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IIpdBAnpa 0.1 Zuurnayrg opoyevhg KUAwdpog pdalag M tu-
Atypévog pe Aemtd vipa agrnvetal va KUAicel and v Kopuor)
KekApévou erurédou prroug | kat yoviag ¢ (BAéme oxrpa). To
€éva AKpOo TOU vrpatog eivat otepempévo. Ilooco xpovo Sa kavet
0 KUAWSpog va @tacetl oty Baocn Kat pe nowa taxvuinta da eivat
eKetl;

Auon:

[Ipwtn Avon:

@epovpe O 1) eMTAXUVOT) Tou KUAivpou eivat a = dv/dt mou

AGY® g MEPIOTPOPIKS Kivnong propet va avadubel og a = Ra = Rdw/dt, émov w, « eivatr n yoviaky
TaxUtnta Kat ermrayxuvor), avtiototxa. Emopévag, anod 1o deutepo vopo tou Newton Sa £xoupe

dﬂ.
M —Bsing—T
dt 1 3 2
= Ma:Mgsingb—iMa :>§a:gsin¢:>a:§gsin¢
dw 1 a
TR=1— =-MR?>—
r dt 2 R R
—~—

orou 1" eivat i tdon ToU vipatog mou aoket pia Suvaprn otov KUAwvdpo pe anotédeopa va dnpouvpyeital pa

poru) 7 = TR.
P Y N A N
—2a “Voa | 2gsing ~\/ gsing
2 [ 3l 2
v:at:§gsin¢ gsin(b:g\/?)glsinqﬁ

Agttepn Auvon: Egpappoloviag diatrjpnon evépyelag, Sa £xoupe

gty
1 1 1
Mglsin¢=§MU2+§ 5MR2 % :%Mqﬂ

port) adpaveiag

2
=v = g\/Sglsin¢>

IpoBAnpa 0.2 Xe kerApévo eminedo yoviag ¢ aprivovial tautdoxpova va oAtobroet éva rapadAnderninedo
Kdat va Kuldioet éva Aertd daxktudidt. ITotog mpémet va eival o ouviedeotrig 1p1811g 0Aio0nong petady KekAIEVOU
ermedou Kal COPATOV, MOTE AUTA va KIvouvidl £101 QOTE vd PNV IPOoTiEpvA 1o €va 1o dAAo; Tlowa Sa eivarl n)
Tayut)ta toug ot Baorn, av apebouv aro vyog h;

Auon:

I'a 1o napadAnAemninedo €xoupe

mia; = m1gsin ¢ — pumyg cos ¢ = a1 = gsin¢ — ugcos ¢
IMa to 6axtudibt n portr) Suvapng mou avartvooetatl Aoye g g, 1, 9a eivar 7 = Ty

Suvapn tp6ng 7' TR2
Tag = I% = I" R =Sa=— (0.0.1)
—_—

poru) duvaung T=TR

OIOU a9 elval 1 YPAPHIKY ermtdxuvon Kat as (ae = as R) eival n KUKAIKY ermtdyuvorn Kat n porr| adpaveiag
etvat

ma
I :/ R%dm = myR? (0.0.2)
0



Emiong, and ) petadopikn) kivnon Sa oxvet
. . T
maao = mogsing — T = as =gsing — — (0.0.3)
ma

Tuvbialoviag tig oxéoeig (0.0.1), (0.0.2), kat (0.0.3), énetat

1
az =59 sin ¢
Zuvoyidoviag, Sa €xoupe yla ta a; Kat as:

a; = gsin¢ — pgcos ¢ Av 9éAoupie va 10XVl a1 = ag TOTE £Mmetat 1
a — Losi o 1 1= —tan¢

2 = 5gsing = gsin¢g — ugcosp = 5gsing = 2

LS S S 25 v=1/gh
m = = w m = MgV v =
29 B) D) ~ 29 2 g
ma

H yovia ¢ eival 160n oote 0 ouviedeotrig 1Bl KATd TV KUAL0T] CUNITITIEL PE TO ouviedeotr) Tp1B8rig oAioBnorng.

IIpé6Anpa 0.3 Mia opoyevrig pdBdog nadag m rat prroug ! Propet va neplotpépetal Xopig tpibeg yupe amo
op1¢dvtio agova mou mepPvA 0e Armootact] a aro 1o Kevipo padag tg. Tt eiboug kivnon kavel av anopakpuvOet
Katd PIKpr) yevia aro i 9€on 1oopportiag Kat rnota givat i riepiodog; Bpeite tnv andotaon a ya v oroia
n nepiodog yiveral edaxiotn kat moon eivat n nepiodog otn Séon auvtr). Ymoloyiote tn porr) adpaveiag ng
paBdou wg Pog T0 KEVIPO padag ng.

Auon:

1/2 1
Iey = /x2 dm = / ?pSdr = —ml? dm=pdV
—1/2 12
orou S eival n emgavela g toprg g paddou, kat n porr adpaveiag ©g mPog £va agova Iou Imepva aro
£€va ONPeio TIOU AmEXEL P1a Arootaoct) a anod 1o KEvipo padag (pe ) Porjbeia tou Sewprjpatog tov apaiAniev
agovav 1) Sewpnpa tou Steiner)
1
I, = —ml? 4+ ma?®
“12
d26 d26 ga

Ia@ = —mgasinf = Tl + msin@ =0

yla HKpég ywvieg tadaviwong (sin 0 = ) Sa £xoupe v £&ioworn tou arlou eKKPEPOUG

d26 ga
— +————-60=0
de? + 12/12 + a?

2

Kat enopéveg avayvepiloupe og KukAiky ouxvota w = 27/T pe niepiobo

2 12 2
T —on, B/ 1210
ga

_ 12/12 4 @?
N a

Tmin = A

= 9a npémnet va ivatl eAdyioto

KAl EMOPEVRS 1 TIPQOT Tapdywyog tou A g rpog 1o a 9a mpénet va pndevidetal kat n devtepn napdywyog va

eivatl detukn
2

z
2 N 2
aa 2 (12*“) - o, P !
B 2 e 12 V12

da a
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[Maipvovtag ) 6eutepn napaywyo tou A og rpog ) petabAn) a Sa £xoupe
l2

d*A _
a:l/\/ﬁ 60’3

da? >0

a:l/\/ﬁ

Kat eropéveg Sa €xoupe edaxioto. H nepiodog oe autn ) 9éon Sa €xet v tur)
2 l
Tmin = l -
31/4 g

IIpéBAnpa 0.4 Mia opoyevrg paBdog palag M kat prkoug L rou eivat o
otepe@pévn pe apbpwon os optioviio dfova O, sival oty KAtakopudn
9¢on kat oe katdotaon aoctaboug 10oppoTTiag, ONKOG EAiVETAL OTO OXNHd.
[MAaoteAivn padag m mou Kiveital opidoviia pe taxutna vy KoOAAdel oto
axkpo g paBdou n oroia néptet. Yrodoyiote v taxvtnta tou K.M. tou 0
OUCTNATOG T1| OTY) TTOU XTuTtd To daredo. TpiBég dev undapyxouv. Ta
paBdo, 1 porry adpaveiag etvat Iey = M L?/12.

mv,

C

Auon:
Ao ) Slatpnon otpodPopung EXOUNE

1 3mu
m'U()L = IWO = m’UoL = (3ML2 + mL2> Wy = Wy = m

vem = W

orou [ eival n 9o tou véou kévrpou padag tou cuotuatog paddou-mdacteAivng To oroio rpocdiopiletal aro
TOV OP1OJ0 TOU KEVIPOU paiag
25:1 m;x;  ML/2+mL

- Y mi T M+m

orou 21 = L/2, m; = M ya i pdBdo xat 1 = L, m; = m yia m mdaotedivn. Ano ) datiipnon g
evépyelag EXoupe

11 1/1
3 gML2 +mL? | wi+ (M +m)gB = 5 (3ML2 +mL2) w? (0.0.4)

VI Suvapkr) evépyela
TEAKN KWVITIKI) EVEPYELT

OTIOU w £ival 1] KUKAIKIY YOVIOKL) TaxUtnta g paBéou ) otiypn) Iou XTurd 1o £€6agog. Ao t oxéorn (0.0.4)
naipvoupe:

M +m a4
2 1(1+ )98 2 1(21 m)g
e 2 2 i
2<3ML —|—mL> 2<3M—|—m>L

KAl eMopeveg 1 taxutnta tou K.M. tou cuctfjpatog t) ottypr) mou xtura to damnedo 9a eivat

(M +m)g ML/2+mL

vem =wfh = |wd+
1/1 M

IIpdéBAnpa 0.5 Opoyevrg paBdog prkoug | kat padag M toroBeteitat oe Agia opiiovua erudpaveia. Mikpo
oopa padag m, KIvoUHEeVo e Taxutnta vy Kat Kabeto ot pdBdo xturdetl eAdactikd otnv akpn g paddou. Na
Bpebel n ywviakr) taxunta g pdBdou petd 1o xtunnpa. Na urobéoete ot 1o pikpo oopa ev armorAivel amo
NV apX1KH TOU Mopeia PETd v €AaoTIKI) Kpouor pe tr pabdo.



Avon:

A6 1 Satpnon g oppng EXoupe
muvg = mv + MV

m(vg — v)
V=——>" 0.0.5
i ( )
Emiong, and ) dwatpnon g evépyelag Sa Exoupie
1 2 _ 1 2 1 2 1 2 2 _ 2 2 i 2 2
mvy = =mv” + -MV* + -I.w” = mvy =mv° + MV*+ —Ml"w (0.0.6)
2 2 2 2 12
ErrA¢ov
l l 1
mv02 = Cw+mv§ = muy = fle—i—mv
M
>V =1 — — =W (0.0.7)
m 6
A6 g oxéoeig (0.0.5) kat (0.0.7) nmaipvoupe
M1
m(vy — vo) + maéw I
V = = — 0.0.8
i 5 ( )
kat ané tg (0.0.6), (0.0.7) xat (0.0.8) teAdka
M? 202 Ml 412 vol2m
2 2 2 0
= —— — 2v9— M—w"=2w=—+——""—
Mo =m (”0 Tz 36 “O6m”> TS T YT am ey A

IIpé6Anpa 0.6 M opoyevrg paBdog prkoug L propei va tadavieovetal yupe and opigoviio agova, o oroiog
eival kabetog oto axpo g O. Av 1 paBdog £xel ypappiky rukvowta p(x) = kz, érou k otabepd xat x 1
ardotaon and 1o akpo O, PBpeite mv ediowon g Kivnong Kat v repiodo g taAdvinong yla PKpEG yovieg
TaAAVI®oTG OIOU UITOPEITte va XPIOTHOIIOOLTE TV IPootyyion sin 6 ~ 6.

Auon:

L 4
I:/ 22dm = / Qkxdzf%
M = /pdx—/ kxdx——

fOL zpdr fOL vkxdr  2kL3 2

a’jCM = I = 17 = =
[y pda [y pdz 3kL? 3
d2e d%0 4
I@— ngCMsmeé dt2 *gezo

L
=T =27 3
\/49
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IIp66Anpa 0.7 KuxkAikog opoyevrg 8iokog axtivag R tadavioveral yup®
aro agova kabeto oto dioko (oto onueio O) rou epvd oe ATIOCTACH T ATIO
10 KEVIPO Tou 6ioKoUu, Omwg @aivetatl oto oxnpa. Ilowa eival ) egiowon g
Kivnong kat n repiodog taAdvimwong yla PKPEG YoVieg TaAdvVI®nong OIou
MIIOPELTE va XPI OO0 0ETE TNV TPootyyion sin § = #. Ta nowa tpn mg
andotaong 7 o 6iokog Sa £xel ) PiKpOTEPT) Iepiodo;

Auvon:

H e&iowon kivnong, Sewpwviag ) porr) Suvapng 7, 9a eivat
d26 d26 . d?9 Mgr
@:—T:>I@+MQT‘SIH9:0:>@+ 7

H portr) adpaveiag Sa eivat

0=0

M (R? + 2r?)
2
Ao v g§loworn kivnong, avayvepicoupe og riepiodo tadaviwong, T’

2 2
T =971 ! — 97 M
Mgr 2gr

1
I=1Icy+ Mr?= . va Ioy = §MR2

, dT . dT? 8gr? — 2R%g — 4gr? 4gr? — 2R%g
ylavasxoupsTmmégz() 1 ?:Oé 122 :Oéwzo
1/g—R?/2gr?
R
=>r=—

V2

AapBavovtag ) Sevtepn nmapayeyo tou 1’ énetat
d2T2
dr?

R2

= — >0
r:R/ﬂ grd

r:R/ﬂ
6nAadn 9a £xoupe éva eddyioto.

IIpdéBAnpa 0.8 PdaB6og pdlag M kat pfkoug L mou eival otepempévn
pe dpbpwon oe opgdvio Gfova O, eival otnv kKatakopudn déon Kat oe
Kataotaon actaboug 100pportiag, Ornwg gaivetal oto oxnpa. Zeaipa paiag
m Kiveltal pe taxutnta vy Kat Ipundet ) paBdo akapilaia oto ave AKpo
g (X@pig va petaBadAet tv katavour) padag) kat ouvexidetl tnv ropeia g
e opiddviia taxutIa v, £ve 1 paBdog rédtel. YroAoyiote tv taxutnta
tou K.M. g paBdou ) ottypn) rou xtuna to 6anedo. TpBeg dev urapyouv.
Ta ) paBdo, 1 porry adpaveiag stvat Iey = M L?/12

Auon:
An6 ) Satpnon ) otpodoppris Sa £xoupe

L(vg — 3(vg —
mugL = murL + [wy = wy = mL(vo — vr) = (vo = vr)m

T ML
ML? 1
I=1 =_-MIL?
Mt — 3
1 L 1 1 9(vy — vr)%m? L 1
ST + Mg = SIw? = <M1 (o —vr)™m”  yr b Lape,e

2 6 M212 2 6
9m? 9 L 1 9 o 9 9m?
gar o or) H Mg = gMLW = W= o
Enopévag n tayxuinta tou K.M. tng paBdou ) ottyprn rou xtund to darnedo Sa eivat

(’Uo - UT)2 + 3%

L L | 9m? g
vem = W = 2\/L2Mz<”° —vr)* 437




IpoBAnpa 0.9 PdBdog prxoug L KpEPeTal KAtakopuda OTepeauévr %

oe apbpwon (BA. oxnpa). 'Eva xkoppau mdaotedivng i6tag padag pe
pdaBdo kiveitat opigdvria e taxuInta v, XTund i paBso oto KEVIPO NG Kat
KoAAdet og avtv. Katd rnowa yevia 9a aroxAivel n pdBdog;

Auon:

Amo 1o Sevpnua g dratrpnong g orpopopurng Sa Exoupe

L MIL? L? 6 v
M02< 3 +M4>w:>w7L

orou MvL /2 eival n) atpopoppr] g mhacteAdivng og ripog tov Kabeto agova tou ermredou nou Kiveitat n paBdog
Kat repva ano to onpeio O. Ao 10 Sewpnpa g dratrpnong evépyelag Sa £xoupe

1 L 7
§Iw2 = 2Mg§(1 —cos¢p) = EMLQ(UQ =2MgL(1 — cos ¢)

3 2
:>COS¢:1_ﬁ%g

IIp66Anpa 0.10
A) Zopatibio palag m kiveitat pe my enidpaorn tng duvapng nou £xet Suvapikn evépyela

U = —mw?r’.
2
Na 6eifete ou n kivnon AapBavel xopa ¢ €va eminedo 1o oroio kabopiletatl pe Pdon TG apXIKEg ouvOnKeg
Tou mpoBAnuatog. Av xkatd tn xpovikn ouypr) ¢ = 0 1o copatidlo ekro§evstal pe taxutnta vy KABetn mpog 1o
81avuopa 9éong rp, va Seifete 0T T0UTO Hraypadel KAOA TPOXLA IOV 1) MIOAIKI) TOU aKTiva Kupaiveral petagu
OV TIHOV 79 Kat vg /w:
Vo

TOSTSZ'

B) Na arnodeikfei ot 1) porr) adpaveiag ouprnayoug odpaipag og rpog éva Siapetpiko dagova eivai
2
I= gMRQ.

(H anodeln yivertatr eukoda, av dewpricoupe Ot n opaipa arotedeital ard éva oUVOAO KUKAKGOV SioKmV
arelpootou 1ayxoug dz, IPOcaAPOCHEVOUS HECA Ot OPAIPIKT ETUPAVELA OTIOG PATVETAL OTO OXHjUd.)

ZA h

....................... dz

“—N
4

Zxnpa 1



Auon:
A) Ao ) Suvapikn evépyela, U 9a éxoupe v duvapn:

F=p=—-——=—nmuw'r.
P Or
Av p = mv gival i opur) tou oepatdiou tote 1o davuopa N = r X p 9a dwoet yla v mapdyeyo ©g rpog tov
Xpovo:
N=fxp+rxp=vxmv—mw’rxr=0.

‘Apa 1o 6tdvuopa N napapéver otaBepo pe tov xpovo. E@ 6oov 1o N eivat éva iavuopa kdbeto oto Siavuopa
g Séong,
r-N =0,

ouverniog 1o r da Bpioketat oto eninedo 1o kabeto oro N kat Sev Sa petaBadetar pe tov xpovo. Erurdéov kat
yla 1o apXko dwavuopa 9éong ro Sa oyuvet
Iro - N =0.

To erinedo 1o kaBeto oto N 9a kabopiotei ard ) 0X£0T) IOV IMPOKUITIEL AV APAPECOULE TIG OXECELG :

r-N=0 Kat ro-N =0,

6nAadn
(r—rg)-N=0.
H efiowon kivnong yla v eAktikr dvvapn F = —mw?r 9a sivat
d*r 9
m—s = —Mmw’r
dt?
d*r 9
= — +wr=0.
dt? +

Avutr) eival i 61apopikn 810001 IOV MEPIYPAPEL TOV APHOVIKO TAAAVIOTE, TIOU £XEL AUOT TG HOPPHS
r(t) = Asin(wt) + B cos(wt),

orou ot otaBepég A, B propouv va unodoyiotouv anod g apXikég ouvOrikeg. Ma v apxikr) ouvdhkn r(0) = rg
Sa éxoupe
rg = :B7

Kat pe ) Borbeia g apxikig ouvdnkng v(0) = £(0) = vg 9a éxoupe

v(0) = vp =wA

V
- A=2
w

Orou 1 tayxutIa eivat
v =T = wA cos(wt) — wB sin(wt)

Me 10V avatépe 11poodiloplond tev otabepav A, B to Siavuoua dfong da sivat
Vo .
r(t) = — sin(wt) + rg cos(wt)
w

To £0MTEPIKO YIVOLEVO TOU I H1€ TOV £aUTO ToU da eivat

2
vy . 1 .
r-r=r’= w—% sin?(wt) + rg cos®(wt) + —Vo:To sin(wt) cos(wt).
Mag divetat ot v - rg = 0 (e’ 6oov 10 oepatido extofevetal pe taxutta vy Kabetn mpog 1o didvuopa 9éong
rg), apa
2
2 _ Y Vg

2
=— sin? wt + 73 cos® wt = (—) sin? wt + rg (1 — sin? wt)
w w



2 2
="

)
= sinwt= ———F5—7—5
(vo/w)? =15’

aMAd yia 1o nuitovo woyvet 0 < sin? wt < 1, cuvertog

o\ 2

= 7‘8<7‘2§(—0>
Vo

= ror<—.
w

B) @copoupe éva otoixelmdn dioko vyoug dz kat aktivag 7 = Rsin 6 kal padag, dm
dm = pdV = prr?dz = pr R%sin? 6dz,

OTI0U p eival 1 ITUKVOTNTA padag tng opaipag.

H otoixewwdng portry adpaveiag, dI autou tou diokou eivat

1 1
dl = 5dmr2 = 5R4(sin 0)* pr Rd(cos 0),

orou z = Rcosf = dz = Rd(cos ). ‘Apa apou odorAnpmooupe 1o dI 9a éxoupe

+1

1 0 1
I= §p7rR5/ sin® d(cos ) = §p7rR"/ (1 —w?)?dw,
T -1

6érou éxoupe avuikataotiiost cos f = w kar sin® = (sin? §)2 = (1 — cos? §)2 = (1 — w?)?. To oAoxrAnpepa
+1 16
/ (1—w?)dw=—.
) 15

‘Apa 1 poru) adpaveiag eivat
8

I=—prR®
15/
Kat ) Iukvotnta pdadag ing opaipag sivat:
M M
P= YV = 4/3)R?
3M
= prR}="1-.
4
‘Apa 1 poru) adpaveiag eivat
8 8 3M 2
I=—prR’ = ——R>=-MR?




