEGER I,N,KCHECK,P,ICON,L
PARAMETER (P=20)
REAL X(P),Y(P),Q(P),X0IN,Y0IN,X0,Y0,RCHECK,EX,EY,DL,DLIN,

*DX,DY
OPEN(UNIT=10,FILE=”ELEC LINE.DAT”)

C *******************2o TMHMA*************************
PRINT *,”NUMBER OF CHARGES (MAX=20)”
READ(5,*)N

DO I=1,N
PRINT *,I,”CHARGE”
PRINT *,”GIVE THE CHARGE AND ITS POSITION (Q,X,Y)”
READ(5,*)Q(I),X(I),Y(I)

END DO

666 PRINT *,”LINE OF FORCE (1) OR EQUIPOTENTIAL LINE (2)”
READ(5,*)L
PRINT *,”CHOOSE THE STARTING POINT (X,Y)”
READ(5,*)X0IN,Y0IN

C *******************3o TMHMA***************************
X0=X0IN
Y0=Y0IN
DX=0.0
DY=0.0
DL=0.05
EX=0.0
EY=0.0

C *******************4o TMHMA*************************
DO I=1,N

RCHECK=((X0-X(I))**2+(Y0-Y(I))**2)**(0.5)

IF (RCHECK.LT.DL) THEN
PRINT *,”TOO NEAR TO A CHARGE”
GOTO 666

END IF

END DO
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C *******************5o TMHMA**************************
KCHECK=1
DO WHILE (KCHECK.EQ.1)

WRITE(10,*)X0,Y0
C PRINT *,X0,Y0

CALL STRENGTH(X0,Y0,N,X,Y,Q,EX,EY,DX,DY)

IF (L.EQ.1) THEN
DX=DL*EX/((EX**2+EY**2)**(0.5))
X0=X0+DX
DY=DL*EY/((EX**2+EY**2)**(0.5))
Y0=Y0+DY

ELSE IF (L.EQ.2) THEN
DX=DL*EY/((EX**2+EY**2)**(0.5))
X0=X0+DX
DY=-DL*EX/((EX**2+EY**2)**(0.5))
Y0=Y0+DY

ELSE
END IF

IF ((ABS(X0).GT.20.0).OR.(ABS(Y0).GT.20.0)) KCHECK=0

IF (L.EQ.1) THEN
DO I=1,N

RCHECK=((X0-X(I))**2+(Y0-Y(I))**2)**(0.5)

IF (RCHECK.LT.DL) THEN
KCHECK=0

C PRINT *,I,X0,Y0,RCHECK
END IF

END DO
ELSE

DLIN=ABS(X0-X0IN)+ABS(Y0-Y0IN)
IF (DLIN.LT.0.9*DL) KCHECK=0

ENDIF

END DO
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*******************6o TMHMA****************************
667 PRINT *,”NEW STARTING POINT (YES=1, NO=2)”

READ(5,*)ICON
IF (ICON.EQ.1) GOTO 666

CLOSE(10)
END

C ******************************************
C *******************7o TMHMA**************************

SUBROUTINE STRENGTH(X0,Y0,N,X,Y,Q,EX,EY,DX,DY)
IMPLICIT NONE
INTEGER I,N,P
PAMETER(P=20)
REAL X0,Y0,X(P),Y(P),Q(P),EX,EY,R,DX,DY

EX=0.0
EY=0.0

DO I=1,N
R=((X0+DX/2.0-X(I))**2+(Y0+DY/2.0-Y(I))**2)**(0.5)

EX=EX+Q(I)*(X0+DX/2.0-X(I))/R**3
EY=EY+Q(I)*(Y0+DY/2.0-Y(I))/R**3

END DO

RETURN
END

Ac prospaj soume, epeid  eÐnai o pr¸toc k¸dikac pou parousi�zetai, na
d¸soume mia ìso to dunatì leptomer  epex ghsh.
To 1o tm ma perièqei ìlouc touc orismoÔc twn metablht¸n pou ja qrhsimo-
poihjoÔn. H entol :
IMPLICIT NONE
eÐnai polÔ bohjhtik  giatÐ apagoreÔei thn emf�nish ston k¸dika, opoiad po-
te metablht c pou den èqei oristeÐ sthn arq  me tic entolèc INTEGER kai
REAL kai ètsi apofeÔgontai l�jh pou proèrqontai apì kak  plhktrolì-
ghsh metablht¸n. Oi pragmatikèc metablhtèc Q, X kai Y , pou kajorÐzoun
ta fortÐa kai tic jèseic touc, eÐnai pÐnakec, opìte prèpei na orÐsoume thn
(mègisth) di�stas  touc. Me thn entol :
PARAMETER (P=20)
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mporoÔme na orÐsoume aut  th mègisth di�stash. Tèloc me thn entol :
OPEN(UNIT=10,FILE=“ELEC LINE.DAT”):
�anoÐgoume� èna arqeÐo (me to ìnoma ELEC LINE.DAT) ìpou ja �gr�foume�
ta apotelèsmat� mac.

Sto 2o tm ma dÐnoume sto prìgramma ta arqik� dedomèna: ta fortÐa kai
tic jèseic touc. Sthn entol :
READ(5,*)Q(I),X(I),Y(I)
to �5� upodhl¸nei ìti ta dedomèna eis�gontai apì to plhktrolìgio kai o �*�
ìti o trìpoc pou dÐnontai (dekadik  morf , ekjetik  morf  k.lp.) eÐnai te-
leÐoc genikìc. AkoloÔjwc, to prìgramma rwt� an jèloume na upologÐsei
mÐa dunamik  gramm    mia isodunamik  gramm  (epilègontac th tim  thc me-
tablht c L). Tèloc, dhl¸noume tic suntetagmènec tou shmeÐou apì to opoÐo
jèloume na xekin sei h gramm : X0IN,Y0IN.

Sto 3o tm ma gÐnontai oi arqikopoi seic twn tim¸n: ta X0,Y0 ja apo-
teloÔn tic suntetagmènec tou ek�stote nèou shmeÐou pou brÐskoume (ta
X0IN,Y0IN ta qreiazìmeste gia di�forouc elègqouc kat� th di�rkeia thc
diadikasÐac). To DL eÐnai to m koc tou b matoc pou epilègoume kai DX,DY
eÐnai oi probolèc thc metakÐnhs c mac.

Sto 4o tm ma elègqoume kat� pìso to arqikì shmeÐo pou epilèxame eÐnai
polÔ kont� (mikrìtero apì DL) se k�poio apì ta fortÐa tou probl matìc
mac.

To 5o tm ma eÐnai to kurÐwc prìgramma. S� autì kaleÐtai h uporoutÐna
STRENGTH ìpou me eisagwg  twn suntetagmènwn tou shmeÐou pou bri-
skìmaste (X0,Y0), twn fortÐwn kai twn jèse¸n touc (Q,X,Y) lamb�noume
¸c èxodo tic topikèc suntetagmènec tou dianÔsmatoc tou pedÐou (ta DX,DY
qrei�zontai gia thn kallÐterh prosèggish aut c thc algorijmik c diadikasÐ-
ac, bl. to sqoliasmì thc uporoutÐnac). Me dedomèna pia ta topik� EX,EY
upologÐzoume ta nèa DX,DY kaj¸c kai to nèo shmeÐo thc gramm c (diakrÐ-
nontac thn perÐptwsh dunamik c   isodunamik c gramm c). Met� arqÐzoun
oi èlegqoi diakop c aut c thc diadikasÐac: (1) an to X0   to Y0 �bgoÔn�
ektìc thc perioq c pou endiaferìmaste (h gramm  apomakrÔnetai), (2) an to
nèo shmeÐo mac X0,Y0 eÐnai polÔ kont� se k�poio fortÐo (gia thn perÐptwsh
dunamik c gramm c) kai (3) an to nèo shmeÐo mac eÐnai polÔ kont� (ousia-
stik� sumpÐptei) me to arqikì mac shmeÐo (gia thn perÐptwsh isodunamik c
gramm c). An ìloi oi èlegqoi xeperastoÔn jetik� arqÐzei o upologismìc tou
epìmenou shmeÐou thc gramm c (afoÔ apojhkeuteÐ to nèo shmeÐo sto arqeÐo
pou  dh èqei anoiqteÐ), eid�llwc, to 6o tm ma tou progr�mmatoc mac zht�
an jèloume na xekin soume èna nèo upologismì   na termatÐsoume ìlh th
diadikasÐa. Tèloc �kleÐnoume� to arqeÐo twn apotelesm�twn mac.
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Sq ma 1.3: Dunamikèc kai isodunamikèc grammèc gia a) shmeiakì fortÐo kai
b) dÔo antÐjeta shmeiak� fortÐa

Sthn uporoutÐna upologÐzoume thn apìstash R tou shmeÐou pou briskì-
maste (X0,Y0) apì k�je fortÐo, upologÐzoume th suneisfor� tou fortÐou
autoÔ sto EX kai EY kai ajroÐzoume gia ìla ta fortÐa. AkoloujoÔme to le-
gìmeno trìpo tou �misoÔ b matoc� ìpou h jèsh tou shmeÐou pou briskìmaste
eÐnai X0+DX/2.0,Y0+DY/2.0, dhlad  aux�nome tic timèc twn suntetagmè-
nwn kat� to  misu twn antistoÐqwn sunistws¸n tou prohgoÔmenou b matoc.
MÐa apl  ex ghsh eÐnai ìti eÐnai akribèstero na briskìmaste sto mèson tou
diast matoc pou metakinoÔmaste par� sthn �krh tou.

Ac doÔme t¸ra merik� apl� paradeÐgmata gia na elègxoume th mèjodì
mac. Sthn perÐptwsh enìc shmeiakoÔ fortÐou oi dunamikèc grammèc eÐnai
aktinikèc kai oi isodunamikèc kÔkloi. Sto Sq.(1.3a) blèpoume th sqedÐash
pou paÐrnoume qrhsimopoi¸ntac ta apotelèsmata tou progr�mmatoc. Sto
Sq.(1.3b) blèpoume tic dunamikèc kai tic isodunamikèc grammèc gia dÔo antÐ-
jeta fortÐa.

H mèjodoc efarmìzetai gia aperiìristo arijmì shmeiak¸n fortÐwn kai
mporeÐ eÔkola na genikeuteÐ kai gia suneqeÐc katanomèc.
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EÔresh Riz¸n miac

ExÐswshc

Xekin�me me to pio sunhjismèno arijmhtikì prìblhma, dhlad  p¸c brÐskoume
tic rÐzec miac exÐswshc.

EÐnai gnwstì ìti o analutikìc upologismìc twn riz¸n miac aujaÐrethc
dedomènhc exÐswshc eÐnai genik� adÔnatoc. Gia thn perÐptwsh twn poluwnu-
mik¸n exis¸sewn (pou kai jewroÔntai oi pio �aplèc� peript¸seic), pèrasan
pr�gmati polloÐ ai¸nec (Anagènnhsh) protoÔ proqwr soume apì tic gnw-
stèc lÔseic thc deuterob�jmiac s' autèc thc tritob�jmiac kai tetartob�jmiac
exÐswshc. Gia poluwnumikèc exis¸seic bajmoÔ megalÔterou tou tet�rtou,
qrei�sthke na ft�soume èwc ton 18o me 19o ai¸na gia na katano soume (me
tic èreunec twn Lagrange, Abel kai Galois) ìti eÐnai adÔnato na ekfr�soume
tic lÔseic miac genik c poluwnumik c exÐswshc, bajmoÔ anwtèrou tou tet�r-
tou, me th bo jeia peperasmènou arijmoÔ tetragwnik¸n, kubik¸n   an¸terhc
t�xhc riz¸n rht¸n ekfr�sewn twn suntelest¸n tou poluwnÔmou1. Fusik�
up�rqoun kl�seic poluwnÔmwn, bajmoÔ megalÔterou tou tet�rtou, twn opoÐ-
wn oi lÔseic mporoÔn na ekfrastoÔn me autì ton trìpo. Gia par�deigma: h
exÐswsh a6x

6 + a5x
5 + a4x

4 + 2a5x
3 + a4x

2 + a5x + a6 = 0 mporeÐ na para-
gontopoihjeÐ se ginìmeno tou par�gonta x2 + 1 epÐ èna polu¸numo tet�rtou
bajmoÔ. All�, fusik� eÐnai mia eidik  perÐptwsh poluwnumik c exÐswshc
èktou bajmoÔ kai ìqi h genik  morf  thc.

Gia pio perÐplokec peript¸seic den up�rqoun genikèc ekfr�seic pou dÐ-
noun tic rÐzec. All� up�rqei kai �llo èna shmeÐo, pou apoteleÐ kai to lìgo

1To ekplhktikì eÐnai ìti autì to apotèlesma parousi�sthke wc eidik  perÐptwsh miac
ektetamènhc melèthc pou anaferìtan stic summetrÐec metaxÔ om�dwn antikeimènwn k�tw
apì met�jesh. Sthn perÐptwsh mac, ta antikeÐmena eÐnai oi suntelestèc twn poluwnÔmwn.
Aut  akrib¸c h melèth mporeÐ na jewrhjeÐ wc to pistopoihtikì gènnhshc thc jewrÐac twn
om�dwn, kl�doc pou èmelle na paÐxei shmantikìtato rìlo sta majhmatik�, th fusik , th
qhmeÐa kai th biologÐa.

15
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x*

f(a)

f(b)

a
b

Sq ma 2.1: To je¸rhma thc endi�meshc tim c: mia suneq c sun�rthsh s� èna
di�sthma, thc opoÐac oi timèc sta �kra èqoun diaforetikì prìshmo, prèpei
na mhdenÐzetai se k�poio shmeÐo tou diast matoc.

Ôparxhc aut c thc melèthc: Dustuq¸c, ìso wraÐec kai an eÐnai oi genikèc
lÔseic twn poluwnumik¸n exis¸sewn 3ou kai 4ou bajmoÔ, prosarmìzontai
polÔ dÔskola se arijmhtikoÔc upologismoÔc. Autì pou jèloume na poÔme
eÐnai ìti o arijmhtikìc upologismìc aut¸n twn ekfr�sewn eÐnai tìso epir-
rep c se arijmhtik� sf�lmata, ¸ste protim¸ntai oi mèjodoi eÔreshc riz¸n
pou ja parousiastoÔn s� autì to kef�laio. Epiplèon, oi mèjodoi autèc eÐnai
genikèc kai efarmìzontai tìso se aplèc ìso kai se dÔskolec peript¸seic.

To prìblhma mac loipìn mporeÐ na tejeÐ me ton akìloujo genikì trìpo:
AnazhtoÔme tic rÐzec thc exÐswshc:

f(x) = 0 (2.1)

ìpou x ∈ Rn kai f : Rn → Rn. Endiaferìmaste gia thn perÐptwsh n =
1, all� eÐnai fanerì ìti h perÐptwsh n = 2 endèqetai na emfanisjeÐ sthn
perÐptwsh migadik¸n lÔsewn pragmatik¸n poluwnumik¸n exis¸sewn.

2.1 Oi RÐzec eÐnai Pragmatikèc kai Aplèc

Gia tic peript¸seic autèc, dhlad  pragmatik¸n riz¸n, ta pr�gmata - sth
jewrÐa - eÐnai m�llon apl�: gnwrÐzoume ìti an h sun�rthsh eÐnai suneq c sto
di�sthma [a, b] kai epiplèon f(a)f(b) < 0, up�rqei toul�qiston èna shmeÐo x∗

gia to opoÐo isqÔei f(x∗) = 0 (bl. to Sq.(2.1) ). An, antijètwc, h sun�rthsh
den all�zei prìshmo se kanèna di�sthma, tìte oi lÔseic eÐnai migadikèc kai
ta pr�gmata duskoleÔoun.

H axÐa autoÔ tou jewr matoc ègkeitai sto ìti mac bebai¸nei gia thn Ô-
parxh lÔshc me polÔ mikrì ant�llagma: th gn¸sh thc tim c thc sun�rthshc.
EpÐshc eÐnai h afethrÐa miac proseggistik c mejìdou eÔreshc thc rÐzac ka-
j¸c kai elègqou thc akrÐbeiac thc mejìdou aut c. H strathgik  loipìn
eÐnai h akìloujh: k�je for� pou brÐskoume k�poio di�sthma to opoÐo periè-
qei toul�qiston mÐa rÐza, prospajoÔme na to mei¸soume èwc ìtou to mègejìc
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tou gÐnei sugkrÐsimo me thn arijmhtik  akrÐbeia, dhlad  wc to shmeÐo pou
den mporoÔme na xeqwrÐsoume to èna �kro tou diast matoc apì to �llo.

2.2 H Mèjodoc thc Diqotìmhshc

O algìrijmoc mia tètoiac diadikasÐac mporeÐ na p�rei th morf  pou faÐnetai
sto Sq.(2.2).

H stajer� ε eÐnai h epijumht  akrÐbeia tou arijmhtikoÔ upologismoÔ.
H akrÐbeia enìc tupikoÔ upologist  (dhlad  h mikrìterh dunat  tim  pou
mporeÐ na èqei h epijumht  akrÐbeia), eÐnai thc t�xhc tou 10−8 gia apl 
akrÐbeia (single precision), kai 10−16 gia dipl  akrÐbeia (double precision).
Blèpoume ìti se k�je b ma tou algorÐjmou, to di�sthma diaireÐtai dia 2, gi'
autì kai h mèjodoc onom�zetai mèjodoc diqotìmhshc.

Ac doÔme t¸ra èna shmantikì shmeÐo. Me dedomènh thn akrÐbeia ε, pìsa
b mata ja prèpei na k�noume; H aplìthta tou algorÐjmou mac lèei amèswc

Sq ma 2.2: Logikì di�gramma gia thn eÔresh twn riz¸n exÐswshc me th
mèjodo thc diqotìmhshc. H zhtoÔmenh lÔsh eÐnai h x∗. JewroÔme ìti f(a0) 6=
0 kai f(b0) 6= 0.
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ìti:

ε =
b0 − a0

2kmin
→ ln

(
2kmin

)
= ln

b0 − a0

ε
→ kmin =

ln
∣∣∣∣b0 − a0

ε

∣∣∣∣
ln 2

(2.2)

Gia thn kalÔterh katanìhsh, ac anaferjoÔme se èna sugkekrimèno
par�deigma.

Upojètoume ìti èqoume èna ulikì shmeÐo m�zac m, sundedemèno m� èna
orizìntio idanikì elat rio stajer�c K. To ulikì shmeÐo metakineÐtai kat� x

apì th jèsh isorropÐac tou. H dunamik  tou enèrgeia eÐnai V = (1/2)Kx2.
An E eÐnai h olik  tou enèrgeia, tìte h mègisth apom�kruns  tou ja dÐnetai
apì th rÐza thc exÐswshc E = V (x). 'Ena aplì gr�fhma mac bebai¸nei ìti
up�rqoun 2 shmeÐa pou epalhjeÔoun aut n thn exÐswsh, gia opoiad pote tim 
thc olik c enèrgeiac. H kÐnhsh eÐnai periodik  kai fragmènh kai oi lÔseic thc
exÐswshc eÐnai anex�rthtec thc m�zac tou ulikoÔ shmeÐou. An dialèxoume
K = 2J/m2 kai E = 0.7 J, katal goume sthn exÐswsh:

E =
1
2
Kx2 ⇒ x2 =

2E

K
⇒ x2 = 0.7 (2.3)

Gia x > 0, mporoÔme eÔkola na doÔme ìti 0.64 = 0.82 < 0.7 < 0.81 = 0.92,
pou mac odhgeÐ sto di�sthma [0.8, 0.9] wc arqikì di�sthma me akrÐbeia pr¸-
tou dekadikoÔ yhfÐou. Dhlad   dh xèroume ìti 0.8 < x∗ = 0.8... < 0.9. H
Ex.(2.2) mac lèei ìti treic epiplèon epanal yeic eÐnai arketèc gia na upolo-
gÐsoume to epìmeno yhfÐo sthn prosèggis  mac, kai ìti me 5 epanal yeic h
akrÐbeia mac ja eÐnai 10−4. Dhlad  ja gnwrÐzoume 3 yhfÐa met� thn upo-
diastol . Pio sugkekrimèna, brÐskoume a1 = 0.8, b1 = 0.85, a2 = 0.825,
b2 = 0.85, a3 = 0.825, b3 = 0.8375, a4 = 0.83125, b4 = 0.8375 kai epomènwc
eÐmaste sÐgouroi ìti x∗ = 0.83...

Ac proqwr soume se mia ìqi tìso tetrimmènh perÐptwsh, paÐrnontac è-
na pragmatikì elat rio pou parousi�zei kai mh grammikèc apokrÐseic, k�-
ti pou emfanÐzetai ìtan h apom�krunsh tou ulikoÔ shmeÐou den mporeÐ na
jewreÐtai �mikr � kai h grammik  apìkrish den eÐnai arket  gia na peri-
gr�yei to fainìmeno. MporoÔme na p�roume loipìn th dunamik  enèrgeia
V [x] = (1/2)Kx2 + ax3 me a < 0. H morf  aut  mac bohj� na katal�boume
ti gÐnetai ìtan to elat rio sp�ei - kai h m�za eleujer¸netai - opìte kai h
enèrgeia E xepern� mia krÐsimh tim  Ecr. Tìte h exÐswsh gÐnetai:

ax3 + (1/2)Kx2 − E = 0 (2.4)

Ac p�roume thn prohgoÔmenh tim  gia thn enèrgeia E = 0.7 J kai gia th
stajer� K = 2J/m2 kai ac prospaj soume na katal�boume ti akrib¸c gÐne-
tai gia èna mikrì a (a ' 0.1 gia par�deigma). MporoÔme na jewr soume ton
kubikì ìro wc mia diataraq  thc Ex.(2.3), all� eÐnai mia idiaÐterh diataraq 
efìson gia a = 0 h exÐswsh èqei mìno 2 lÔseic, en¸ gia a 6= 0, ìso mikrì kai
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an eÐnai, h Ex. (2.4) èqei 3 pragmatikèc lÔseic gia E < Ecr, 2 pragmatikèc
(ek twn opoÐwn mia dipl ) gia E = Ecr kai mia pragmatik  gia E > Ecr.

H exÐswsh paÐrnei loipìn th morf :

0.7 = x2 − 0.1x3 = x2(1− (1/10)x) ≡ g(x) (2.5)

kai eÐnai eÔkolo na katal�boume ìti oi rÐzec brÐskontai sta parak�tw diast -
mata: x1 ∈ (−1, 0), x2 ∈ (0, 1), x3 ∈ (9, 10), dhlad  x1 = − 0...., x2 = 0. ..

kai x3 = 9. .., efìson (g(−1)− 0.7) (g(0)− 0.7) < 0 klp.
Tèloc, ìpwc eÐdame sthn Ex.(2.2)

ε =
b0 − a0

2kmin

kai efìson ta diast mat� mac èqoun eÔroc mon�da,

kmin = 4 → ε = 1/16 ∼ 0.6
5 → 1/32 ∼ 0.3
6 → 1/64 ∼ 0.02

dhlad  me 6 epanal yeic to sf�lma mac epitrèpei na broÔme duo yhfÐa met�
thn upodiastol .

2.3 H Mèjodoc Newton-Raphson

Met� apì aut  thn praktik  �skhsh mporoÔme na sunoyÐsoume lègontac ìti
katèqoume mia sÐgourh mèjodo, kai na proqwr soume parak�tw rwt¸ntac
an eÐnai dunatìn na aux soume tic epidìseic thc, dhlad  na epitaqÔnoume th
sÔgklis  thc proc mia rÐza. Tètoia mèjodoc, h opoÐa qrhsimopoieÐtai suqn�,
eÐnai h legìmenh Newton-Raphson. To pleonèkthma aut c thc mejìdou eÐnai
akrib¸c ìti sugklÐnei grhgorìtera apì th mèjodo thc diqotìmhshc kai ìti
mporeÐ na genikeuteÐ gia perissìterec diast�seic. To meionèkthm� thc eÐnai
ìti den dÐnei kami� eggÔhsh gia th sÔgklish proc th rÐza. Dhlad , an arqÐ-
soume �kont�� sth rÐza h mèjodoc douleÔei �yoga, all� an eÐmaste �makru��
apoklÐnei jeamatik�. Fusik�, oi ènnoiec �makru�� kai `kont�� exart¸ntai apì
thn Ðdia thn exÐswsh pou epilÔoume! Epomènwc, h diaÐsjhsh paÐzei soba-
rì rìlo kai o upologismìc merik¸n tim¸n thc sun�rthshc mporeÐ na d¸sei
polÔtimec plhroforÐec.

Gia na gÐnoume safeÐc, ja perigr�youme th mèjodo qrhsimopoi¸ntac to
Sq.(2.3a). EÔkola faÐnetai ìti:

0 ≡ f ′(x0)x1 + (f(x0)− f ′(x0)x0) → x1 = x0 −
f(x0)
f ′(x0)

, (2.6)

sqèsh pou mporeÐ na genikeuteÐ sthn:

xk+1 = xk −
f(xk)
f ′(xk)

, k = 0, 1, 2, ... (2.7)
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x*
x x x12 0

x* x1 x0

(a)

(b)

Sq ma 2.3: H epanalhptik  mèjodoc Newton-Raphson. To shmeÐo x0 eÐnai
to shmeÐo ènarxhc, to opoÐo prèpei na eÐnai kont� sth rÐza.

MporoÔme na doÔme  dh mia phg  anhsuqÐac: an h par�gwgoc mhdenÐzetai
se k�poio shmeÐo, h mèjodoc termatÐzetai (Sq.(2.3b) ). All� akìma pio
problhmatik  eÐnai h perÐptwsh ìpou h par�gwgoc sto xk eÐnai perÐpou mhdèn,
dhlad  f ′(xk) ≈ 0. Tìte to sf�lma den elègqetai plèon, qwrÐc m�lista na
èqoume k�poio sugkekrimèno �m numa sf�lmatoc�.

All� up�rqei kai �llo èna prìblhma to opoÐo sqetÐzetai me th sÔgklish
tou algorÐjmou: tÐpota de mac bebai¸nei, akìma kai an f ′(x) 6= 0, ìti h
akoloujÐa {xk} sugklÐnei se k�poio ìrio kai ìti autì to ìrio eÐnai mia lÔsh
thc exÐsws  mac. Parìl� aut�, o algìrijmoc twn Newton-Raphson qrhsi-
mopoieÐtai stic mèrec mac tìso gia thn dunatìthta tou sthn eÔresh riz¸n
ìso kai gia tic idiìthtec twn akolouji¸n pou par�gei.

Epomènwc, met� thn anafor� ìlwn twn meionekthm�twn thc mejìdou, ac
perigr�youme kai thn �llh ìyh tou nomÐsmatoc: thn taqÔthta sÔgklishc ìtan
aut  epitugq�netai. An x∗ eÐnai h rÐza, ac sumbolÐsoume me εk to xk − x∗.
QrhsimopoioÔme t¸ra th jemeli¸dh upìjesh thc mejìdou: to ìti eÐmaste
arket� kont� sth rÐza kai mporoÔme na anaptÔxoume mia oriak  prosèggish.
Apì thn Ex.(2.7) paÐrnoume:

εk+1 = εk −
f(x∗ + εk)
f ′(x∗ + εk)

=
εkf ′(x∗ + εk)− f(x∗ + εk)

f ′(x∗ + εk)
(2.8)

kai apì ta anaptÔgmata Taylor twn f(x) kai f ′(x) perÐ to x = x∗ èqoume:

f(x∗ + εk) = 0 + εkf ′(x∗) + (1/2)ε2kf ′′(x∗) +O(ε3k)

f ′(x∗ + εk) = f ′(x∗) + εkf ′′(x∗) + (1/2)ε2kf ′′′(x∗) +O(ε3k)
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Sq ma 2.4: Logikì di�gramma gia thn eÔresh twn riz¸n exÐswshc me th
mèjodo Newton-Raphson. H zhtoÔmenh lÔsh eÐnai h x∗.

Antikajist¸ntac tic teleutaÐec sthn Ex.(2.8) brÐskoume:

εk+1 =
(1/2)ε2kf ′′(x∗) +O(ε3k)

f ′(x∗) + εkf ′′(x∗) + (1/2)ε2kf ′′′(x∗) +O(ε3k)
=

= ε2k
f ′′(x∗)
2f ′(x∗)

1 +O(εk)
1 +O(εk)

= ε2k
f ′′(x∗)
2f ′(x∗)

(1 +O(εk)) (2.9)

dhlad  εk+1 ∼ ε2k. MporoÔme na sugkrÐnoume autì to sf�lma me to an-
tÐstoiqo thc mejìdou thc diqotìmhshc, ìpou eÐqame brei ìti (bl. Ex.(2.2))
εk+1 = (1/2)εk, kai na doÔme �mesa ìti h nèa mèjodoc eÐnai pio apotelesmati-
k : mporoÔme na kerdÐsoume èwc kai 2 yhfÐa an� epan�lhyh thc diadikasÐac!
Bèbaia h proôpìjesh eÐnai na eÐmaste kont� sth rÐza - ètsi ¸ste h oriak 
diadikasÐa na èqei nìhma - kai epÐshc o par�gontac f ′′(x∗)/(2f ′(x∗)) na eÐ-
nai mikrìc (thc t�xhc thc mon�dac). Bèbaia, h deÔterh sunj kh mporeÐ na
elegqjeÐ mìno ek twn ustèrwn, en¸ h pr¸th epafÐetai sth fusik  diaÐsjh-
sh pou mporeÐ na antlhjeÐ, kat� èna mèroc, apì ton arijmhtikì upologismì
tim¸n thc sun�rthshc. Sto Sq.(2.4 faÐnetai o algìrijmoc pou antistoiqeÐ
sth mèjodo Newton-Raphson.
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2.4 Migadikèc RÐzec

Ti gÐnetai t¸ra ìtan oi rÐzec eÐnai migadikèc; Kami� apì tic mejìdouc den
faÐnetai na mac bohj�. All� h mèjodoc Newton-Raphson genikeÔetai me ton
akìloujo trìpo. Gr�fontac:

f(x + ε) ≈ f(x) + εf ′(x)

kai an upojèsoume ìti f(x + ε) ≈ 0, paÐrnoume:

ε = − f(x)
f ′(x)

kai mia kainoÔrgia prosèggish gia th rÐza ja eÐnai:

xnèo = xpaliì + ε

(sugkrÐnete me thn Ex.(2.7)). Aut  h algebrik  anapar�stash thc mejìdou
epitrèpei thn eÔkolh genÐkeus  thc gia thn perÐptwsh eÔreshc riz¸n sun�r-
thshc poll¸n pragmatik¸n metablht¸n. 'Ena par�deigma ja diafwtÐsei to
jèma.

Ac upojèsoume ìti jèloume na broÔme tic (migadikèc) rÐzec thc exÐswshc
f(x) = x2 +x+1, h opoÐa eÐnai kai h qarakthristik  exÐswsh thc diaforik c
exÐswshc:

m
d2x

dt2
+ Γ

dx

dt
+ Kx = 0

pou perigr�fei thn kÐnhsh enìc armonikoÔ talantwt  me apìsbesh (gia pa-
r�deigma, kÐnhsh miac m�zac sundedemènhc me elat rio mèsa se reustì gia
Γ = 1, K = 1 kai m = 1). Gr�fontac z = λR + iλI , h exÐswsh f(z) = 0
eÐnai isodÔnamh me:

(λ2
R − λ2

I + λR + 1) + i(2λRλI + λI) = 0

Apì kataskeu c, λR, λI ∈ R kai gnwrÐzoume pwc h teleutaÐa exÐswsh upo-
dhl¸nei ìti tìso to pragmatikì ìso kai to migadikì tm ma prèpei na eÐnai
mhdèn, dhlad :

f(z) = 0 ⇔


fR(λR, λI) = 0

kai
fI(λR, λI) = 0

ìpou fR(λR, λI) ≡ λ2
R − λ2

I + λR + 1 kai fI(λR, λI) ≡ 2λRλI + λI .
Efarmìzontac loipìn ta parap�nw, anazhtoÔme tic belti¸seic δλR kai

δλI anaptÔssontac:

fR(λR + δλR, λI + δλI) = fR(λR, λI) + δλR
∂fR

∂λR

∣∣∣∣
λR,λI

+ δλI
∂fR

∂λI

∣∣∣∣
λR,λI

fI(λR + δλR, λI + δλI) = fI(λR, λI) + δλR
∂fI

∂λR

∣∣∣∣
λR,λI

+ δλI
∂fI

∂λI

∣∣∣∣
λR,λI
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MhdenÐzontac to aristerì mèloc twn parap�nw exis¸sewn, katal goume se
èna grammikì sÔsthma duo exis¸sewn me duo agn¸stouc, δλR kai δλI . Mpo-
roÔme na lÔsoume to sÔsthma autì eÔkola, gr�font�c to se morf  pin�kwn:(

−fR(λR, λI)
−fI(λR, λI)

)
=

(
∂fR

∂λR

∂fR

∂λI
∂fI

∂λR

∂fI

∂λI

)(
δλR

δλI

)

=

(
2λR + 1 −2λI

2λI 2λR + 1

)(
δλR

δλI

)

EÐnai eÔkolo na upologÐsoume ton antÐstrofo enìc 2×2 pÐnaka. Elègqontac
thn al jeia thc parak�tw sqèshc:

1
ad− bc

(
d −b

−c a

)(
a b

c d

)
=

(
1 0
0 1

)

odhgoÔmaste sthn ex c lÔsh gia ta δλR kai δλI :(
δλR

δλI

)
=

1
(2λR + 1)2 + 4λ2

I

(
2λR + 1 +2λI

−2λI 2λR + 1

)(
λ2

I − λ2
R − λR − 1

−2λRλI − λI

)

Prosjètontac to parap�nw di�nusma sto (λR, λI) paÐrnoume thn pragmatik 
kai fantastik  tim  thc nèac prosèggishc thc lÔshc. SuneqÐzoume me autìn
ton trìpo èwc ìtou prokÔyei:

•
√

(δλR)2 + (δλI)2 < ε

• |fR(λR, λI)| < ε

• |fI(λR, λI)| < ε

ApaitoÔntai kai oi treic sunj kec. 'Opwc akrib¸c kai gia thn perÐptwsh
pragmatik¸n riz¸n, h diìrjwsh kaj¸c kai oi timèc twn sunart sewn (oi
opoÐec sto shmeÐo pou y�qnoume prèpei na mhdenÐzontai), ja prèpei na eÐnai
mikrìterec apì thn akrÐbeia me thn opoÐa ergazìmaste.

P¸c ìmwc apofasÐzoume gia to shmeÐo ekkÐnhshc; Blèpoume eÔkola ìti
h tim  λ

(0)
R = 1/2 aplopoieÐ polÔ tic pr�xeic. Gia thn λ

(0)
I h tim  ±1/2

eÐnai epÐshc kal , efìson o sunduasmìc 2λ
(0)
I emfanÐzetai sta stoiqeÐa tou

pÐnaka. Sunist�tai p�ntwc na gÐnei k�poio gr�fhma sto epÐpedo (λR, λI) kai
na akoloujeÐtai h kÐnhsh twn shmeÐwn. Ti ja parathr soume an p�roume wc
afethrÐa �lla shmeÐa;

Parat rhsh 1h. Apì gewmetrik  �poyh, oi rÐzec eÐnai ta shmeÐa tom c
twn kampul¸n:

fR(λR, λI) = 0, fI(λR, λI) = 0

Parat rhsh 2h. ParathroÔme ìti h eÔresh twn migadik¸n lÔsewn eÐnai
mia eidik  perÐptwsh thc lÔshc enìc mh grammikoÔ sust matoc exis¸sewn.
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Wc par�deigma, mporoÔme na anazht soume ta shmeÐa isorropÐac enìc ulikoÔ
shmeÐou pou kineÐtai sto epÐpedo upì thn epÐdrash enìc dunamikoÔ thc morf c:

V [x, y] =
1
2
K(x2 + y2)− a(x2 + y2)2 − Fx · x− Fy · y (2.10)

Sumpèrasma

Sto kef�laio autì anaferj kame stic mejìdouc arijmhtikoÔ upologismoÔ
twn lÔsewn miac exÐswshc. K�je mia apì autèc èqei ta pleonekt mat� thc -
ta opoÐa prèpei na ekmetalleuìmaste sto èpakro - ìpwc kai ta meio- nekt -
mat� thc - ta opoÐa prèpei na lamb�noume sobar� upìyh - ¸ste ta apote-
lèsmata na èqoun shmasÐa. H mèjodoc thc diqotìmhshc eÐnai sÐgourh, all�
arg . H Newton-Raphson eÐnai taqÔterh, all� epikÐndunh an den gnwrÐzou-
me th sumperifor� thc sun�rthshc. EpÐshc den eÐnai antagwnistik  an den
mporoÔme na upologÐsoume thn par�gwgo thc sun�rthshc me thn Ðdia akrÐ-
beia pou upologÐzoume thn Ðdia th sun�rthsh. Apì thn �llh, eÐnai h mình
mèjodoc pou mporeÐ na genikeuteÐ gia thn perÐptwsh migadik¸n lÔsewn   twn
lÔsewn enìc mh grammikoÔ sust matoc exis¸sewn.



KEF�ALAIO 3

Arijmhtik  Olokl rwsh

Mia endiafèrousa diafor� metaxÔ thc parag¸gishc kai thc olokl rwshc
eÐnai ìti up�rqoun oloklhr¸mata, ta opoÐa den mporoÔn na upologistoÔn
analutik�, en¸ antijètwc den up�rqei jewrhtikì empìdio ston upologismì
thc parag¸gou miac sun�rthshc (  sto sumpèrasma ìti den up�rqei h par�-
gwgoc).

Epiplèon, ìpwc  dh anafèrame, h analutik  morf  den prosarmìzetai
p�ntote armonik� me arijmhtikoÔc upologismoÔc.

To aploÔstero fusikì par�deigma eÐnai p�li h kÐnhsh enìc swmatidÐou
mèsa s� èna dunamikì, se mia di�stash. 'Opwc eÐdame sthn prohgoÔmenh
par�grafo, ìtan gnwrÐzoume thn enèrgeia diajètoume ìlec tic anagkaÐec
plhroforÐec gia ton upologismì twn orÐwn kÐnhshc. Ed¸ ja asqolhjoÔme
me to dunamikì prìblhma tou upologismoÔ tou qronikoÔ diast matoc pou
qrei�zetai to swmatÐdio gia na metakinhjeÐ apì èna shmeÐo s� èna �llo.

H lÔsh enìc tètoiou shmantikoÔ probl matoc sth fusik , ègkeitai sthn
olokl rwsh twn diaforik¸n exis¸sewn thc kÐnhshc. Oi arijmhtikèc mèjodoi
gia to skopì autì apoteloÔn to antikeÐmeno tou kefalaÐou autoÔ. Se mÐa
di�stash, me diat rhsh thc enèrgeiac, katal goume eÔkola se mia sun jh
diaforik  exÐswsh pr¸thc t�xhc. H olokl rwsh aut c thc diaforik c exÐ-
swshc mporeÐ na gÐnei analutik� mìno se polÔ lÐgec peript¸seic, opìte h
an�gkh miac arijmhtik c prosèggishc eÐnai emfan c.

UpenjumÐzoume ìti h diat rhsh thc enèrgeiac, se mia di�stash, mporeÐ na
perigrafeÐ apì thn exÐswsh:

E =
1
2
m

(
dx

dt

)2

+ V (x) = stajer  (3.1)

H exÐswshc aut  odhgeÐ sthn exÐswsh tou Newton:

m
d2x

dt2
= −dV

dx
(3.2)

dhlad , se mia sun jh diaforik  exÐswsh deutèrac t�xhc, ìpou bèbaia ja
prèpei na kajorÐsoume thn arqik  jèsh kai thn arqik  taqÔthta. All� polÔ

25
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a x x x x b1 2 3 N-1

h

Sq ma 3.1: Arijmhtik  olokl rwsh

eÔkola diakrÐnoume ìti mporoÔme na lÔsoume thn exÐswsh aut  wc proc thn
taqÔthta, opìte h diaforik  exÐswsh eÐnai pr¸thc t�xhc:

dx

dt
=

√
2
m

(E − V (x)) (3.3)

me arqik  sunj kh x(0) = x0. Aut  h exÐswsh oloklhr¸netai �mesa:

t =
∫ x

x0

dx′√
2
m

(E − V [x′])
(3.4)

h opoÐa, an anastrafeÐ, mac dÐnei thn troqi� x(t) tou swmatidÐou.

3.1 H Mèjodoi twn OrjogwnÐwn

kai twn TrapezÐwn

Gia ton upologismì tou oloklhr¸matoc, mporoÔme na xekin soume bèbaia
apì ton majhmatikì orismì tou:

∫ b

a

f(x)dx ≈
N+1∑
i=0

f(xi)δxi (3.5)

(blèpe Sq.(3.1)). To prìblhma eÐnai ìti h sÔgklish aut c thc seir�c prìc to
olokl rwma eÐnai polÔ arg  kai epÐshc to sf�lma (wc proc thn jewrhtik 
tim  pou orÐzetai bèbaia ìtan N →∞), eÐnai shmantikì.
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Mia kalÔterh prosèggish èqoume an qrhsimopoi soume, antÐ twn orjo-
gwnÐwn parallhlogr�mmwn, ta trapèzia:∫ b

a

f(x)dx ≈ h

(
1
2
f(a) + f(x1) + ... + f(xN ) +

1
2
f(b)

)
(3.6)

Par�deigma:
Wc èna aplì par�deigma ac p�roume thn f(x) = Ax + B. Qrhsimopoi¸ntac
ton orismì tou oloklhr¸matoc:∫ b

a

f(x)dx ≡ lim
N→∞

h

N−1∑
k=0

f(xk)

ìpou xk = a + kh kai h = (b− a)/N . Gia peperasmèno N brÐskoume:

h
N−1∑
k=0

(Axk + B) = h

(
(B + Aa)N + Ah

N−1∑
k=0

k

)
=

= B(b− a) + (A/2)(b2 − a2)− (A/2N)(b− a)2

GnwrÐzontac to akribèc apotèlesma (A(b2 − a2)/2 + B(b − a)), blèpoume
ìti to sf�lma eÐnai thc t�xhc O(1/N). An qrhsimopoi soume ta trapèzia
brÐskoume:

h

[
1
2
(Aa + B) + Ax1 + B + Ax2 + B + ... + AxN−1 + B +

1
2
(Ab + B)

]
=

= h

[
(A/2)(a + b) + NB + Aa(N − 1) + Ah

N−1∑
k=0

k

]
=

=
b− a

N
[(A/2)(b + a)N + BN ]

dhlad  blèpoume ìti èqoume to akribèc apotèlesma, akìma kai gia N pepe-
rasmèno! Sthn pr¸th perÐptwsh (me ta orjog¸nia) h sun�rthsh jewreÐtai
stajer  se k�je di�sthma, en¸ sth deÔterh perÐptwsh (me ta trapèzia) h
sun�rthsh jewreÐtai grammik  se k�je di�sthma. H sun�rthsh tou paradeÐg-
matìc mac eÐnai pr�gmati grammik . Opìte, sthn pr¸th perÐptwsh to sf�lma
eÐnai an�logo tou suntelest  tou grammikoÔ ìrou, A, en¸ sth deÔterh to
sf�lma eÐnai mhdèn.

3.2 H Mèjodoc Simpson

MporoÔme na suneqÐsoume me thn Ðdia filosofÐa kai na ft�soume ston tÔpo

tou Simpson pou jewreÐ ìti h sun�rthsh eÐnai tetragwnik  se k�je di�sthma,
dhlad  ìti mporeÐ na proseggisteÐ apì èna polu¸numo deÔterou bajmoÔ.
All� ac doÔme pio sugkekrimèna aut  thn perÐptwsh.

Ac upojèsoume ìti èqoume to di�sthma [a, b] kai to mèson tou
m ≡ (a + b)/2. Up�rqei èna, kai mìno èna, polu¸numo deÔterou bajmoÔ,
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to P (x), to opoÐo paÐrnei tic timèc f(a), f(b) kai f(m) stic jèseic a, b kai m
antÐstoiqa. Gia na broÔme to polu¸numo autì, jètoume P (x) = Ax2+Bx+C

kai apaitoÔme P (a) = f(a), P (b) = f(b) kai P (m) = f(m). Me autì ton trì-
po, paÐrnoume èna grammikì sÔsthma triwn exis¸sewn me treic agn¸stouc,
touc suntelestèc A, B kai C. Gi� autì to polu¸numo èqoume:∫ b

a

P (x)dx = h

(
1
3
P (a) +

4
3
P (m) +

1
3
P (b)

)
(3.7)

ìpou h ≡ (b − a)/2. H apìdeixh eÐnai eÔkolh: Antikatast ste to P (x)
me Ax2 + Bx + C kai ja katal xete se tautìthta. Mia pio endiafèrousa
apìdeixh eÐnai h akìloujh:
Xèroume ìti

• K�je polu¸numo P (x) deutèrou bajmoÔ mporeÐ na grafeÐ wc grammikìc
sunduasmìc twn monwnÔmwn x2, x kai 1.

• H olokl rwsh eÐnai mia grammik  pr�xh:∫ b

a

(c1f(x) + c2g(x))dx = c1

∫ b

a

f(x)dx + c2

∫ b

a

g(x)dx (3.8)

• ArkeÐ na mporoÔme na oloklhr¸soume sto di�sthma [0, 1]:∫ b

a

f(x)dx =
∫ b−a

0

f(x + a) d(x + a)

= (b− a)
∫ 1

0

f(
x + a

b− a
(b− a)) d

(
x + a

b− a

)
(3.9)

Epomènwc, mporoÔme na gr�youme:∫ 1

0

x2dx =
1
2

(
α · 02 + β ·

(
1
2

)2

+ γ · 12

)
∫ 1

0

xdx =
1
2

(
α · 01 + β ·

(
1
2

)1

+ γ · 11

)
∫ 1

0

dx =
1
2

(α · 1 + β · 1 + γ · 1) (3.10)

kai eÐnai eÔkolo na lujeÐ to sÔsthma gia touc treic agn¸stouc pou dÐnei
α = 1/3, β = 4/3 kai γ = 1/3. H jemeli¸dhc idiìthta aut¸n twn sun-
telest¸n eÐnai h anexarthsÐa touc apì to sugkekrimèno deuterob�jmio po-
lu¸numo pou jèloume na oloklhr¸soume, all� kai apì to di�sthma [a, b]
olokl rwshc pou mac endiafèrei. H ìlh diadikasÐa exart�tai mìno apì thn
eklog  mac na proseggÐsoume thn upì olokl rwsh sun�rthsh me polu¸numo
(to polÔ) deutèrou bajmoÔ.

Sumpèrasma

Gia ton arijmhtikì upologismì enìc oloklhr¸matoc miac sun�rthshc me th
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mèjodo tou Simpson, antikajistoÔme th sun�rthsh me èna polu¸numo deu-

tèrou bajmoÔ to opoÐo st� �kra kai sto mèson tou diast matoc olokl rwshc

paÐrnei tic timèc pou èqei h sun�rthsh gia ta Ðdia shmeÐa, kai oloklhr¸noume

autì to sugkekrimèno polu¸numo akrib¸c.

Par�deigma:

I =
∫ π/2

0

sinx dx

Ja upologÐsoume to olokl rwma autì me treic diaforetikèc mejìdouc:
a) analutik�, b) upologÐzontac rht� to polu¸numo P (x) kai oloklhr¸nontac
to polu¸numo kai, g) efarmìzontac ton kanìna tou Simpson.
a) To olokl rwma upologÐzetai eÔkola: I = − cos(π/2) + cos(0) = 1
b) Gr�foume to polu¸numo wc P (x) = Ax2 + Bx + C. Ta A, B kai C ja
eÐnai oi lÔseic tou sust matoc:

C = f(0) = 0

Aπ2/16 + Bπ/4 + C = 1/
√

2

Aπ2/4 + Bπ/2 + C = 1

EpilÔontac to sÔsthma brÐskoume A = −(8/π2)(
√

2−1) kai B = (8/π)(1/
√

2−
1/4). An antikatast soume sto olokl rwma I to sinx me to polu¸numo
P (x) kai oloklhr¸soume, brÐskoume:

Ipol =
∫ π/2

0

P (x) dx = A
π3

24
+ B

π2

8
=

π

4
2
√

2 + 1
3

= 1.00228

g) UpologÐzoume to I me ton kanìna tou Simpson:

ISimpson =
1
2

π

2

[
1
3

sin(0) +
4
3

sin(π/4) +
1
3

sin(π/2)
]

=
π

4

[
4

3
√

2
+

1
3

]
=

π

4
2
√

2 + 1
3

= 1.00228

brÐskoume dhlad  to Ðdio apotèlesma. Ti ja sunèbaine an, antÐ na paÐrname
to polu¸numo pou pern� apì ta shmeÐa (0, 0), (π/4, 1/

√
2) kai (π/2, 1), je-

wroÔsame wc polu¸numo to an�ptugma tou sinx gÔrw apì to shmeÐo 0 wc
deÔterh t�xh, dhlad  sinx = x +O(x3) ? Tìte ja brÐskame:

ITaylor =
∫ π/2

0

x dx =
π2

8
= 1.2337

Autì to apotèlesma eÐnai bèbaia mikrìterhc akrÐbeiac apì to prohgoÔmeno.
Ed¸ ìmwc, gnwrÐzoume to akribèc apotèlesma. MporoÔme na sumper�noume
ìti to polu¸numo P (x) ja dÐnei p�ntote kalÔtero apotèlesma apì to an�-
ptugma Taylor t�xhc 2? Diaisjhtik� ja apantoÔsame jetik�, diìti to P (x)
�pern�� ìqi mìno apì to shmeÐo x = 0 (apì to opoÐo pern� kai to an�ptugma
kat� Taylor) all� kai apì ta shmeÐa x = m kai x = b. 'Omwc, ja mporoÔ-
same na problèyoume ìti den apokleÐetai to sf�lma pou upeisèrqetai apì



30 KEF�ALAIO 3. ARIJMHTIKH OLOKLHRWSH

th prosèggish tou poluwnÔmou na antistajmÐzei thn ikanìtht� tou na pern�
apì ta shmeÐa aut� kai to telikì apotèlesma na eÐnai qeirìtero. To mìno
pou mporoÔme na poÔme me sigouri� eÐnai ìti, an èqoume na oloklhr¸soume
mia sun�rthsh 2ou bajmoÔ, tìso to P (x) ìso kai kai h an�ptuxh kat� Tay-
lor ja d¸soun ta Ðdia apotelèsmata.
Par�deigma:
Ac dokim�soume t¸ra th sun�rthsh f(x) = cos x gia thn opoÐa xèroume bè-
baia ìti h an�ptux  thc gÔrw apì to x = 0 eÐnai cos x = 1− x2/2 +O(x4).
a) To akribèc analutikì apotèlesma eÐnai:

I =
∫ π/2

0

cos x dx = sin(π/2) = 1

b) To polu¸numo P (x) = Ax2 + Bx + C dÐnei gia suntelestèc
A = (8/π2)(

√
2 − 1) B = (2/π)(4

√
2 − 3) kai C = 1. Oloklhr¸nontac

paÐrnoume:

Ipol =
∫ π/2

0

P (x)dx = A(π3/24) + B(π2/8) + C(π/2) =

(π/12)(1 + 2
√

2) = 1.00228
(3.11)

g) H mèjodoc Simpson dÐnei �mesa:

Isimpson =
π

4

[
1
3

+
1
4

1√
2

]
= 1.00228

d) Tèloc, an antikatast soume th sun�rthsh me to an�ptugm� thc gÔrw apì
to x = 0 brÐskoume:

ITaylor =
∫ π/2

0

(
1− x2

2

)
dx = (π/2)

(
1− π2

24

)
= 0.9248

To par�deigma autì deÐqnei ìti, akìma kai gia mia sun�rthsh ìpwc to cos x,
to polu¸numo P (x) dÐnei kalÔtero apotèlesma apì ì,ti to an�ptugma ka-
t� Taylor. Bèbaia autì den apoteleÐ apìdeixh, all� deÐqnei ìti ta anti-
paradeÐgmata den ja prèpei na eÐnai tetrimmèna.

MporoÔme na genikeÔsoume ton kanìna gia N endi�mesa shmeÐa (antÐ enìc
pou eÐqame èwc t¸ra, all� prosoq , giatÐ to N prèpei na eÐnai perittìc ¸ste
na isqÔei o tÔpoc), efarmìzontac th mèjodo se k�je endi�meso di�sthma:∫ b

a

f(x)dx = h

(
1
3
f(a) +

4
3
(f(x1) + f(x3) + ... + f(xN ))

+
2
3
(f(x2) + f(x4) + ... + f(xN−1)) +

1
3
f(b)

) (3.12)

ìpou t¸ra h = (b− a)/(N + 1)
EÐnai eunìhto ìti mporoÔme na suneqÐsoume me aut n thn poreÐa kai na pa-

r�goume an�logouc tÔpouc pou eÐnai akribeÐc gia polu¸numa t�xhc an¸terhc
tou 2.
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Tèloc, ja prèpei na poÔme ìti h qr sh thc mejìdou Simpson mporeÐ
na gÐnei ìqi mìno sto arqikì olokl rwma all� kai s� autì pou prokÔptei
apì ènan kat�llhlo metasqhmatismì metablht c. To teleutaÐo mporeÐ na
upologÐzetai akrib¸c me th mèjodo   na parousi�zei mikrìtero sf�lma apì
thn efarmog  thc mejìdou sto arqikì olokl rwma. Merik� paradeÐgmata
ja dieukrinÐsoun to shmeÐo autì.
Par�deigma.

I =
∫ π/2

0

sin 3x dx

H upì olokl rwsh sun�rthsh den eÐnai polu¸numo tou x opìte oÔte h mèjo-
doc tou trapezÐou oÔte aut  tou Simpson efarmìzontai. Wstìso, mporoÔme
na broÔme mia allag  metablht¸n h opoÐa ja mac d¸sei èna olokl rwma tè-
toiac morf c ¸ste toul�qiston mia apì tic mejìdouc autèc na dÐnei akribèc
apotèlesma.

a) sin 3x dx = − 1
3d(cos 3x). Opìte, jètontac u = cos 3x paÐrnoume:

I =
1
3

∫ 0

1

(−du) =
1
3

∫ 1

0

du =
1
3

H stajer  sun�rthsh mporeÐ na oloklhrwjeÐ dÐnontac akribèc apotèlesma
kai me tic dÔo mejìdouc (trapezÐou   Simpson):

I = 1×
[
1
2

+
1
2

]
=

1
2
×
[
1
3

+
4
3

+
1
3

]
b) sin 3x = sin(2x + x) = sin 2x cos x + cos 2x sinx = sinx(4 cos2 x− 1)

To olokl rwma gr�fetai, epomènwc:

I =
∫ π/2

0

sin 3x dx =
∫ π/2

0

−(4 cos2 x− 1) d cos x

=
∫ 0

1

−(4u2 − 1) du =
∫ 1

0

(4u2 − 1) du

ìpou k�name allag  thn metablht c u = cos x. T¸ra to olokl rwma eÐnai
èna polu¸numo 2ou bajmoÔ kai h mèjodoc tou Simpson ja d¸sei akribèc
apotèlesma:

I =
1
2

[
1
3
(−1) +

4
3
(0) +

1
3
(3)
]

=
1
3

Par�deigma.

I =
∫ 100+a

100

dx

1 + x6

me 0 < a << 100. Ed¸ mporoÔme na efarmìsoume th mèjodo tou trapezÐou

1
1 + 1006

− 1
1 + (100 + a)6

=
6

1 + 1006

a

100
+O((

a

100
)2)
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Sq ma 3.2: H kampÔlh f(x) = 1/(x6 + 1). Sto sq ma dexi� blèpoume mia
leptomèreia thc kampÔlhc.

ìpou qrhsimopoi same:

(1 + y)n − 1 = ny +O(y2),
1

1 + y
= 1− y +O(y2)

Ta parap�nw mac deÐqnoun ìti h sun�rthsh f(x) = 1/(1 + x6) mporeÐ na
proseggisteÐ apì mia grammik  sun�rthsh an x >> 1 kai to eÔroc tou dia-
st matoc olokl rwshc eÐnai << x (dhlad  to eÔroc tou diast matoc mporeÐ
na eÐnai megalÔtero tou 1).

AntÐjeta, polÔ kont� sto 0, ta pr�gmata all�zoun. EkeÐ h sun�rthsh
èqei mègisto, f(x) = 1 − x6 + O(x12), to opoÐo deÐqnei ìti kont� sto 0
h sun�rthsh eÐnai perÐpou stajer  opìte h mèjodoc tou trapezÐou   tou
Simpson mporoÔn na efarmostoÔn me epituqÐa. Gia megalÔterec timèc tou
x arqÐzoume na �aisjanìmaste� thn kampÔlwsh. Pern�me apì èna shmeÐo
kamp c kai sthn perioq  perÐpou [0.8, 1] h sun�rthsh mporeÐ na proseggisteÐ
apì mia grammik  sun�rthsh. Gia megalÔterec timèc tou x aisjanìmaste
ek nèou mia kampÔlwsh kai tèloc h kampÔlh platÔnetai, ìpwc deÐqnei to
Sq.(3.2).

'Oson afor� thn prosarmog  antÐstoiqwn algorÐjmwn ta pr�gmata eÐnai
apl�. H mèjodoc tou trapezÐou apaiteÐ ton upologismì enìc ajroÐsmatoc
s' ìla ta endi�mesa shmeÐa me Ðdio suntelest  (dhlad  1), en¸ h mèjodoc
Simpson qrhsimopoieÐ dÔo suntelestèc (ènan gia ta �rtia shmeÐa kai �l-
lon gia ta peritt�). To prìblhma thc poiìthtac thc prosèggishc den eÐnai
kajìlou tetrimmèno, all� gia mia di�stash mporoÔme na to elègxoume ika-
nopoihtik�. EpÐshc, mporoÔme na p�roume Ðdio b ma olokl rwshc h gia ìlh
thn perioq  olokl rwshc. Gia parap�nw apì mÐa di�stash, q�noume aut n
thn polutèleia kai ja prèpei na èqoume plhroforÐec gia ta diast mata ìpou
h sun�rthsh metab�lletai gr gora   na akoloj soume �llec teqnikèc, ìpwc
h poluplegmatik  prosèggish   mèjodoc Monte Carlo.

Tèloc, up�rqei to jèma twn idiazìntwn shmeÐwn. Up�rqoun dÔo tÔpoi: ta
oloklhr¸sima kai ta mh oloklhr¸sima. Gia th deÔterh perÐptwsh den up�rqei
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kanèna arijmhtikì tèqnasma. 'Oson afor� ton pr¸to tÔpo, p�ntote up�rqei
mia kat�llhlh allag  metablht c gia ton upologismì tou oloklhr¸matoc.

'Ena klasikì par�deigma eÐnai o upologismìc thc periìdou kÐnhshc enìc
ulikoÔ shmeÐou s� èna dunamikì:

T ≡ 2t(x1 → x2) = 2
√

m

2

∫ x2

x1

dx√
E − V (x)

ìpou E = V (x1) = V (x2). Blèpoume amèswc ìti den mporoÔme na qrhsi-
mopoi soume th mèjodo Simpson (oÔte aut  tou trapezÐou) epeid  to olo-
kl rwma apeirÐzetai sta shmeÐa x1 kai x2. Eutuq¸c, gnwrÐzoume ìti an ta
shmeÐa aut� den eÐnai akrìtata tou dunamikoÔ V (x), to olokl rwma prèpei na
sugklÐnei, h perÐodoc eÐnai peperasmènh. AntÐjeta, arkeÐ èna apì ta shmeÐa
na apoteleÐ akrìtato tou V (x) ¸ste na k�nei to olokl rwma na apoklÐ-
nei. Pio sugkekrimèna, an to dunamikì èqei poluwnumik  morf  mporoÔme na
akolouj soume thn parak�tw diadikasÐa:

E − V (x) ≡ P(x) = (x− x1)P (x) = (x2 − x)Q(x)

ìpou upojètoume ìti P (x1) 6= 0 kai Q(x2) 6= 0. An y eÐnai èna shmeÐo tou
diast matoc (x1, x2) me thn idiìthta P (y) 6= 0 kai Q(y) 6= 0, mporoÔme na
gr�youme:

T = 2
√

m

2

(∫ y

x1

dx√
P(x)

+
∫ x2

y

dx√
P(x)

)
(3.13)

QrhsimopoioÔme t¸ra to an�ptugma P(x) = (x−x1)P (x) sto pr¸to di�sth-
ma [x1, y] kai to P(x) = (x2 − x)Q(x) gia to deÔtero [y, x2]:∫ y

x1

dx√
(x− x1)P (x)

=
∫ y

x1

d[2
√

x− x1]√
P (x)

=
∫ 2

√
y−x1

0

du√
P (x1 + u2

4 )
(3.14)

kai to teleutaÐo olokl rwma den parousi�zei kanèna prìblhma. Me ton Ðdio
trìpo brÐskoume:∫ x2

y

dx√
(x2 − x)Q(x)

=
∫ x2

y

d[−2
√

x2 − x]√
Q(x)

=

=
∫ 0

−2
√

x2−y

dv√
Q(x2 − v2

4 )

(3.15)

'Ena endiafèron shmeÐo eÐnai ìti, an mporoÔme na upologÐsoume analutik�
ta dÔo parap�nw oloklhr¸mata, to telikì apotèlesma eÐnai anex�rthto apì
thn eklog  tou shmeÐou y. AntÐjeta, an qrhsimopoi soume mia proseggistik 
mèjodo, ìpwc gia par�deigma tou trapezÐou   th Simpson, to apotèlesma,
genik�, exart�tai apì to shmeÐo y. Opìte mpaÐnei to er¸thma an mporoÔme
na dialèxoume to shmeÐo y me tètoio trìpo ¸ste na anakt soume orismènec
idiìthtec pou ek twn protèrwn gnwrÐzoume ìti up�rqoun. To epìmeno par�-
deigma ja dialeuk�nei to z thma autì.
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Par�deigma:

Ac upojèsoume ìti èna swm�tio me m�za m kineÐtai se dunamikì V (x) = kx2

me olik  enèrgeia E. Jèloume na upologÐsoume thn perÐodo thc kÐnhs c tou
me th mèjodo tou trapèziou.
DeÐxte ìti an upologÐsoume thn perÐodo analutik�, to apotèlesma den exar-
t�tai apì th sunolik  enèrgeia oÔte apì to shmeÐo pou ja dialèxoume na
kìyoume to olokl rwma.
DeÐxte epÐshc ìti an qrhsimopoi soume th mèjodo tou trapezÐou, to apotè-
lesma exart�tai apì thn enèrgeia kaj¸c kai apì to shmeÐo y, all� mporoÔme
p�ntote na dialèxoume to shmeÐo autì ètsi ¸ste to apotèlesma na mhn exar-
t�tai apì thn enèrgeia.

Sumpèrasma

H arijmhtik  olokl rwsh perièqei dÔo eleÔjerec paramètrouc: ton arijmì
twn shmeÐwn sta opoÐa upologÐzoume thn upì olokl rwsh sun�rthsh kaj¸c
kai to b�roc pou b�zoume se k�je shmeÐo. Sthn apl  perÐptwsh pou empnè-
etai apì ton klasikì orismì thc olokl rwshc, h katanom  twn endiamèswn
shmeÐwn eÐnai omoiìmorfh kai ta antÐstoiqa b�rh eÐnai 1. Stic mejìdouc tou
trapezÐou kai tou Simpson h katanom  paramènei omoiìmorfh all� to b�-
roc k�je shmeÐou diafèrei. MporeÐ k�poioc na all�xei epÐshc thn katanom 
twn endiamèswn shmeÐwn, opìte èqoume kai tic pio exeligmènec arijmhtikèc
mejìdouc olokl rwshc.

Sta sugkekrimèna probl mata, h eklog  twn endiamèswn shmeÐwn den
eÐnai p�ntote aj¸a. Ja prèpei na gÐnetai me tètoio trìpo, ¸ste to telikì
apotèlesma na diathreÐ tic poiotikèc idiìthtec tou �akriboÔc apotelèsmatoc �
pou y�qnoume.



KEF�ALAIO 4

Arijmhtik  LÔsh

Sun jwn

Diaforik¸n Exis¸sewn

Oi diaforikèc exis¸seic paÐzoun, apì thn epoq  tou Newton, shmantikì rìlo

sthn perigraf  thc fÔshc. All� h diatÔpwsh miac diaforik c exÐswshc apì

th mia kai h lÔsh thc apì thn �llh eÐnai dÔo teleÐwc diaforetikèc ask seic.

Gia poll� qrìnia den eÐqame sth di�jes  mac par� mìno analutik� ergaleÐa,

gegonìc pou periìrize shmantik� to ereunhtikì pedÐo. H anak�luyh twn

arijmhtik¸n mejìdwn apeleujèrwse th fusik , th qhmeÐa, th biologÐa klp.,

apì ton periorismì thc an�ptuxhc aplopoihmènwn montèlwn (protÔpwn) sthn

prosp�jei� touc na perigr�youn thn poluplokìthta twn fusik¸n fainomè-

nwn. Skopìc autoÔ tou kefalaÐou eÐnai h perigraf  twn eurèwc qrhsimo-

poioumènwn s mera mejìdwn gia th lÔsh sun jwn diaforik¸n exis¸sewn pou

sunant�me se efarmogèc thc fusik c (  thc qhmeÐac   thc biologÐac, ìpou

brÐskoume tic Ðdiec exis¸seic s� èna teleÐwc diaforetikì plaÐsio).

Ja parousi�soume tic mejìdouc autèc s� èna plaÐsio genikì. Ac upo-

jèsoume ìti èqoume thn exarthmènh metablht  x kai t eÐnai h anex�rthth

metablht . Y�qnoume na broÔme lÔsh thc exÐswshc:

dx

dt
= F (x(t), t) (4.1)

me �arqikèc� sunj kec x(0) = x0. An oi exis¸seic eÐnai bajmoÔ an¸terou tou

pr¸tou (ìpwc eÐnai oi exis¸seic thc kÐnhshc sth Mhqanik ), odhgoÔmaste

se sÔsthma exis¸sewn, opìte qreiazìmaste th grammik  �lgebra, kurÐwc

an eÐmaste se q¸ro me diast�seic megalÔterec tou 1. Gia mÐa di�stash den

35
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èqoume an�gkh tètoiwn ergaleÐwn kai apl� gr�foume

dx

dt
= v

dv

dt
=

1
m

f (x(t), t)
(4.2)

me arqikèc sunj kec x(0) = x0 kai v(0) = v0.

H kentrik  idèa pÐsw apì tic arijmhtikèc mejìdouc eÐnai h diakritopoÐhsh

tou qrìnou (thc anex�rththc metablht c) kai h antikat�stash twn parag¸-

gwn apì peperasmènec diaforèc:

dx

dt
→ ∆x

∆t
≡ x(t + h)− x(t)

h
(4.3)

4.1 OI MEJODOI TOU EULER

KAI TOU ENDIAMESOU SHMEIOU

H parap�nw diadikasÐa odhgeÐ abÐasta sth mèjodo tou Euler pou gia men thn

Ex.(??) gr�fetai:

x(t + h) = x(t) + hF (x(t), t) (4.4)

en¸ gia tic Ex.(??) èqei th morf :

x(t + h) = x(t) + hv(t)

v(t + h) = v(t) + hf(x(t), t)
(4.5)

ParathroÔme amèswc ìti autèc oi exis¸seic den antistoiqoÔn se tÐpota �llo

par� ston pr¸to ìro anaptÔgmatoc, wc proc to qrìno, gÔrw apì to t = 0.
Dhlad  h akrÐbeia thc mejìdou eÐnai O(h2). MporoÔme loipìn na rwt soume

p¸c eÐnai dunatìn na aux soume thn akrÐbeia, ¸ste to sf�lma na eÐnai O(h3)
toul�qiston.

Autì epitugq�netai wc akoloÔjwc:

x(t + h) = x(t) + hv(t) + (h2/2)f(x(t), t) + (h3/6)f ′(x(t), t) + ...

x(t− h) = x(t)− hv(t) + (h2/2)f(x(t), t)− (h3/6)f ′(x(t), t) + ...
(4.6)

PolÔ eÔkola blèpoume ìti

x(t + h) = x(t− h) + 2hv(t) +O(h3) (4.7)

dhlad  sto t = 0 k�noume èna b ma pÐsw gia na upologÐsoume to x(−h),
qrhsimopoi¸ntac mia apì tic �llec mejìdouc, gia par�deigma thn kajierw-

mènh mèjodo tou Euler, kai èpeita upologÐzoume ta x(h), x(3h), ... me th nèa

mèjodo pou onom�zetai mèjodoc tou endi�mesou shmeÐou.

Par�deigma: Gia thn exÐswsh x′ = −x me arqik  sunj kh x(0) = 1
kai b ma h = 0.01, ston PÐnaka ?? mporoÔme na sugkrÐnoume th mèjo-

do tou Euler kai th mèjodo tou endi�mesou shmeÐou. Sthn perÐptws  mac

dx/dt = f(x(t), t) = −x(t), opìte h mèjodoc tou Euler dÐnei:

x(t + h) = x(t) + hf(x(t), t) = x(t) + h(−x(t)) = x(t)− hx(t) = x(t)(1− h)
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t Euler End.shm. Akribèc apot.

1.00000× 10−2 0.990000 0.990000 0.990050

2.00000× 10−2 0.980100 0.980200 0.980199

3.00000× 10−2 0.970299 0.970396 0.970446

4.00000× 10−2 0.960596 0.960792 0.960789

5.00000× 10−2 0.950990 0.951180 0.951229

6.00000× 10−2 0.941480 0.941768 0.941765

7.00000× 10−2 0.932065 0.932345 0.932394

8.00000× 10−2 0.922745 0.923122 0.923116

9.00000× 10−2 0.913517 0.913882 0.913931

1.00000× 10−1 0.904382 0.904844 0.904837

PÐnakac 4.1: SÔgkrish thc mejìdou tou Euler me aut  tou endiamèsou sh-

meÐou

Sthn perÐptwsh thc mejìdou tou endi�mesou shmeÐou, b�zontac b ma h antÐ

2h, h Ex.(??) gr�fetai gia thn perÐptws  mac:

x(t + h) = x(t) + hf (x(t + h/2), t + h/2)

= x(t) + hf (x(t) + (h/2)f(x(t), t), t + h/2)

= x(t) + hf (x(t) + (h/2)(−x(t)), t + h/2)

= x(t) + h (−x(t) + (h/2)x(t)) = x(t)
(
1− h + h2/2

)
ìpou sth deÔterh isìthta antikatast same to ìrisma x(t+h/2) thc f me to

an�ptugm� tou, dhlad  qrhsimopoi¸ntac th mèjodo tou Euler: x(t + h/2) =
x(t) + (h/2)f(x(t), t), en¸ sthn trÐth kai tètarth isìthta qrhsimopoi same

ìti f(x) = −x sto sugkekrimèno par�deigm� mac.

Up�rqei ìmwc kai ènac �lloc, perissìtero diaisjhtikìc, trìpoc efar-

mog c thc mejìdou tou endi�mesou shmeÐou. Jewr¸ntac p�li to di�sthma

[t, t + h], ìpwc k�name sto parap�nw par�deigma, antÐ tou [t − h, t + h], oi
parak�tw sqèseic eÐnai ousiastik� isodÔnamec me thn Ex.(??):

k1 = hf(x(t), t)

k2 = hf(x(t) +
k1

2
, t +

h

2
)

x(t + h) = x(t) + k2

(4.8)

H idèa eÐnai pwc h mèjodoc tou Euler jewreÐ ìti to basikì shmeÐo sto di�sth-

ma [t, t+h] eÐnai to t: f(x(t), t). H mèjodoc tou endiamèsou shmeÐou jewreÐ ìti

to basikì shmeÐo tou diast matoc eÐnai to endi�meso: f(x(t+h/2), t+h/2).

4.2 H Mèjodoc Runge-Kutta

EÐnai dunatì na proqwr soume akìma perissìtero kai na ft�soume se sf�l-

ma thc t�xhc tou O(h5). Aut  eÐnai h mèjodoc Runge-Kutta tet�rthc t�xhc,
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h opoÐa paÐrnei thn akìloujh morf :

k1 = hf(x(t), t)

k2 = hf(x(t) + k1/2, t + h/2)

k3 = hf(x(t) + k2/2, t + h/2)

k4 = hf(x(t) + k3, t + h)

x(t + h) = x(t) +
1
6

(k1 + 2k2 + 2k3 + k4)) +O(h5)

(4.9)

Se probl mata mhqanik c, ìpou h diaforik  exÐswsh eÐnai deÔterou baj-

moÔ, orÐzoume thn taqÔthta dx/dt = v, kai h diaforik  exÐswsh gÐnetai

dv/dt = f(x(t), t)/m. S� aut n thn perÐptwsh efarmìzoume tic Ex.(??) dÔo

forèc, mia gia thn taqÔthta kai mia gia thn epit�qunsh.

Par�deigma: Armonikìc talantwt c. Ja asqolhjoÔme me suntomÐa me èna

klasikì par�deigma: èna orizìntio elat rio me mi� m�za m sto èna �kro tou.

H exÐswsh thc kÐnhshc eÐnai:

m
d2x

dt2
= −kx (4.10)

ìpou x h apom�krunsh apì to shmeÐo isorropÐac. Jètoume tic arqikèc sun-

j kec x(0) kai v(0) ≡ dx
dt |t=0 kai metatrèpoume th deÔterou bajmoÔ exÐswsh

se sÔsthma dÔo exis¸sewn pr¸tou bajmoÔ:

v =
dx

dt

− k

m
x =

dv

dt

(4.11)

H praktik  er¸thsh pou parousi�zetai t¸ra eÐnai p¸c mporoÔme na elèg-

xoume tic mejìdouc tou Euler, tou endi�mesou shmeÐou   Runge-Kutta se

sugkekrimèna paradeÐgmata. Mia polÔ isqur  mèjodoc eÐnai aut  twn nì-

mwn diat rhshc. Me �lla lìgia, sth mhqanik , ìtan den èqoume tribèc, h

olik  enèrgeia diathreÐtai. MporoÔme loipìn na jèsoume thn er¸thsh kat�

pìson autèc oi proseggistikèc mèjodoi ikanopoioÔn aut n th diat rhsh. Ac

to doÔme se èna par�deigma.

Par�deigma: 'Estw h m�za m, h opoÐa brÐsketai sthn �krh enìc elathrÐou

stajer�c k. H exis¸seic thc kÐnhshc, ìpwc eÐpame kai parap�nw, eÐnai:

dx

dt
= v

dv

dt
= − k

m
x

(4.12)

oi opoÐec kai diathroÔn thn olik  enèrgeia E = mv2/2 + kx2/2. Qrhsimo-

poi¸ntac th mèjodo tou Euler, oi exis¸seic gr�fontai:

xn+1 = xn + vnh

vn+1 = vn + (−(k/m)xn) h
(4.13)
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kai h olik  enèrgeia gr�fetai amèswc:

En+1 = mv2
n+1/2 + kx2

n+1/2 = (1 + δ)En

ìpou δ = h2k/m. MporoÔme eÔkola na gr�youme thn En+1 sunart sei thc

E0:

En+1 = (1 + δ)nE0 =
(
1 + nδ +O(n2δ2)

)
E0

Blèpoume loipìn ìti h mèjodoc tou Euler den diathreÐ thn enèrgeia, all�

h diafor� gia k�je b ma mporeÐ na jewrhjeÐ {mikr } afoÔ eÐnai thc Ðdiac

t�xhc me to sf�lma thc mejìdou, O(h2). 'Omwc, to sf�lma eÐnai prosjetikì,

kai met� apì n b mata gÐnetai nδ, dhlad  pr¸thc t�xhc sto δ. An to nδ

gÐnei sugkrÐsimo me th mon�da, h proseggistik  mèjodìc mac den èqei pia

ènnoia. Sumpèrasma: to sf�lma, ìntac prosjetikì, jètei ìrio ston arijmì

twn bhm�twn pou mporoÔme na qrhsimopoi soume sth mèjodo tou Euler:

nmax = 1/δ =
m

h2k

Blèpoume ìti o mègistoc arijmìc twn bhm�twn eÐnai an�logoc thc m�zac

kai antistrìfwc an�logoc thc stajer�c tou elathrÐou kai tou b matoc.

ParathroÔme epÐshc ìti h posìthta nmaxh èqei diast�seic qrìnou kai epeid 

h perÐodoc eÐnai an�logh me to
√

m/k, mac endiafèrei to nmaxh na eÐnai

toul�qiston ìso h perÐodoc. Oi sunj kec autèc jètoun k�je �llo par�

tetrimmènouc periorismoÔc sthn eklog  tou h, me dedomènec tic stajerèc tou

probl matoc m kai k.

Sumpèrasma

Parap�nw parousi�same ta kuriìtera kai �meshc qr shc shmeÐa thc arijmh-

tik c epÐlushc sun jwn diaforik¸n exis¸sewn. 'Ena polÔ sobarì praktikì

prìblhma eÐnai h eklog  tou bèltistou b matoc h kai thc metabol c tou: pio

sugkekrimèna, stic perissìterec efarmogèc prèpei na metab�lloume to b ma

to opoÐo ja prèpei na eÐnai mikrì ìtan, gia par�deigma, oi dun�meic meta-

b�llontai gr gora me to qrìno kai megalÔtero ìtan h metabol  touc eÐnai

arg . MporoÔme epÐshc na {suntonÐsoume} thn eklog  tou b matoc me thn

taqÔthta. Parìla aut�, me tic teqnikèc pou parousi�sthkan sto kef�laio

autì mporoÔme na lÔsoume ìla ta probl mata klasik c mhqanik c me èna

bajmì eleujerÐac kai autì den eÐnai lÐgo.
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PÐnakec

kai efarmogèc touc

Oi hlektronikoÐ upologistèc sunantoÔn pollèc duskolÐec sthn epexergasÐa
pin�kwn kai mìno prìsfata, me thn eisagwg  thc FORTRAN90, oi diadika-
sÐec me pÐnakec kai dianÔsmata mporoÔn na ektelestoÔn me sobarèc epidìseic.
Ja xekin soume me fusik� probl mata pou perigr�fontai apì perissìterouc
apì èna bajmoÔc eleujerÐac oi opoÐoi kai allhlepidroÔn. Ja exet�soume dÔo
antiproswpeutik� paradeÐgmata: th lÔsh enìc grammikoÔ sust matoc kai ton
upologismì twn idiotim¸n enìc pÐnaka.

5.1 LÔsh GrammikoÔ Sust matoc Exis¸sewn

'Ena suqnì majhmatikì prìblhma pou sunant�me eÐnai h lÔsh enìc grammikoÔ
sust matoc exis¸sewn, dhlad 

A · x = b (5.1)

ìpou A ≡ Aij eÐnai ènac n× n pÐnakac, x eÐnai èna �gnwsto di�nusma kai b
gnwstì di�nusma. O skopìc mac eÐnai na upologÐsoume tic sunist¸sec tou
x. 'Opwc eÐnai gnwstì, to prìblhma èqei lÔsh an, kai mìnon an, detA 6= 0,
kai h lÔsh gr�fetai sumbolik�

x = A−1 · b (5.2)

H anhsuqÐa ègkeitai sto gegonìc ìti o upologismìc tou antÐstrofou enìc
pÐnaka eÐnai mia diadikasÐa me kìstoc kai polÔ epirrep c se arijmhtikèc ast�-
jeiec. Ja anafèroume ed¸ dÔo mejìdouc oi opoÐec odhgoÔn sth lÔsh thc
Ex.(5.1) m� èna trìpo stajerì: eÐnai h mèjodoc Gauss-Jordan kai h mèjodoc
LU.

41
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5.2 H Mèjodoc Gauss-Jordan

H basik  idèa aut c thc mejìdou eÐnai h anagwg  tou pÐnaka A se trigwnikì
kai akoloÔjwc o upologismìc twn sunistws¸n xi. O lìgoc eÐnai giatÐ an o
A eÐnai trigwnikìc

A =


a11 a12 ... a1n

0 a22 ... a2n

... .... .... ...

0 0 0 ann

 (5.3)

brÐskoume amèswc ìti

xn =bn/ann (5.4)

xn−1 = (bn−1−an−1,nxn)/an−1,n−1 (5.5)

  genik�

xn−k =

(
bn−k −

n−k+1∑
l=n

an−k,lxl

)
/an−k,n−k, k = 1, ..., n− 1 (5.6)

To ìlo prìblhma an�getai loipìn sto metasqhmatismì tou pÐnaka A se tri-
gwnik  morf . AkoloujoÔme ton parak�tw trìpo:

1. AntikajistoÔme thn teleutaÐa exÐswsh pou perigr�fei h (5.1) me è-
na grammikì sunduasmì thc Ðdiac kai thc pr¸thc exÐswshc, kat�llh-
lo ¸ste to stoiqeÐo an1 na mhdenisteÐ. Dhlad , pollaplasi�zoume
th gramm  (a11, ..., a1n) me −an1/a11 kai antikajistoÔme th gramm 
(an1, an2, ..., anj , ..., ann) me thn(

0, an2 − a12
an1

a11
, ..., anj − a1j

an1

a11
, ..., ann − a1n

an1

a11

)

Bèbaia antikajistoÔme to bn me to bn − b1

(
an1

a11

)
.

2. SuneqÐzoume me autìn ton trìpo kai mhdenÐzoume ta stoiqeÐa thc pr¸-
thc st lhc tou pÐnaka, ektìc bèbaia tou a11, katal gontac ston pÐnaka

A =



a11 a12 ... a1n

0 a22 ... a2n

0 a32 ... a3n

... .... .... ...

0 ak2 ... akn

... .... .... ...

0 an2 .... ann


(5.7)

ìpou èqoume qrhsimopoi sei ta Ðdia sÔmbola gia ta stoiqeÐa twn gram-
m¸n 2, ..., n.
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3. SuneqÐzoume me an�logo trìpo sto mhdenismì twn stoiqeÐwn an2, an−1,2,
..., a32. JewroÔme ton pÐnaka

a22 ... a2n

a32 ... a3n

.... .... ...

ak2 ... akn

.... .... ...

an2 .... ann


(5.8)

pollaplasi�zoume ta stoiqeÐa (a22, ..., a2n) me −an2/a22 kai antikaji-
stoÔme thn teleutaÐa gramm  me to apotèlesma to opoÐo èqei
a32 = ... = an2 = 0.

4. EÐnai eÔkolo plèon na peisjoÔme ìti sto tèloc tou m b matoc, ja èqou-
me mhdenÐsei ta stoiqeÐa an1, an−1,1, ..., a21; an2, an−1,2, ..., a32;
..., an,m−1, ..., an−1,m−1, ..., an,m−1. Sto tèloc tou n − 1 b matoc o
pÐnakac ja eÐnai trigwnikìc.

Par�deigma:  1 2 1
1 1 1
1 −1 −1


 x

y

z

 =

 1
2
3

 (5.9)

Pollaplasi�zoume thn pr¸th gramm  epÐ 1 kai antikajistoÔme thn trÐth me
(0, 3, 2). BrÐskoume  1 2 1

1 1 1
0 3 2


 x

y

z

 =

 1
2
−2


T¸ra, pollaplasi�zoume thn pr¸th gramm  epÐ 1 kai thn afairoÔme apì th
deÔterh (gia na apalleÐyoume to a21). To sÔsthma gÐnetai 1 2 1

0 1 0
0 3 2


 x

y

z

 =

 1
−1
−2


Pollaplasi�zoume th deÔterh gramm  epÐ 3 kai thn afairoÔme apì thn trÐth,
gia na apalleÐyoume to a32, kai telei¸same. PaÐrnoume 1 2 1

0 1 0
0 0 −2


 x

y

z

 =

 1
−1
−1


kai brÐskoume �mesa ìti z = 1/2, y = −1 kai x = 5/2. Antikajist¸ntac tic
timèc autèc sto arqikì sÔsthma thc Ex.(5.9), epalhjeÔoume thn orjìthta
thc lÔshc.
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'Eqoume  dh parathr sei th spoudaiìthta pou paÐzoun oi diag¸nioi ìroi
ann, kaj¸c diairoÔme me autoÔc. Opìte, h er¸thsh eÐnai �mesh: ti gÐnetai
an ènac oi perissìteroi apì autoÔc eÐnai mhdenikoÐ? H idèa eÐnai ìti an to
sÔsthma den eÐnai idi�zon, eÐnai dunatì, me enallagèc twn exis¸sewn  /kai
twn agn¸stwn, na katal xoume se trigwnikì pÐnaka me diag¸nia stoiqeÐa mh
mhdenik�. Pr�gmati, to sÔsthma den all�zei an enall�xoume dÔo exis¸seic.
AntÐjeta, an enall�xoume dÔo st lec, oi metablhtèc mperdeÔontai. 'Omwc
autì to mpèrdema antistoiqeÐ se grammikì metasqhmatismì. O telikìc sko-
pìc thc diadikasÐac aut c eÐnai k�je diag¸nio stoiqeÐo na èqei th megalÔterh
apìluth tim  apì ìla ta stoiqeÐa thc antÐstoiqhc gramm c kai st lhc. Aut 
h diadikasÐa onom�zetai peristrof  kai to diag¸nio stoiqeÐo peristrofèac.
Ja qrhsimopoi soume th merik  peristrof  pou eÐnai aploÔsterh se efarmo-
g  kai ikan  na krat sei thn ìlh diadikasÐa stajer . M' aut  th diadikasÐa,
enall�soume tic exis¸seic ¸ste k�je diag¸nio stoiqeÐo na èqei th megalÔ-
terh apìluth tim  sthn antÐstoiqh st lh (en¸ h pl rhc peristrof  apaiteÐ
th megalÔterh apìluth tim  kai sthn antÐstoiqh gramm ). 'Ena par�deigma
ja mac diafwtÐsei.
Par�deigma:  2 2 1

1 1 1
1 −1 −1


 x

y

z

 =

 1
2
3

 (5.10)

BrÐskoume  2 2 1
1 1 1
0 4 3


 x

y

z

 =

 1
2
−5


 2 2 1

0 0 −1
0 4 3


 x

y

z

 =

 1
−3
−5


Blèpoume ìti a22 = 0. All� mporoÔme na enall�xoume tic grammèc 2 kai 3
qwrÐc na all�xoume touc agn¸stouc. Opìte katal goume 2 2 1

0 4 3
0 0 −1


 x

y

z

 =

 1
−5
−3


Genik�, ja prèpei na elègqoume thn apìluth tim  |amm|. An |amm| < ε,
ja prèpei na enall�xoume th gramm  m me th gramm  j, ìpou |ajm| =
maxl=1,...,n{|alm|}. Bèbaia ja prèpei bm → bj .

5.3 H Mèjodoc LU

H mèjodoc aut  sthrÐzetai epÐshc sthn idèa thc epÐlushc enìc sust matoc
metatrèpontac ton antÐstoiqo pÐnaka se trigwnikì. H idèa ègkeitai sthn
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paragontopoÐhsh tou arqikoÔ pÐnaka se ginìmeno dÔo pin�kwn: enìc k�tw-
trigwnikoÔ (Lower-triangular), dhlad  aij = 0 gia j > i kai enìc �nw-
trigwnikoÔ (Upper-triangular), dhlad  aij = 0 gia j < i.

A · x = (L · U) · x = L · (U · x) = b (5.11)

kai an jèsoume y = U · x mporoÔme na upologÐsoume tic sunist¸sec tou y

�mesa, me antikat�stash, kai Ôstera tic sunist¸sec tou x. P¸c brÐskoume
loipìn touc pÐnakec L kai U ? Ac p�roume to par�deigma enìc pÐnaka 4× 4.

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 =


l11 0 0 0
l21 l22 0 0
l31 l32 l33 0
l41 l42 l43 l44

 ·


u11 u12 u13 u14

0 u22 u23 u24

0 0 u33 u34

0 0 0 u44


(5.12)

KatalabaÐnoume ìti h Ex.(5.12) apoteleÐ èna sÔsthma n2 exis¸sewn (ìsa
kai ta stoiqeÐa tou pÐnaka A) me n2 + n agn¸stouc (tic metablhtèc lij kai
uij). Dhlad , mporoÔme na jèsoume n sunj kec. Gia na aplopoi soume ta
pr�gmata dialègoume

lii = 1, i = 1, ..., n

kai mporoÔme na upologÐsoume ta upìloipa stoiqeÐa me ton algìrijmo tou

Crout:
Gia k�je j = 1, 2, 3, ..., n

• Gia i = 1, 2, ..., j

uij = aij −
i−1∑
k=1

likukj

( to �jroisma eÐnai 0 gia i = 1).

• Gia i = j + 1, ..., n

lij =
1

ujj

(
aij −

j−1∑
k=1

likukj

)

Par�deigma:

Ja lÔsoume to prohgoÔmeno par�deigma me th mèjodo LU 1 2 1
1 1 1
1 −1 −1


 x

y

z

 =

 1
2
3
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Jètoume l11 = l22 = l33 = 1.

j = 1

i = 1, u11 = a11 = 1

i = 2, l21 =
1

u11
a21 = 1

i = 3, l31 =
1

u11
a31 = 1

j = 2

i = 1, u12 = a12 = 2

i = 2, u22 = a22 − l21u12 = 1− 1× 2 = −1

i = 3, l32 =
1
−1

(a32 − l31u12) = −(−3) = +3

j = 3

i = 1, u13 = a13 = 1

i = 2, u23 = a23 − l21u13 = 1− 1× 1 = 0

i = 3, u33 = a33 − (l31u13 + l32l23) = −1− (1× 1 + 3× 0) = −2

Epomènwc, odhgoÔmaste sta parak�tw sust mata: 1 0 0
1 1 0
1 3 1


 x′

y′

z′

 =

 1
2
3


 1 2 1

0 −1 0
0 0 −2


 x

y

z

 =

 x′

y′

z′


kai brÐskoume x′ = 1, y′ = 1, z′ = 1 kai x = 5/2, y = −1, z = 1/2.

'Ena majhmatikì er¸thma paramènei anap�nthto ìmwc: poiec eÐnai oi sun-
j kec, anagkaÐec kai ikanèc, pou epitrèpoun thn paragontopoÐhsh enìc pÐ-
naka 4 × 4 se ginìmeno L · U ? EÐnai dunatì na apodeiqteÐ ìti arkeÐ ìloi oi
el�ssonec tou A na eÐnai mh mhdenikoÐ. All� eÐnai dunatì na èqoume èna mh
idi�zon sÔsthma me k�poion el�ssona mhdenikì. H ap�nthsh eÐnai ìti mpo-
roÔme na paragontopoi soume sth morf  L · U ìqi ton A all� ton pÐnaka
ìpou èqoume enall�xei tic grammèc tou. EÐnai kai p�li mia peristrof  ston
algìrijmo tou Crout. H idèa proèrqetai apì to deÔtero b ma tou algorÐj-
mou autoÔ. Antilambanìmaste ìti mporoÔme na upologÐsoume ton arijmht 
kai ton paronomast  anex�rthta. AfoÔ upologÐsoume touc arijmhtèc, tìte
mporoÔme na apofasÐsoume. Epomènwc dialègoume, to megalÔtero apì ta
stoiqeÐa u thc st lhc j, enall�soume th gramm  j me th gramm  imax kai
diairoÔme mìno ta stoiqeÐa tou deÔterou b matoc me ta kainoÔrgia ujj . O
lìgoc pou èna tètoio tèqnasma epitugq�nei eÐnai ìti den qrei�zetai na apo-
jhkeÔoume sth mn mh treic pÐnakec n × n (touc pÐnakec A, L kai U) all�
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touc antikajistoÔme {epÐ tìpou}, epeid  k�je stoiqeÐo aij den qrhsimopoieÐ-
tai par� mìno mia for�.

5.4 Upologismìc OrÐzousac

'Ena polÔ endiafèron mègejoc, tìso apì majhmatik  skopi� ìso kai apì th
skopi� thc fusik c, eÐnai h orÐzousa enìc pÐnaka. H ènnoi� thc sth fusik  eÐ-
nai aut  tou {ìgkou} �se dÔo diast�seic antistoiqeÐ se (prosanatolismènh)
{epif�neia}. Sth grammik  �lgebra majaÐnoume ìti h orÐzousa apoteleÐ tm -
ma twn {analloÐwtwn} posot twn �posìthtec oi opoÐec den all�zoun tim 
se metasqhmatismoÔc omoiìthtac, A → SAS−1. MajaÐnoume epÐshc p¸c na
upologÐzoume thn orÐzousa (analÔont�c thn se el�ssonec orÐzousec). Sth
genik  perÐptwsh, aut  h an�lush qrei�zetai O(n3) epimèrouc upologismoÔc,
all� apaitoÔntai mìno O(n) upologismoÐ gia thn perÐptwsh pou o pÐnakac
eÐnai trigwnikìc �giatÐ gnwrÐzoume ìti h orÐzousa trigwnikoÔ pÐnaka eÐnai Ðsh
me to ginìmeno twn diagwnÐwn ìrwn. PaÐrnontac upìyh ìti tìso h mèjodoc
Gauss-Jordan ìso kai h mèjodoc LU metasqhmatÐzoun ton arqikì pÐnaka se
trigwnikì, katalabaÐnoume pìso eÔkoloc eÐnai o upologismìc miac orÐzou-
sac. All� apaiteÐtai prosoq . GnwrÐzoume ìti to prìshmo miac orÐzousac
all�zei me thn enallag  dÔo gramm¸n   dÔo sthl¸n. ApaiteÐtai loipìn h
Ôparxh miac bohjhtik c metablht c h opoÐa ja all�zei prìshmo se k�je
enallag  gramm¸n kat� th di�rkeia thc peristrof c. Aut  h metablht  ja
dÐnei kai to teleiwtikì prìshmo sthn orÐzousa

detA = omotimÐa×
n∏

k=1

akk

Poia eÐnai ta shmantik� shmeÐa? To ginìmeno mporeÐ na gÐnei polÔ meg�lo  
polÔ mikrì (se apìluth tim ) �epomènwc ja prèpei na ajroÐsoume logarÐj-
mouc. All� ja prèpei epÐshc na blèpoume kai apì th skopi� thc fusik c. Dh-
lad , an mÐa (  perissìterec) idiotimèc teÐnoun sto mhdèn (opìte h orÐzousa
teÐnei epÐshc sto mhdèn), eÐnai shm�di ìti Ðswc up�rqei mia {yeudosummetrÐa},
thn opoÐa axÐzei na melet soume.



SQOLH EFARMOSMENWN MAJHMATIKWN KAI FUSIKWN EPISTHMWN

UPOLOGISTIKH FUSIKH � 7o EXAMHNO

1h ASKHSH

SQEDIASH DUNAMIKWN GRAMMWN

1. Plhktrolog ste ton k¸dika FORTRAN gia th sqedÐash twn dunamik¸n gramm¸n. H

prwth grammh tou progr�mmatìc sac ja eÐnai PROGRAM ONOMA EPITHETO.

2. Apenergopoi ste thn entol  pou �gr�fei� ta apotelèsmata se arqeÐo kai energopoi ste

aut n pou �gr�fei� ta apotelèsmata sthn ojình.

3. Ektelèste tic entolèc compile, built exe kai execute gia to prìgramm� sac.

4. Epilèxte èna (1) fortÐo kai d¸ste th tim  tou (se morf  pragmatikoÔ arijmoÔ gia pa-

r�deigma 1.0) kai th jèsh tou. Gia thn teleutaÐa epilèxte (0.0,0.0). Epilèxte sqedÐash

dunamik c gramm c kai wc arqikì shmeÐo to (0.06,0.06)

P¸c perimènete ta apotèlesmata?

5. Epanal�bete ta b mata 3 kai 4 afoÔ energopoi sete thn entol  pou �gr�fei� ta apotelè-

smata se arqeÐo (kai apenergopoi ste thn �llh entol ), gia th dunamik  gramm  tou proh-

goÔmenou b matoc kaj¸c kai gia mia isodunamik  gramm  pou xekin� apo to shmeÐo (5.0,0.0).

6. AnoÐxte to MATLAB kai akolouj¸ntac tic odhgÐec pou sac èqoun dojeÐ, sqedi�ste ta

dedomèna tou arqeÐou pou par gage to prìgramma FORTRAN.

7. Epanal�bete ìla ta anagkaÐa b mata gia th sqedÐash miac dunamik c kai miac isodunamik c

gramm c se sÔsthma dÔo fortÐwn me timèc -1.0 kai 1.0 stic jèseic (-10.0,0.0) kai (10.0,0.0)

antÐstoiqa. H dunamik  gramm  na xekin� apì to shmeÐo (10.0,0.06) en¸ h isodunamik  apì

to shmeÐo (10.0,0.0).

8. Epanal�bete ìla ta anagkaÐa b mata gia th sqedÐash miac pl rouc eikìnac gia ta dÔo

fortÐa tou prohgoÔmenou b matoc. Epilèxte ta shmeÐa:

Gia dunamikèc grammèc Gia isodunamikèc grammèc

(10.00, 0.06) (12.0, 0.0)
(9.94, 0.06) (15.0, 0.0)
(9.94, 0.0) (17.0, 0.0)

(9.94,−0.06) (−12.0, 0.0)
(10.0,−0.06) (−15.0, 0.0)
(10.06,−0.06) (−17.0, 0.0)
(10.06, 0.0)
(10.06, 0.06)
(−20.0, 12.0)

(−20.0,−12.0)

1



SQOLH EFARMOSMENWN MAJHMATIKWN KAI FUSIKWN EPISTHMWN

UPOLOGISTIKH FUSIKH � 7o EXAMHNO

2h ASKHSH

EURESH RIZWN MIAS EXISWSHS

1. Plhktrolog ste ton k¸dika FORTRAN gia th mèjodo thc diqotomÐac, akolouj¸ntac to

logikì di�gramma pou dÐnetai. H sun�rthsh ja orÐzetai apì to akìloujo tm ma tou k¸dika

pou gr�fetai met� to tèloc tou kurÐou progr�mmatoc:

REAL FUNCTION F(X)
IMPLICIT NONE
REAL X
F=...
RETURN
END
2. Trèxte to prìgramma gia tic peript¸seic a) x2 − 5x + 6 kai b) 2x4 − 4x2 − 16. Gr�yte to
di�sthma pou epilègete, kai th lÔsh pou brÐsketai gia dÔo peript¸seic akrÐbeiac: E = 0.01
kai 0.001.
3. JewreÐste ìti to dunamikì metaxÔ dÔo atìmwn pou sunistoÔn èna mìrio dÐnetai apì th

sun�rthsh V (r) = 5(r−6 + r−12) ìpou r eÐnai h apìstash metaxÔ twn atìmwn. BreÐte ta

ìria aut c thc apìstashc, an h sunolik  enèrgeia tou morÐou eÐnai E = −0.8, me akrÐbeia

E = 0.001. Gr�yte to di�sthma pou epilègete kai tic epanal weic pou qreiast kate.
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Sq ma 1: (a) H sun�rthsh gia to dunamikì tou morÐou kai (b) gia thn exÐswsh Van der Waals

4. H exÐswsh Van der Waals apoteleÐ mia fainomainologik  genÐkeush thc gnwst c katasta-

tik c exÐswshc twn aerÐwn gia ta pragmatik� aèria:(
P +

a

v2

)
(v − b) = RT

ìpou P h pÐesh (se atm), v o grammomoriakìc ìgkoc V/n (se L/mole), T h jermokrasÐa

(se K) kai R = 0.082054L atm/(mole K). Ta a kai b eÐnai peiramatikèc stajerèc eidikèc gia

k�je aèrio. Gia to CO2 eÐnai a = 3.592 kai b = 0.04267. BreÐte to grammomoriakì ìgko gia

autì to aèrio kai gia P = 10atm kai T = 300K me akrÐbeia E = .0001. SugkrÐnete me thn

exÐswsh twn telÐwn aerÐwn Pv = Rt.

5. LÔsh thc exÐswshc Scrödinger gia swmatÐdio m�zac m se peperasmèno phg�di dunamikoÔ

b�jouc V0 pou ekteÐnetai apì −b èwc b (mÐa di�stash). Sto q¸ro |x| < b èqoume na lÔsoume

thn exÐswsh:

− ~2

2m

d2u

dx2
= Eu

1



h opoÐa dèqetai lÔsh thc morf c:

u(x) = A sin(ax) + B cos(ax), a =

√
2mE

~2

Sto q¸ro |x| > b èqoume na lÔsoume thn exÐswsh:

− ~2

2m

d2u

dx2
= (E − Vo)u

h opoÐa dèqetai lÔsh thc morf c:

uN (x) = Ce−aN x + DeaN x, aN =

√
2m(V0 − E)

~2

(mac endiafèrei h perÐptwsh E < V0, dhlad  dèsmiec katast�seic).

Epeid  apaitoÔme u(x → ±∞) → 0, ja prèpei gia x > b na isqÔei D = 0 en¸ gia x < −b

na isqÔei C = 0. Apait¸ntac epÐshc oi sunart seic kai oi par�gwgoÐ touc na eÐnai Ðsec sta

ìria ±b:

uN (b) = u(b), u′N (b) = u′(b), uN (−b) = u(−b), u′N (−b) = u′(−b)

katal goume stic parak�tw peript¸seic:

A = 0, C = D, a tan(ba) = aN   B = 0, C = −D, a cot(ba) = −aN

Antikajist¸ntac sthn pr¸th thn tim  tou a paÐrnoume thn exÐswsh:

√
E tan

(
b
√

2m

~
√

E

)
=
√

V0 − E

Qrhsimopoi¸ntac tic timèc ~ = 1.054×10−34Js, m = me = 9.109×10−31kg kai b = 10−9m kai

metr¸ntac thn enèrgeia se mon�dec 10−14J, mporoÔme na gr�youme thn exÐswsh sth morf :

√
E tan(1.28

√
E) =

√
V0 − E

ìpou to V0 metriètai bèbaia se mon�dec 10−14J.
BreÐte tic energeiakèc st�jmec gia V0 = 50 me akrÐbeia E = 0.001.
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6. Plhktrolog ste ton k¸dika gia th mèjodo Newton-Rahpson kai epanal�bete ta parap�nw

b mata sugkrÐnontac me th mèjodo thc diqotomÐac.
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SQOLH EFARMOSMENWN MAJHMATIKWN KAI FUSIKWN EPISTHMWN

UPOLOGISTIKH FUSIKH � 7o EXAMHNO

3h ASKHSH

OLOKLHRWSH

1. Plhktrolog ste ton k¸dika FORTRAN gia olokl rwsh qrhsimopoi¸ntac kai tic treic

mejìdouc: orjogwnÐwn, trapezÐwn kai Simpson. To kurÐwc prìgramma ja zht� to arqikì (A)
kai telikì (B) shmeÐo thc olokl rwshc kaj¸c kai ton arijmì twn shmeÐwn (N). Oi treic mè-

jodoi ja kaloÔntai apì antÐstoiqa upoprogr�mmata (subroutine). Ta orÐsmata thc k�je su-
broutine ja eÐnai ta dÔo �kra olokl rwshc, o arijmìc twn shmeÐwn kai to apotèlesma (SUM)

thc olokl rwshc. Sth mèjodo twn orjogwnÐwn na qrhsimopoi sete to endi�meso shmeÐo:

X1 = A+H/2, X2 = A+3∗H/3, X3 = A+5∗H/2, ..., XN = A+(2∗N−1)∗H/2 = B−H/2
ìpou H = (B − A)/N . Sto tèloc tou kurÐwc progr�mmatoc ja tup¸netai to arqikì kai te-

likì shmeÐo thc olokl rwshc, o arijmìc twn shmeÐwn kai tèloc h mèjodoc kai to apotèlesma

thc olokl rwshc.

'Efarmìste ta parap�nw gia ta akìlouja olokl r¸mata:∫ 2π

0

sin(x)dx,

∫ 3

1

(5x2 + 3x− 2)dx,

∫ 1

0

1
1 + x2

dx,

∫ 1

0

ln(x)dx

kai gia N = 500, 1000 kai 5000. Gia to teleutaÐo olokl rwma epilèxte gia k�tw ìrio ènan

mikrì arijmì (p.q. 10−5), diìti ln(0) den orÐzetai. Elègxte to apotèlesma gia di�forec mikrèc
timèc tou k�tw orÐou.

2. AfoÔ elègxete th swst  leitourgÐa tou progr�mmatoc, dokim�ste to fusikì prìblhma

pou anafèrame sto m�jhma (qrhsimopoi ste th mèjodo Simpson):

∆T =
√

m

2

∫ X2

X1

dx√
E − V (X)

ìpou V (X) = 1
2kX2. Jewr ste ìti h enèrgeia tou armonikoÔ talantwt  eÐnai E = 9, ìti m =

2 kai k = 2. Dokim�ste gia di�forec timèc diamèrishc tou oloklhr¸matoc (500,1000,1500)

kaj¸c kai gia di�forec timèc tou shmeÐou Y (-1, 0,1) ìpou �kìbetai� to olokl rwma. Kata-

gr�yte ta apotelèsmat� sac.

UpenjumÐzoume ìti to parap�nw olokl rwma gr�fetai wc:

∆T = 2
√

m

2

∫ 2
√

Y−X1

0

du√
P (X1 + u2

4 )
+

∫ 0

−2
√

X2−Y

dv√
Q(X2 − v2

4 )


ìpou P (X) = X2 −X kai Q(X) = X −X1 kai X1 kai X2 oi lÔseic thc E − V (X) = 0. Oi
sunart seic P kai Q kaj¸c kai oi metasqhmatismoÐ na dÐnontai wc exwterikèc sunart seic.



SQOLH EFARMOSMENWN MAJHMATIKWN KAI FUSIKWN EPISTHMWN

UPOLOGISTIKH FUSIKH � 7o EXAMHNO

4h ASKHSH

ARIJMHTIKH LUSH DIAFORIKWN EXISWSEWN I

Sthn �skhsh aut  ja epilÔsoume arijmhtik� th diaforik  exÐswsh pou dièpei thn kÐnhsh

enìc ekkremoÔc:

d2θ

dt2
= −g

l
sin θ  

(
dθ

dt
= ω,

dω

dt
= α(θ) = −g

l
sin θ

)
Ja qrhsimopoi soume dÔo mejìdouc: thn mèjodo Euler kai thn mèjodo Euler-Verlet. Upen-
jumÐzoume touc genikoÔc tÔpouc gia tic dÔo mejìdouc:

Euler θn+1 = θn + ωn∆t, ωn+1 = ωn + αn∆t

Euler-Verlet θn+1 = 2θn − θn−1 + αn(∆t)2, ωn =
θn+1 − θn−1

2∆t

Gia thn Euler-Verlet qrhsimopoi ste ton tÔpo: θ0 = θ1−ω1∆t+α1(∆t)2/2 gia na xekin sete

th mèjodo.

O telikìc mac skopìc eÐnai na sqedi�soume sto MatLab tic kampÔlec (t, θ) kai (t, ω). Gia

θ = 2◦ kai 10◦ trèxte th mèjodo Euler, sugkrÐnete thn perÐodo pou brÐskete me thn antÐstoiqh
jewrhtik  tim  (T = 2π

√
l/g(1 + θ2/12 + ...)) kai elèxte to pl�toc thc tal�ntwshc. Trèxte

th mèjodo Euler-Verlet gia tic Ðdiec gwnÐec kai sugkrÐnete me ta prohgoÔmena. Dokim�ste

gia θ = 20◦, 90◦ kai 120◦. Elèxte th sumperifor� tou pl�touc kai prosèxte p¸c oi kampÔlec
apomakrÔnontai apì thn hmitonoeid  kampÔlh gia meg�lec gwnÐec.

Ston k¸dika FORTRAN, sto kurÐwc prìgramma ja dÐnontai: oi arqikèc sunj kec θ(t = 0)
kai ω(t = 0) = 0 (jewroÔme ìti o arqikìc qrìnoc eÐnai t = 0), o olikìc qrìnoc kai o arijmìc

twn bhm�twn pou diamerÐzoume to qrìno autì. Gia ton lìgo g/l epilèxte mia logik  tim , p.q.

10s−2, opìte sthn perÐptwsh aut  h perÐodoc eÐnai thc t�xhc twn 2-3s. To kurÐwc prìgramma
ja kaleÐ tic subroutine gia tic dÔo mejìdouc.

ApofÔgete na èqete thn entol  pou apojhkeÔei ta zeug�ria (t, θ) kai (t, ω) mèsa sth su-
broutine. O swstìc trìpoc (pou efarmìzetai kai sta ètoima upoprogr�mmata) eÐnai na apo-

jhkeÔete ta zeug�ria aut� se array ta opoÐa ja parousi�zontai wc orÐsmata sth subroutine.
Gia par�deigma:

SUBROUTINE EULER(XIN,VIN,TFI,STEPS,T,X,V)
REAL T(P),X(P),V(P),...
Kal¸ntac th subroutine apì to kurÐwc prìgramma, ta T,X,V den eÐnai orismèna (mporeÐte na

ta arqikopoi sete, mhdenÐzontac ta mesa sth subroutine) all� epistrèfontac sto kurÐwc prì-
gramma, ja metafèroun th plhroforÐa, pou mporeÐ na grafeÐ se arqeÐo gia na qrhsimopoihjeÐ

sth sqedÐash.



SQOLH EFARMOSMENWN MAJHMATIKWN KAI FUSIKWN EPISTHMWN UPOLOGISTIKH

FUSIKH � 7o EXAMHNO

5h ASKHSH

ARIJMHTIKH LUSH DIAFORIKWN EXISWSEWN II

Sthn �skhsh aut  ja qrhsimopoi soume thn mèjodo Runge-Kutta 4hc t�xhc gia na epilÔsoume thn

exÐswsh tou Newton gia di�forec peript¸seic dun�mewn.

Gia thn perÐptwsh dÔo diaforik¸n exis¸sewn thc morf c:

dx

dt
= f1(t, x, y),

dy

dt
= f2(t, x, y) (1)

h mèjodoc dÐnei:

K11 = f1(ti, xi, yi), K21 = f2(ti, xi, yi)

K12 = f1(ti +
τ

2
, xi +

τ

2
K11, yi +

τ

2
K21), K22 = f2(ti +

τ

2
, xi +

τ

2
K11, yi +

τ

2
K21)

K13 = f1(ti +
τ

2
, xi +

τ

2
K12, yi +

τ

2
K22), K23 = f2(ti +

τ

2
, xi +

τ

2
K12, yi +

τ

2
K22)

K14 = f1(ti + τ, xi + τK13, yi + τK23), K24 = f2(ti + τ, xi + τK13, yi + τK23)

ti+1 = ti + τ

xi+1 = xi +
1
6
τ(K11 + 2K12 + 2K13 + K14), yi+1 = yi +

1
6
τ(K21 + 2K22 + 2K23 + K24)

(2)

O nìmoc tou Newton sth Mhqanik  eÐnai diaforik  exÐswsh deutèrou bajmoÔ wc proc to qrìno

mporeÐ na grafteÐ wc sÔsthma dÔo diaforik¸n pr¸tou bajmoÔ:

dx

dt
= v,

dv

dt
= a(x, v)

To sÔsthma autì eÐnai isodÔnamo me to (1) an h metablht  y eÐnai h taqÔthta v, f2(t, x, y) = y kai

f2(t, x, y) eÐnai h epit�qunsh.

Gia epit�qunsh ja p�rete tic peript¸seic: a) mhdenik  (eujÔgrammh omal  kÐnhsh), b) stajer 

(eujÔgrammh omal� epitaqunìmenh kÐnhsh), g) an�logh thc −v (epibradunìmenh lìgw antist�sewn)

kai d) an�logh tou −x (tal�ntwsh). Kaje for� epilèxte kat�llhlec arqikèc sunj kec (x(t = 0)
kai v(t = 0)). Gia k�je perÐptwsh na sqedi�sete ta x(t) kai v(t).
Prot�seic gia thn sÔntaxh tou k¸dika.

Sto kurÐwc prìgramma ja orÐzete ton telikì kai arqikì (sun jwc 0) qrìno, ton arijmì bhm�twn,

arqik  jèsh, thn arqik  taqÔthta kai, an jèlete, epilog  thc epit�qunshc. H subroutine Runge-
Kutta ja kaleÐtai me orÐsmata ton telikì qrìno, arqik  jèsh kai taqÔthta kai arijmì bhm�twn.

Kalì ja eÐnai h plhroforÐa gia k�je b ma (qrìnoc, jèsh kai taqÔthta) na apojhkeÔetai se antÐ-

stoiqa array(pou ja eÐnai kai aut� orÐsmata thc subroutine) ¸ste h eggraf  se arqeÐo na gÐnetai

sto kurÐwc prìgramma (ìpwc prot�jhke kai sthn prohgoÔmenh �skhsh).

MporeÐte na èqete mia xeqwrist  subroutine pou ja ekteleÐ se k�je b ma tic pr�xeic pou apaiteÐ h

mèjodoc. Gia par�deigma:

SUBROUTINE RGCALC(T,X1,X2,DT)
ìpou T, X1,X2 eÐnai o qrìnoc kai h arqik  jèsh kai taqÔthta kat� thn eÐsodo sthn subroutine, en¸
sthn èxodo oi metablhtèc autèc ja èqoun tic nèec timèc. DT eÐnai to qronikì b ma pou ja orÐzetai

sthn subroutine Runge-Kutta ap' ìpou kai ja kaleÐtai h subroutine RGCALC.



SQOLH EFARMOSMENWN MAJHMATIKWN KAI FUSIKWN EPISTHMWN UPOLOGISTIKH

FUSIKH � 7o EXAMHNO

6h ASKHSH

ARIJMHTIKH LUSH DIAFORIKWN EXISWSEWN III

Sthn �skhsh aut  ja qrhsimopoi soume thn mèjodo Runge-Kutta 4hc t�xhc gia na epilÔsoume thn

exÐswsh tou Newton se dÔo diast�seic gia thn perÐptwsh kentrik¸n dun�mewn.

An ta megèjh x, vx, y kai vy antistoiqoÔn sta x1, x2, x3 kai x4, èqoume to parak�tw sÔsthma

diaforik¸n exis¸sewn:

dx1

dt
= f1(t, x1, x2, x3, x4),

dx2

dt
= f2(t, x1, x2, x3, x4),

dx3

dt
= f3(t, x1, x2, x3, x4),

dx4

dt
= f4(t, x1, x2, x3, x4)

ìpou bèbaia f1(t, x1, x2, x3, x4) = x2 kai f3(t, x1, x2, x3, x4) = x4.

Gia thn perÐptwsh kentrik c dÔnamhc èqoume:

f2(t, x1, x2, x3, x4) =
−C

x2
1 + x2

3

x1√
x2

1 + x2
3

, f4(t, x1, x2, x3, x4) =
−C

x2
1 + x2

3

x3√
x2

1 + x2
3

MporoÔme na exet�soume dÔo peript¸seic:

1) KÐnhsh planht¸n. MporeÐte na xekin sete me kuklik  kÐnhsh. Qrishmopoi ste tic parak�tw

arqikèc timèc: x1 = 10.0, x2 = 0.0, x3 = 0.0 kai x4 = 5.0, en¸ C = 250.0. Arqikìc qrìnoc ti = 0.0,
telikìc qrìnoc tf = 14.0 kai toul�qiston 5000 b mata.

2) Skèdash Rutherford. Qrishmopoi ste tic parak�tw arqikèc timèc: x1 = −150.0, x2 = 15.0 kai

x4 = 0.0, en¸ C = −250.0. Gia arqikì kai telikì qrìno qrhsimopoi ste touc Ðdiouc ìpwc kai sthn

kuklik  kÐnhsh. JewroÔme ìti o pur nac eÐnai sth jèsh (0, 0) kai ìti to swmatÐdio a xekin� apì th

jèsh (−150, x3) me taqÔthta (15, 0). All�zontac to x3 (d¸ste timèc 0.05, 0.1, 0.5, 1.0 kai 1.5),

parathr ste thn allag  thc gwnÐac skèdashc.

Proairetikì tm ma: O tÔpoc thc epit�qunshc pou gr�yame parap�nw isqÔei gia shmeiakì pu-

r na. An o pur nac èqei k�poia èktash, h epit�qunsh exart�tai apì thn katanom  tou fortÐou

sto q¸ro pou katalamb�nei. EmeÐc ja aplopoi soume thn kat�stash jewr¸ntac sfairikì pur na

aktÐnac R me omoiìmorfh katanom  fortÐou. Opìte, an to bl ma (o pur nac hlÐou tou Rutherford)
brÐsketai ektìc tou pur na, h epit�qunsh pou ufÐstatai o pr¸toc eÐnai h Ðdia me aut n tou shmeia-

koÔ pur na. An o pur nac hlÐou brÐsketai se apìstash mikrìterhc thc aktÐnac R, h epit�qunsh

prèpei na pollaplasiasteÐ me ton par�gonta (r/R)3 ìpou r =
√

x2 + y2 h apìstash tou pur na tou

hlÐou apì to kèntro tou pur na. Apì th diaforetik  gwnÐa skèdashc gia shmeiakì kai mh shmeiakì

pur na, o Rutherford ektÐmhse to mègejìc tou (qrhsimopoi ste R = 2.5).
Gia na sqedi�sete sto MATLAB èna hmikÔklio (pou parist� ton pur na), plhktrolog ste thn

entol : ezplot(’R*cos(t)’,’R*sin(t)’,[0,pi]), ìpou R h aktÐna tou pur na.

Prot�seic gia thn sÔntaxh tou k¸dika.

'Opwc èqoume anafèrei kai se prohgoÔmenec ask seic, kalì ja eÐnai h apoj keush se arqeÐo twn

shmeÐwn na gÐnetai sto kurÐwc prìgramma kai ìqi mèsa sth subroutine. Opìte, ta x1, x2, x3 kai

x4 ja eÐnai to kajèna apì èna array me pl joc ìso o arijmìc twn bhm�twn. All�, an jèloume

mporoÔme na sumperil�boume ta x se èna pÐnaka x(4, P ) (ìpou P o arijmìc twn bhm�twn).


