Ewcaywyn otig Duokég Emotrpeg (25-7-09) Mnxavikr

OVOLATENWVUHO

TuApa

OEMA 1

A. Eva KopoToakL amoteAeital ano éva Kiwtlo palag M to onoio Bploketal mavw o€ 4 TpoxoUc.
KaBe tpoxog eival kUAWVSpog aktivag R kot palag m. To KOpoTodklL apxlkad eival akivnto oe
opl{ovtio eminedo OTAV TO XTUTIA €va CWUO KAlag m Tou Kiveital mapdAAnAa mpog tov KUpLo
afova tou Kopotalol Kal pe popd mpog ta Sefld £xovrag TaxUuTNTO U, OTWE SEiXVEL TO OXUA.
Meta TN cUYKPOUOH TO KAPOTOAKL KUALETAL Xwplg va oAloBaivel oto opl{ovtio eminedo evw To
OWHA M TIPOOKOAAATOL OTO KAPOTOAKL

Agifte OTL 0 AOYOG TNG TEALKN G KLVNTLIKNG EVEPYELOC TOU Vo
cuotnuatog Ki wg mpog tnv apxikn K; Sivetal amo tn :_ o
oxéon i M
Iy
Ki  7+M/m ;‘//:W\ //;ﬁ\

Ki  (5+M/m)’ | /"

Atvetal n porni adpaveiog tou KUAIvépou w¢ tpog tov dfova CUPUETPLOG Tou — mR2

' & 24 '
B. Avvaun F =(2yI + X" ]) aokeital og v
ocwpatiblo mou Kiveital oto emninedo xy. To

owpatidio Kwveital and tnv Bon (0,0) otnv C
! f n(0.0)om B (5.00, 5.00) m

B¢on (5,5), onwg daivetal oto oxNua.

. No BpeBel To €pyo mou mapayeL n
Suvapn F katd unkog twv dtadpopwv
OAC, OBC ka1 OC (euBeia).

B. Elval n Suvaun dtatnpntikiq N KN 0
Slatnpntikn; E€nynote yartl.



1A. A\Y3H
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1B AYZH

Ma tnv mpwtn dtadpoun OAC Ba urtoAoyioou e Eexwplotd Kata pnkog OA kat AC:

5 5
Wo, = Idxf 2yl +x*]) = J‘2de koL emteldn y=0 to €pyo Wop = 0.
0 0

5 5
Mo tnv Stadpour AC to épyo eivaur W, = dej (2 yf + X j) = j x*dy =5x°
0 0

Max=5m W,. =125J kot to cuvohikoé épyo otnv Stadpopr OAC eivat: W, =125J

Ma tnv deltepn Stadpopn 1o €pyo Woge UToAoyiletal Eexwplotad yia tnv Stadpopr) OB kot BC:

5 5
W = Idyj (2 yf +X? j) = I x*dy = 5%° kat yta x=0 auTAG TG SLaSPOUAG TO £pyo Wy =0.
0 0

5 5

Ma tnv dtadpour BC Wy = Idxf Qyl+x*]) = IZde =(X)2y =10y =50J kot emopévwg to
0 0

OGUVOALKO €pyo Woge= 50 J.

T€Aog, ywa tnv tpitn Stadpopur OC to £pyo eival:

5 5
W, = I(dxf +dy)) -yl +X°]) = .|'(2 ydx + x*dy)
0 0

Avayvwpilovtag 0Tl x=y Katd punkog tng Stadpourng OC to oAokARpwia gival TiLo OmAo:

3

5
W, :j(2x+ x2)dx:(x2 +X?J:66,7J
0



B. Emel6n to €pyo amo 1o O oto C oe tpelg StadopeTikeg Sladpopeg ival SladopeTiko
elvat mpodaveg otL n Suvapn dev sival Statnpntikn.

OEMA 2

‘Eva kekAlévo eninedo mou oxnuartilel ywvia 6
pe to opllovtio enimedo, eival mpoocoptnUEVO OE 14 o
pla  meplotpedopevn mAatpopua OnMwG OTo
oxnua. Mia pwkpry pala tomobOeteital oto
KekALpEvo enimedo og amootaon r ano tov afova

neplotpodng. O ouvteAeoTnG oTaTKAG TPWPAG I

peTall palog kal KekALPEvou emumedou eival .
Na Bpebouv:

o) H eAdylotn T NG w waote n pala va pnv Kvnbel mpog T KATw oto KekALUEVO eminedo. MNa
TIOLEC TLIEG TNC Ywviag SV UTIAPXEL TTEPLOPLOUOC GTNV TLUN TOU W;

B) H péylotn T Tng w wote n pala va unv kwnbel mpog ta mavw oto KekALPEvo emninedo. MNa
TIOLEG TIHEG TNG YWVLNG SEV UTIAPYEL TIEPLOPLOUOG OTNV TLLLN TOU W;

Aidetal n emtayuvon tng Bapltntag g.

AYZH :

Mo évav nmoapatnpnty navw oto KekApEvo eminedo (Un odPAVEINKOG)ElodyoUUE UL
nAaopartikry SUvaun F=ma 6mou a n kevtpoudAog emrdyuvon (a=w’r) pe popd avridetn tng
KevtpouoAov enttayuvvong (BA. oxnua)

a) Na va unv kwndsi o cwua nPo¢ ta Katw Ja
TIPEMEL VAl LOXUEL: N

Ty
P,
0

BXx—-Fx<T = mgsinfd-macosf < uN =
mg sin @ —macos @ < umg cos 8 + umasin d =

gsind—ugcosd < a(usind+cosh) (1)
0{2s1n.9—,ucos€g:>a)2 s1n.49—,ucos¢9\/§
usind+cos usin@+cos@ \ r

Mpogavi étav sin @ — 11cos@ < 0= & < tan' (1) dmola TLur KaL va €xeL N w, SV PIOPEL val

as]

KvnBel mpog Ta KATW To oW yLati toxVel n (1) yia kaBe Tur tou a

a) Na va unv kivn9ei to cwua npog ta navw Ja npéneL va
LoYUEL:
Fx-Bx<T = macosd-mgsinf < uN =
macos# —mgsin @ < umg cos @ + umasin 6 =
(cos@— usin@)a < ugcosd+gsind (2) Bx

Av cos@— pusinf >0 tote
< pcos@+sinf

pcos@+sind |g
o LSOO ¢ |HCOSOFSNO IO
cos@— usiné cos@—usin@ \ r a




Mpopavig étav cos@— 1sin@<0=> 0 >tan"' (x ') émola Tur KaL va €xel N w, Sev pmopst

va KlvnBel mpog ta mavw To cwua yLati n oxveL n (2) yla Kabe Tiun tou a
OEMA 3

Opulovtiog, opoyevng &ilokog aktivag R, apeAntéou
Tayoug pe pala m kot por adpaveiag |, Bploketal os
enadn pe oplovtio, Aeio eminedo. Tnv XPOVIKA OTLYUA
t=0 oaokeital oto Sioko otabepr duvaun F pe onueio
edappoyng to onueio A tng nepudpépelag tou Siokou,
WOoTE N ywvia mou oxnuatilel n aktiva OA (O elval to
Kévipo tou O6lokou) pe tnv StevBuvon ™ duvaung
gival 0.
A. Acifete OTL TO KEVTpo palag Tou Siokou ektelel euBUYpappn kivnon, wg mPog akivnto
TaPATNPNT KOl UTIOAOYLOETE TNV eMLTd)UVON.
B. Xnuewwoete TIG SuvApelg ou Ba mpEnel va Bewpnoel KIVOUPEVOCG TapaTtnPnTAG, TTOU
Kweital pall pe to KEvtpo Palag Tou SLoKou, TIPOKELUEVOU VO EPAPUOTEL TOUG VOUOUG
Tou NeUtwva yla va meplypaeL tnv kivnon.

C. Acifete oL €dv n ywvia B, elval apketd pikpry wote sinf) = 6, t0te 0 KWOUUEVOG
napatnenTn¢ avtthapBavetol to dioko va ektelel otpodikn Tohdviwon. Bpeite tn B€on
LooppOTiag TNG TOAGVTWONG KAl TNV CUXVOTNTA TNG TAAGVTWONG.

D. MNepwypaypete tnv kivnon mou avtllauPfavetoal yla tov OSloko €vag akivntog
napatnenTg;

Abon

A) Zuvictapévn Twv e€wTePIKWY SUVAPEWV glval n Suvapn F Kal EMOUEVWE TO KEVTPO HATaG TOU
Slokou (to kévtpo tou Siokou adoul o 5lokog eival OLOYEVHG) ATTOKTA EMLTAXUVON ToU €ival

F=mi>d=— n omoia sivot otaBepn pe SteBuvon kat dopd 6mwe n Suvopn F.
m

B) ‘Eva mapotnpnTAG mou KWeltal Omwe to KEvtpo palag tou dlokou gival pn adpavelokog

TOPATNPNTAG HE EMITd)UVon 8 = — . EMopéVWE yLo va
m

nieplypadeL tnv kivnon tou 8iokou elCAyEL pLa

rhaopatikh Sovaun F'=-ma =—F ue onueio
edapuoyng to kévipo palag tou Slokou.

I') Q¢ mpocg tov pn adpavelako mapatnpent N
OUVLOTOHEVN TWV SUVAUEWV gival undev emopévwg Sev
UTIAPXEL LETOPOPLKN Kivnon tou diokou. H oAkn pomn)

OUWG WG TIPOG TO KEVTPO palag Sev gival undevikr) ala |f| = ‘ax If‘ =RFsing, ~ RF g,

do* d&* RF
~=>—5+—0=0

dt dt I

nou eivat n e§iowon tng AAT . H Abon tng eivatn @ = Asin(wt + @) . An6 Tig apxikég cuvOrKeg

ATIO TO VOO TNG EPLOTPOPLKAG Kivnong Ba xoupe RFO = la, =-1

(It =0 égovpe € =6, kon (jj—f =0) éyoupe 61 (ng Kot A=6, onote

0 =0, cos(at). HBon woopporiag eivat yia 6=0 dnhadn 6tav n OA eival mapdAAnAn pe tn
StevBuvon tng Suvaung



RF 1 |RF
H ouxvotnta Bploketat anod tn oxéon @” = T > w= T =>V= 2— T
V4

A) ‘Evag akivntog mapatnentic avithapBavetal tn cuvBeon twv SUo KvAoewv: Tnv petadoplikn
KLvnon Tou K.J. KoL TNV oTpodLKr) TAAGVTWON WE PO TO KEVTPO HAlag.
OEMA 4

A. Eva ocwpa Kwveitol KAtw oamd tnv enidpacn SUvapng kot €xeL SUVOULKA EVEPYEL

A B.

UX)=——-— omnou A kal B Betikég otabepéc.
X X
a) [l moLa T Tou X To SUVANLKO YIVETaL EAAXLOTO Kal TToLa TLU TTaipVEL yL auTO TO X;
b) Bpeite tnv ékdppacn tng SUVAUNG TTOU AOKELTOL OTO CWHA
c) ODudagte pa mpoxelpn ypadLkn mapAotacn TG SUVALKAG EVEPYELAS, ONUELWVOVTAC TNV
TLUA TOU €AAXLOTOU KOL TNV TLUA Yl HEYAAQ X
2
d) Edv n oAwn tou evépyela eival ——— va Bpebel n KVNTIKN TOU EVEPYELA OTIC BEOELG

ehaxlotng SUVOULKAG EVEPYELAG. (ZNUELWOTE TNV OAWKN €vépyelo otn ypadlkr oag
napactaon)
B. H emtayuvon evog cwpatidiov wg ocuvaptnon tng B€ong X Slvetal amo tn oxéon
a(x) =—bx, 6mou b otaBepd (b =157) . Acifte 611 10 cWpa ektelel TePLOdIKY Kivnon e
nieplodo ave€aptntng tng palog

A.\Uon
dUu(x) -2A B 2A B 2A
L
a) dx X X x> X
2 2 2
Ultgg) =y -2 2 B 5
(2A/B) (2A/B) 4A 2A 4A
dU (x —2A B) 2A B
o F == ):—(—3 +_2J:_3__2
dx X7 X X' X
V) s + aed X 5
- — —
!I > - ’{ / >
A T i
- | 7 ! ‘.""_'_ ; {\
5) |
-B’ B’ -B> ( B*| -B*> B® B’
Eyp=——=K+U(Xy) > K= U (X)) S K= | = [=———t —— ==
7 8A Cin) TR 8A L 4A) 8A 4A 8A

B. A\YZH

TOudwva pe to 2° vopo tou Nevtwva F=ma &pa F= m (-bx)=-(mb) x nAadr} oto cwpa aokeital
SUvapn avtiBetn Kat avaloyn TNG AMOUAKpuUVonG Ue k=-mb . Apa To cwpa eKTeAEL tEpLOSIKN

T =27Z'\/E=272' /£:27r\/I
K mb b



Klvnon pe mepiodo

OEMA 5

A. ITn HeAETN NG MePLOTPOPLKNG Kivnong Ba mpémel va efetaletal n neplotpodn kKabe onueiou
TOU OTEPEOU CWHATOC WC TIPOG aKivnTo afova meplotpodnq. Katd tnv KUALon SaktuAiou aktivog
R kot apeAntéou maxou¢ ouvnBwg cuumepaivoupe OTL kABe onuelo TG mepldpépelag Tou
Saktuliou meplotpédetal He TNV BLa yWVLIOKA TAXUTNTA W KoL TaxUTNTa HETPOU WR wg mpog tov
afova kUAlong. Mpodavweg o afovag kVAlonG Sev eival akAovntog afovag meplotpodns. Na
Oel€ete OTL KAOe XpoviKkn OTYUN UTtapxel afovag meplotpodng KABetog otnv emidpavela Tou
Saktuliou mou SLEpyetal anod akivnto onpeio Tétolog wate KABe onpeio Q NG MEPLPEPELOG TOU
SaktuAiou ekteAel KUKALKN TPOXLA yUPW OO QUTOV e CUVOALKN TaxUTNTO LETPOU W Fq OTIOU Fq
N anootacn tou onpeiov Q amnd tov akAovnto afova meplotpodrC.

B. ‘Evag tpoxog amoteAeital anod pio KUkALKA otedavn aktivag R
Kat pafag M kat 6 aktiveg, palag M/2 n kaBepia onwg paivetat
oto oxnuo. O TpoXo¢ adnvetalr amoé Tnv kopudn  €vOg
KeKALLEVOU eTiLESOU ywviag B Kat KuAietal xwplg va oAloOnosL.
Me Tola emitayuveon KWeital mavw oto KekAlpévo eminedo;
(Atvetal n emutayvvon tg Baputntog g, n pomn adpaveiag
AemtAg opoyevouc papdou palag M kat prikoug L wg mpog to

péoo TN 1=ML?/12 kat n pomn adpaveiac otedpdvnc aktivac R b Y
WC TPOC TO KEVTPO TG MR?) o
5A. Abon

Jtnv nepimtwon KUALeNg xwpic oAioBnon, n kivnon avalVetat otn petadoptkn kivnon tou
KEVTPOU HAlag Kal oTnV MEPLOTPOPLKN Kivnon yupw amo akAovnto afova, Onmwg tnv
ovtlapBavetat KVoULEVOC TOPOTNPNTAG UE TAXUTNTA (ON KE TNV ToXUTNTA ToU KEVTPOU Halag
TOU KUALOMEVOU OUOTAMATOG. H petadopLkn oTiypLaia ToxuTnTa Kal EMITAXUVC cUVSEovTal e
TNV YwVLOKA TaxUTNTO KO YWVLALKI ETILITAXUVON, UE TIG OXECELC:

Vo =0-R a,=aR
‘Etol kaBe UALIKO onpelo Tou SaKTUALOU €XEL ULa EMITPOXLO CUVIOTWOA TNG TaXUTNTAG AOYW TNG
TEPLOTPODNC YUPW amod Tov afova KUALONG, OwG TNV oVTIAABAVETOL O KIVOUUEVOG
mapatnEnTNG. H emitpdylog TaxutnTa £XEL LETPO (OO LE TO YLVOUEVO TNG AKTWVIKAG AMOCTACNG,
TOU UALKOU onpeiou amo To KEVTPO MePLOTPOdNC, EML TN YWVLOKA ToxUTNTA.

v, =0-R

Kol S1levBuvon epAMTOUEVIKI TNG KUKALKAG TPOXLAG TTOU eKTEAEL.
H petadopikr) taxutnTa ToU KEVIPOU HaAlag ( n omola GUUMIITEL Ye TV TaxUTnTa Kivnong Tou
napatnentr ) £xeL LETpo mou Sivetal and Tnv oxEon Ve =0 R «at opiZovria dievBuvon. To
SLavuopaTiko dBpolopa twv SUo TaxuTATWV SIVEL TNV TOXUTNTA TOU UALKOU CNUELOU WG P0G
akivnto mapatnpntr. AnAadn: v, =V, + VKH
EUkoAa avtilapBavetat kavelg, (BAEme SutAavo oxnua), otL n toxutnTa oto onueio emadng P Ba
elval undév. Mpayuarty, n emtpoxLog TaxuTNTA £XEL avTiBeTn Ppopd TNG LeETAPOPLKAG TaXUTNTOC.



AvtiBeta , To avTLOLAUETPLKO onpelo X €xeL opllovTia TaxuTnTa e dpopd mpog tn dopd
LETATOTLONG TOU KEVTPOU HAlaG Kol LETPO SUTAACLO TNG TaXUTNTOG TOU KEVIPOU HAlac.

Eival ebko)o va beiete otL n StevBuvon tng taxvtnTag KABe evog dAAou onpeiou , .x. Tou Q,
€xeL 8levBuvon kabetn oto Stavuopa B€ong Tou o w¢ Pog to onpelo emadng P. To Stavuopa
VKU €xeL oplovtia StevBuvon evw to Ve eival epamtopevo otny neplpépela, oto onpeio Q.
Emeldn |Vku|=|Ve| n 6iebBuvon tou VQ Sixotopel tn ywvia Q(=2A). MNapatnprote OtL :

(amd 1o tpiywvo RKQ) p+2v=m
(TOPOTANPOUOTIKEC YOVIEQ) p+P =T ¢,V = )

(Tovieg pe kaOeteg TAEVPEG) @ = 2

Axopa o evéladépov elval To yeyovog OTL To
HETPO TNG CUVOALKAG TaXUTNTAS TOU onueiou Q,
Vq, glvat: VQ =L - onou w &ival to p€tpo

NG YWVLAKI G TOXUTNTAG MEPLOTPOPNC YUpW
oo tov afova KUALoNG Kal L ival to pétpo tou
Sltavuopatog B€ong Tou onueiou Q wg Mpog To
onueio emadng P.

Mpdypott Onwg paivetat oto oxrpa to petpo touv V,, eivat

Vg = Y; + V2 =2V, V,, cos(2h) = ®’ -(R2 +R* - 2chos(27»))
e ——
(0R)”  (wR) (oR)’
o , L’ =R*+R*+2R%cos p=R*+R* +2R*cos(7r — ¢) =
AN\G a6 to tplywvo PKQ:
R®+R*-2R’?cos(¢) = R* + R* —2R* cos(24)
Onote Vo, =L-o

OL TapaTnPHOELS AUTEC LOXUOULV yla KaBe onuelo tou KUAvEpou Kot OxL LOVO yLo Ta onueia TN
TiepLpEpELag, OMwWE EVKOAO Urtopeite va deifete.

5B AYZH

M,, =M +6(%j=4M

|, = MR? 3MORY g

Pomry T =4MgRsin® (1) k&Beta ot oehida tpoC Ta péoa

loxvel T=lay,  (2) Omou | elvaw n pomn adpaveiag wg mpog to onpelo emadng
apa pe 1o Bewpnua maparlniwv afovwv
= 1, +(4M)R*_6MR> (3)

Ano (1) (2) (3) 4MgRsinB=6MR’ a,,,=6MR’ ( a/R) amt’ 6mou



a=(2/3) g sind



