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Hpepounvia Arostoig : 21 Iavovapiov 2007

Aoknon 1.

Na vroloyicete ta mapoakdtw Opto xpnopomoldvtag tov Kavova tov L Hopital:

Avon

la)

1p)

1y)

) 5%% —X+5
hm 2—
X—0 X +2X—3
lim x%e~
X—>00

[ 1 1}
lim —— > |
x=>0\sin“ X X

(YTodeien: ympig va v amodeilete, (pMOLLOTOUOTE TV GYXE0N

lim(smszlim( X j=1).
X—0 X x—01\ S1n X

(9 BaBpoti)

Epoappolovtag tov Kavova L’ Hopital dvo @opéc (mpdtn Kot dehtepn mapdymyos g
OPYIKNG CLVAPTNONG) EYOVLUE:
2 2 ' _ Y
SXT=X+5 lim (5X* —x+5) _ lim 10x—1 _ lim (10x-1)' _10 _5

lim = =
x>0 6X% +2X—3  xo® (6X2 +2X—3)" x>012X+2  xow (12X+2)' 12 6

2 AN '
lim X% = Tim 2 = fim Y = fim 2X = fim & _ jim 222 2
X—>00 X—>0 eX X—>0 (ex)' X—>0 eX X—>00 (ex)' X—>00 eX 00

2mv nepintoon avtn eivar ypovoPdpo va ypnoipomomacovpe Tov Kavova tov L’ Hopital

Kat’ gubeiay. o HETATPEWYOLLLE TNV APYIKT] GLVAPTNON GE LA TTLO TPOGPOPT LOPPN:
( 1 _Lj_xz—sinzx_ x> —sin®x || x*
sin?x  x? x2 sin? X x* sin? X

, , , , . sin® X . sin X L,
Edd apkei va avayvopicovpe 61t lim =lim| — | =1 ko BePaimg 6Tt

x—0 x2 x—0 X

) . 2 .
. [ x*=sin®x [ x* . [ x*=sin®x .. X . [ x*=sin®x
lim 2 T |= lim 2 lim | — = lim —
X—0 X sin“ X x—0 X x—01\ sin X x—0 X

2NV TEMKT VTN LOPOT LTOPOVLE TAEOV VO XPTCLLOTOMGOLLLE TOV Kovova tov L’

Hopital (Ba to Bpeite ypappévo oe pepicd Pipiio ko wg L’ Hospital):



. x? —sin’ X ) x? —sin’ X ) 2X—2sin X cos X . 2X —sin 2X . 2X—sin 2X '
11m—4=11m—4 = lim 3 :11rn—3:11rn—3 =
x—0 X x—0 X x—0 4x x—0 4x x—0 4x

. 2—2c0s2X . 2X—c0s2X ‘ . 4sin 2X . 4sin 2X ‘ . 8cos2X 8 1
=lim| ———— |=lim| ————— | = lim = lim = lim =—=—
X0 12x2 X—0 12x2 x—0\ 24x x—0\ 24X x—>0l 24 24 3

Aoxknon 2.
‘Eva copatido akoAovbel pio kukAogdn tpoyid:
_ o . Sr
r(t) = (t-sint)i+(1-cost)j yw 0<tcx< N
dr(t a2 (t)

a) No vroloyicete TV ToLTNTA KOl TNV EMTAYLVON 5~ oV COUATIOON Yo

dt
t=x/2.

Tn ypovikn otiyun t =57 /2 10 copatidlo eykatoreinel v tpoyd otn devbuvon g

EPATTOUEVIC KOl OT GLVEYELD akoAovOel pia vBeia ypapun pe otabepn ToyvTnTa.
B) TIov Bpioketar 10 copatidwo étav t=4rx;

v) No oyedidoete 610 (X, Y) eninedo v mopeio Tov copotidiov and t =0 uéypr t =4r.

0) No amodeitete 0T
sin(2a+ ) = cos’ a [2tanacos B + (1—tan” &)sin 4]

(12 Badpoi)

Avon

2a) H toyvmta 100 copatidiov otnv KukAogdn elvat

e (1-cost)i + sintj = 17 + 1]
KoL 1 €MTaYLVON

2|_;t . - g -
d ,Z():s1nt|+costj = 11.

dt t=r/2

2B) Tn xpovikn oty t =57/2 10 copatiol eykotaleinel v KuKA0EWN TpoyLd. Bpioketon

eketvn tn otryun oto onueio

Fty = (5—”—1)T+1]

t=57/2 2

He tayvTnTo

LUORT ST
dt t=57/2



Apa n gvbeia ypoppr mov Ba akolovdnoet sivon
- Sr St - St~
o (D) = [(7—1) +(t—7)]l + [1+(t —7)]1 e

t> 22
2

Kot T ypovikn otyun t =4z Bpioketon SnAaodn oto onueio

r}’Pllﬂﬂ'] (t) =

= [47- 17 + [1 +37”]] ~ 11,571 + 5,71 ]

2y) To oyédo:

20) sin(2a+03) = sin2a cosB + cos2asinf3

= 2sinacosa cosP + (cosz(x—sinza)sinﬁ
. .2
sinq sin“ o, .
:coszoc[2 cosB + (1— )sin(3 ]
COSx COSzOL

= cos’ o [2tan0LcosB—|—(l—tan2 a)sinf3]

Acknon 3. Ocwpovpe Tig cuvaptioelg f(X)=e* xar g(X)=Inx ya x>0.
o) Noa vroroyicete o g ( f (g (1)) xar f(g(f(1))).

B) No vroloyicete To TAevpkd 6pto lim h(X) xat emiong lim h'(X) ywo ) ovvOetn
x—0" x—0"

cwvépmon h(x) = x f('x)g'(x) + f(f(g(x))
v) Xpnowonomote ™ oxéon cos2a = 1 —2sin’ & o vo Bpeite v axptp Tiun Tov
sin(—7/8)
(9 paBpot)



Avon .

3a)

3p)

YroAoyilovpe
g(f(g(1)) = In(e™) = In(e”") = Inl = 0 xa

f(g(f() =e™) =¢' = e  (=2718...).
TIpGTa YpAPOVLE TNV GUVEPTNON GE LioL O POMKTY] HOPQY]
[Me g'(X) = /X xau f(g(x)=x]:

h(x) = x f(x)g'(x)+ f(f(g(x))

Jx

= eV +e¥

Kot vroAoyiCovpe TV Tapdywyo:

Jx
h'(x) = =

2/

‘Enerta ta (mAevpikd) opia givar amid:

X

+ €

lim h(x) = e®+e® = 2,
x—07"

oV
24/x

x—0" x—0"

limh'(x)zlim[ +ex]:oo+1:oo.

3y) Koat’ apys nopotnpodpe 6tL cos(—z/4) = cos(z/4) = %\/5 , Ko avto pag diver (

YPNGLLOTOOVLE T GYéon cos2a = 1—2sin’ a):
1 .
cos(—rx/4) = E\/E = 1-2sin* (- 7/8).

Apa:

2

N | —

in? L
sin” (- 7/8) = 5 (1

KoL cvvendyeton 0tL sin(—7/8) = + \/%(1—% 2)

Eneidn to sin(—7/8) eivor apvntikd [apod sin(-=X) = — sin X ], n {ntévpevn Adon eivarn

OPVNTIKY:

sin(-7/8) = — \/% (1— %\/Ej (= —0,38268...).

[ H fetiky Aoon avrictoyei oto sin( 7/8) = —sin(—7/8) 1.



Aoxnon 4.
a) Na vroloyicete v mapdymyo dy/dx tmg cuvdptnong y(x) mov woavorotel v e&icmon
(x-y2)2 +xX -y +x°-y=0

d2 X
B) Ynoloyiote TIg mOpoy®yovg % Ko dx}; ™G GLVAPTNONG ¥ = ©

l1+e*

v) Tuvkve g eoptileton and niektpikn) mnyr| taong E péow avtictaong R. Exovtag v’ dym ot
70 Qoptio Tov TukveT elvan q, to pevpa I=dq/dt kot ot yevika woydet E-I:'R-q/C=0 (1), 6mov C
N YOPNTIKOTNTO TOV TLUKVOTH, VO LIoAoyicete TG ovvaptioelg I = f(t) xou q = f(t)
napoywyioviag v (1) og mpog Tov xpovo. To apykd pedpa woovton pe I, kot o apyod eoptio
{00 pe Unodév.

(15 BaBpoi)

Avon
4a) [Topaywyilovpe v cvvaptnon og tpog X. Exovpe:

d((x-yz)2 +x7 -y +x° -y)

=0 >

dx
sy f oxt oyt oxty)_dlley?f), dby), dley)

dx - dx dx dx

2 3 2 3
=2~(X~y2)-(x-%x)+y2.g_zj+x2~%x)+y3udg;)+X3.j_i+y.d£;)=
=2.(X.y2).[x.2.y.g_z+y2j+xz.3.y2.%+y3'.2.x+x3.3_324_}/.3.)(2=
=4.x° y3~j—z+2~x-y4+3'x2~y2~j—z+2~x~y3‘+x3-j—z+3'x2~y:
:(4-x2~y3+3~x2~y2+x3)-j—y+(3~x2~y+2-x~y4+2-x'y3'):0 =
X

dy 3.x-y+2-yt+2-y°

dx 4.x-y +3-x-y> +x°

4p) [opaywyilovpe TV cvvaptnon g tpog x. "Eyovpe:

g_d(l—e:exj_ 1 _(d(e")_(Hex)_ex_d(lJreXj:

dx  dx (1+eX)2 dx




4y) Mopaywyilovtag v E-I'R+q/C=0 &yovpe:

d[E—I-R—q] d[q]
d(E) d(-I-R
dt dt dt dt dt C dt dt C
R.A__1 a__ 1 &
it C I R C

OLoxkAnpmdvovtag Exovpe (e oplopévo oAokAnpoua, 0mov I, to pedpa dtav t =0 s):

1 L
lgz_t 1 dt — lnl:_Lt = Ii:e RCt — I:IO.e RCt
0

L] bR.C I, RC

(H RC ovopdleton otabepd ypovov)

! ! R

.t —— _
Topaand mv | =1,-e R éyovue I=z—?=lo-e RC = dg=1,-e ¢ .dt

OloxkAnpmvovtag (1 apykd eoptio ico pe Pnoév)

q L _L,tt oy
[[da=1,-Je™ -d = g=-1,-R-C-{e™ | =I,-R-C:|I-eF =
0



1
q=IO~R~C-(1—e Rct]

Aoknon S.

o) Na BpeBobdv ta onpeia kapmng g cvvaptTnong y = 3x* —10x —12x2 +12x -7
B) Atvetar oOpua pnkovg A, 10 omoio ywpilovpe oe 000 Tepdyla. Me 10 €éva
Kataokevdlovpe kKOKAO kot pe to dAro teTpdywvo. No deyybel 0tL t0 dOpoicpa tov

eUPOd®V KOKAOL KOl TETPAYDVOL YiveTal EAAYIGTO OTaV 0 AOYOS TV Tepayiwv eivon /4

(6 PaOpoti)

Avon

Sa) vy =12x> —30x% —24x +12

y" =36x> —60x —24 = 36(x—2){x+§]

y”:0:>X:—§ n x=2

X —00 -1/3 2 +00

y” + - +

y oTpéPel Ta Kolla oTpéPel Ta koila oTpéPel Ta kKoila
Gve KATm Gve

Enednq n y” oAdalet mpdonpo 610 —1/3 kat 610 2, N y mapovsidlet onpsio kaumig oto —1/3

Ko 2.

5B) 'Eotm x 011 €ivor 1o TUMUO e TO 0010 PTAYVOLUE TOV KOKAO Kol A-X TO TETPAY®VO.

2 XZ

Tote x = 2ar M) r=x/2n. To epPadodv kdkAov etvar E; = R ’T(X—z =E= -
47 L

Me 1o A-x @tdyvoupe 10 TeTpdymvo. Kdbe mhevpd tov tetparydvov Ba elivar (A-x)/4 Kot 10

X—x]z

enpadov tov E, :[ p

To dBpotopa TV epPaddv KOKAOL Kot TETpaydvoL Ba etvat:

2 B 2
E:E1+E2:X—+ A X]
41 4
E’:i+2>‘_x(_1):i+x_>‘
2T 4 4 2T 8



1 1
E'=—+=>0
21t &

“Apa yia kéBe pila g E” Ba éxovpe eddyioto
X—A X 2w

E'=0= >+ =0= =I_T
2T 8 A—x 8 4

Aoknon 6.
@) No vrohoyicete T0 PO TG KAUMHANG TOV TEPIYPAPETOAL LE THY GLUVAPTNOY Yy =~va’ — X~ ,

v 0 <x < a, 6mov a = 6.4 cm, EeKvOVTOG A TNV GYEGN

ds= \/ (dx)2 + (dy)2 = \/ (dx)2 + (dy)2 j_x Omov ds GTOYEIDMOES TUNHLOL TNG TPOYLAS KO VL
X

oyxedidoete TV KaumoAn y=va’ — x> yio 0 <x <a, 6mov a = 6.4 cm

B) Mg t pébodo g 0AoKANPOGNS VoL VTOAOYIGETE TO EUPAOOV TOV EMPAVELNG TTOL TEPIKAEIETOL
o TV KapmoAn y=+/a> — x> Ko tovg dEoveg X kar Y, yia 0 < x < a, 6mov a = 6.4 cm.

1) No. voloyicete 10 0OAOKAPOUO TS GUVAPTNONE Y =X~ —3-X+2, yio. 0 < x < 2 Ko 10
gUPASOHV TOV EMPAVELNG TTOV TEPIKAEIETOL O TNV KOPTOAN y=X"—3-Xx+2 Kot Tovg 4E0VEC

XxkuY,yio0<x<2.

0). No vtoAoyicete 10 epPaddV TOV EMPAVELNG TOL TEPIKAEIETAL OO TIG KOAUTOAES

y, =2-x+5, y, = 2X Ko TG TapdAAnAeg evbeieg otov a&ova Y yia x = 0 kou x = 5.
X

(15 paBpoi)

Avon
6a) Enclepyalopevor  oxéon ds =+/(dx)’ +(dy)®

(@)’ +(dy) dx (@0 +(dy)’ @y’
V@) (" = Vo ET e

Ymoloyiovpe v mapdymyo Tov y ¢ mpoc X, dy/dx g cuvdpmong y =va’ —x°

2 _2\1/2 _
Q:M:_.(az_Xz)—l/Z.(_z.x):—X =
dX dX 2 (aZ_XZ)l/Z
dy ’ x’ dy ’ x’ a’—x>+x° a’
[—j == = 1+(_j =1+ 5 7= 2 2 = 2
dx (a” —x7) dx a” —x a’ —x a’ —x

Telkd €xovpe T0 OAOKAN pOLLAL:



s-j ds = .[ (dY) a-r dx

(dX) 0 (aZ _X2)1/2
70 0mOi0 ADVOVUE UE aVTIKOTAoTOoN: X =a-sinY = dx=a-cos9-d3 kot 1o oAokAnpopa

yivetat:

a-cos3-d3 cos3-d3
[ s9:d9
(

S:Idsza'j(az_az_sin23)1/2_ _Sinzg)l/zza'J-dS

OLOKANPOVOVTOS TNV TEAMKT| GYECT KO ETLOTPEPOVTAG OTIG APYIKES LETAPANTES EXOVLLE:

S = Ids =a- ja d(arcsiniJ =a- [arcsini} =a- (arcsinE - arcsingj = a-E = wcm ~10cm
0 a aj, a a 2 2
H xopmoin:
Y
0 6.4 X

6p) Kat’ apynv mopatnpodpe 6t to y givor Betikd yro kabe 0 < x < a. Zuvenmg mpoympoOue

GTOV VTTOAOYIGHLO TOV OAOKAN PO UATOG:

E:Idez.[:y.dx:J.:(a2 —xz)”z -dx

Kot avtikodiotdviag o x =a-sind ko dx=a-cos3-d3 =

E:J.:(a2 —a’ -sin’ 8)“2 ;a-cos9-dx=a’ -chos2 9-d9

1
XPNGULOTOIOVTOG THV TPIYOVOUETPIKN GYEon: cos® 9 = 5 (1+ cos29) to ohoxAnpwpo yiverat:

E:l-a2 -J(l+cos28)-d8: ! -a’

- -jd8+i-a2-jl-cos23-d28=
2 2 2 2

=—-.a’ -J.d8+%-a2 -%-Idsin 29 enewdn de  sin23=2-sin9-cosI KOl EMOTPEPOVTUGS

OTLG OPYIKES LETAPANTES, TEMKA EXOVLLE:

E= % a’ {arcsm—} +— [ -yJa? —x ]Z % (arcsini—arcsin0]
a
2
:%-az -[arcsini—arcsin0j+%-(a-\/a2 —a’ —0-+/a’ —0):a2 -%:wcmz =32.2cm?
a



Telka E =32.2cm’

6y) OLoxkAnpodvovTag EXOVLE:

372 27?2
O:J'02y.dx=J'02(X2_3.x+2).dx=J‘02X2_dX_I023_X.dx+J‘022,dX={X?} _3.|:X7} +2.[X]§=

:§_3.2+4:§_2:ﬂ:£
3 3 3 3

= |O= 3 TETPAYOVIKEG HOVADES

IMa va vroAoyicovpe 10 pPaddv Tpénet vo TopatnPRoovpe 0Tt To epPadov etvar (€€
0p1opoV) BeTiKd. ZuVven®S TPEMEL VO TPOGIOPICOVIE TIC TEPLOYES Y10 TIG OTOIEG 1) GLVAPTN O

elva BeTikn N apvnTiKY Ko vo Tapove TG amdivteg TéS. 'Etol n cuvaptnon

+3+£4/9-8 3%l

y=x"-3-x+2 é&epilecc x= > == = x1=1 x,=2

Ao TV TPOTN Ko SVTEPT TAPEY®YO WG TPOS X TPocdlopilovpie OtL £yl EAAYLOTO:
dy/dx =2x-3 kou dy/dx*=2 = x=3/2=15 EAMiy010 Kot GUVENAC 1| GLVEPTNOT

etvar Betucn 10 0 < x < 1 ko apvmrikn yio 1 < x <2 ko €yovpe:

2 1 2
E=Ly-dx=j0(xz—3-x+2)-dx+ 1()(2—3-x+2)-dx =

= lez -dx—3-j(jx-dx+_[;2-dx +‘L2X2 -dx—3-£2x-dx+£22-dx =

M o372 272
U 2| -3 2 +2'[X]12 =
_3 1 2 1

_%‘ =1 = TETPOYOVIKY LOVASQL

60) ITapoatnpovue 6Tt Kot o1 600 cuvaptNoelg eivorl BeTikég yia 0 < x < 5, étot Eyovpe:

E:fos(yz—yl).dx:f dx— 2f x-dx — sf dx = fsd(xx :55) 05 dxz—SJ:dxz

x+5

5 5
zl[ln(xz—l—S)} - x| s xf =t 25 25— 491
2 0 0 0 25

AOY® ™G TapaTpnong Yo To epPadov, 0Tt ival mavia BeTid, TPoKHTTEL OTL
E =49.1 terpayovikéc povadeg.
Eniong av Eexwvovoape and v oxéon (y, — Y, ), andivta wodvvoun pe v (y, —y,) mov

ypnoponomoape kot to E o frav an’ gubeiag Oetiko.



Aoknon 7

®swpodue ™ cvvapmmon f(X) =

X
X2 —2X+4

o) No peretioete ) f(X) Kot vo 6Y€S1AGETE TN YPAPIKY THG TOPACTACT.

5

B) Noa vroloyicete T0 OAOKANPOUQ I f(x)dx xou vo oKloypo@nceTe TO AVTIGTOLYO

3

euPaddv ot ypagikn topactoon g T (X).

(6 paBpoti)

Avon
g[))

IIedio opropod
H ocvvapmon opileton yio kdBe X € R.

Pileg

H povadwn piCa f(x) = 0 givar x = 0.

Eniong mapatmpovpe 6t n f(X) undeviletar yio X — + o0, dpa o X-a&ovag givar oprlovtia
QCVUTTOTI TNG GLVAPTNONG.

Akpotata
H mapdymyog
F1(x) = (X =2x+4)-x-(2x-2)  -x"+4
(x? =2x+4)? (x* —2x+4)?

unodeviCetar yio X = £2 . Exel Bpiokovtan OnAaon ta axpdtota:

2 1
f2) = — = — £Y10T0
@ =307 2 HeY
-2 1
f(-2) = —— = —— eAy16TO
(=2) 4+4+4 6 x

INo va emPePoridoovpe 011 TpdKettar yro LEYIGTO/eEAAYIGTO VITOAOYILOVE TNV dEVTEPT
ToPAy®yo

2(x* —12x+8)
(x* —2x+4)°

fr(x) =

nov oto onueio X =2 pag diver F''(2) = —1/4 (apvntikd, dpo oto onueio avtod N
f(X) éxet éva péyoto) kot oto X = —2 poag dtver f''(=2) = 1/36 (Betiko, dpa €dd N
f(X) éxet éva ehdyoto).

I'paguci) Tapdaotaocn



To ypappookiaspuévo epPaddv avipeso oto X =3 Kot X = 5 avTioTol el 6TO OAOKAN PO
5

J' f (X)dx , to onolo vroroyilovpe oto pépog P.
3

$(x)

7B) YroloyiCovpe 10 ohokANpoua ®G EENG

5

I f(x)dx

3

j X dx
x> —2x+4

3 (2x—2)dx
- 2]

5
+
L X2 —2x+4 £x2—2x+4

_ —[ln(x —ax+4) )]+ IT

IMa va Aoovpe to tedevtaio oAokAnpmua Balovpe TpdTa X — 1 =1 (ko eTopévmg
dx = dt, xou Tpémetl va TPOGapPUOGOVLLE Kot TOL AKPOL):

5 4 dt
!( x-1)2+3 '[t2+3

Kot 6N cvvéyewn Palovpe t = V3 y (xon emopéveg dt = V3 dy), yio va Tdpet to
OAOKANPOLLOL TNV KOVOVIKY] Lopen Le 1 oTov mapovopast avti yio 3:

4 4/43
dt 3 dy 1 4/\3
= — = —| arctan Y
'2[ t2 +3 3 2/'[ﬁ yZ +1 «/3[ ]2/ﬁ

4
— (arctan — — arctan

2
75 (asn 7z = arctan 2

Xvvolikd Bpickovpe oOniodn



5
[ fo0dx =%(lnl9 ~In7) +%(arctani— arctan 0.4992644..+0.171614 = 0.6754062...

3 ﬁ]=

(0.6754062.. TeTpOoy®VIKEG LOVADEC).
To avtictoyo eufadov xel okiaypoaendei otn ypapikn mapdotaon e f(X).

Aoknon 8.

Noa VTOAOYIGTOVV TO TOPAKATO OAOKATPOUATOL

@) f x2 In(x2 + 1)dx

B)f4x +4x — 3

v [ 3/";1 [X(Xl_l)]dx (9 BaBpoi)

Adon

3

3 3
8a) f x2 In(x% + 1)dx = f In(x2 + 1)d X?]:X?ln(xz +1)— f X?d[ln(xzﬂ)]:

X ln(x +1) f 3 2x x31n(x2+1)_gfx4—1+1dxz
x2 —l—l 3 3 x2 +1
X ln(x +1) f( CDdx—2 x —
x? +1
3 9 3 3
3 7
803) I 2-X dx = 4 4 __lgx =

————————dx=:J
4> +4x-3 4(

>

I

N | —
~

3 1 7 1 3 7
z - dx = —In(2x-1)——In(2x+3)+C.
gy 8(2x+3)}x N2l g (2x3)



2
8y) HéTw 3‘/ - —t= 1:t3dp04x:;:>dx: 3t dt
X X 1—t3 (1—t3)2

f@[ﬁdxzﬁ I 11 3t232dt:
o)

2 —
ft[ : ]1[ . ](13tt3)2dt3fdt3t+c3i/§+C

1—t3)[1=13

Aoknon 9.

Na Unokoywrof)v TO, OAOKANPOUOTOL:
o) f

B [

3cos X—|—2811’12X

dx

X
14 cot—
2

'Y)f Sll’l X

COS X

(9 Badpoi)

_fdx_
=

cos“x+2

9“)f 2 = ) _f

3cos” x4 2sin” x cos X+2(sm X 4 cos’ X)

1
V142
dt
- e dt T od 20 d
_f : +21+t2_f2t2+3_2ft2+; 6f§t2+1

2 e

[tanxt dx:1dt COSX =

+t2

+C

V2
ﬁ eOX




2dt
1+ t2

9B) BéTw tan%zt dx =

2dt

s e

1+cot5 4 (t+1)(1+t2)

Me avdivon og amAd KAAGHOTO:

f 2tdt _ A +Bt+P
(t+1)(1+t2) t+1 241

INa t=0n1)~nivetaw A4+T=0=I=-A

INa t=—-1n)~vetaw2A=-2=A=-1pa =1

Na t=1n)~vetaw 2A4+2B+1)=2=A+B+I'=1=

B=1-(A+I')=B=1

= (¢ +1)A+ (4 1)(Be+T) =2t ()

Apa
2tdt 1 t+1
= [ = gt =
f(t+1)(1+t2) J t+1 t2+1Jd
1
—In|t+1]+—=
nfe+1 th +1 2 +1

—1In

tan%—i—l‘—i—%ln‘tz +1‘+arctant+C ——In

tan%—i—l‘-i—ln

tanzi—i—l +lx+C
2 2

2
2
(l—cos X)
9 )f sm X ——fwd(cosx)— f—d(cosx)—
cos® x cos” X cos” x
4 2
_fH—cos x8 2 cos Xd(cosx) _ _f d(co;x) _fd(cosx) 2f d(cosx)
cos” x cos” x cos” X cos® x
cos/x  cos > x cos > x 1 2 1
— — +2 +C=— T3 t3 =
—7 -3 —5 Tcos’x Scos®x  3cos’x
lsec7 X —gsec5 X —i—lsec3 X
7 5 3
A 10.
ernen (Xes e ) = (2.0, 2.0)
o) No vmoloyicere v amdcTOON OO TNV (Xar ¥a ) = (5.3, 2.0)

Xt, Yt R=2.0
Xms Ym
Xe, Ye

apyn tov advov tov onueiov M, pécov tov

evBvypappov tupatog TE g epamtopévng /
o€ KOKAO oto onueio E, 1 omoia diépyeton amd A

to onueio A ko téuvel v gvbeio n omoia

XO) y0



elvar kdBetn otov A&ova X Kot dSiEPYETOL 0md TO KEVIPO TOV KUKAOL 6To onueio T.

B) Aivetar kOKAoG pe e€iowon (X — Xc) + (y — ye)* = R? kon evdeio pe ebicwon y = o - x + A.

YroAoyiote Yo Toég TYEG Tov A 1 evbeia TépveL Tov KOHKAO.

(Xe, Ve ) =(1.0, 1.0)
R=1.0
a=1.0

XC) yc

d

(10 BaBpoi)

Avon
100) Ao Ty eéiowon  (x —xo)* + (Y —yo)* =R?  (eEiowon kdihov)
Kot TV e&iomon g gvubeiag  omoia d1épyeTar amd To onueio A Kot EQANTETAL GTOV KUKAO GTO

onueio E (Xa — Xo) (Xe-Xe) T (Va — Vo) (Ye-ye) = R? VTOAOYILOVLE TA Xe KOL Ye.
Edwd otV mepintwon Hog, ypnoHoTOI®dVTOS TO SEGOUEVA TNG ACKNONG £XOVLLE:
(53-2.0)' (xe—2.0)+(2.0-2.0)(y¢—2.0)=40 = 33-x—-66=40 =

X :%:3.212 = x,=3.212

(5]

Yo =X, =R>—(x,—x,)> =/4.0—-1469 =253 =1.59 = y.=3.59

(xe , ye) = (3.212, 3.59)

"Exovtag mpoodiopicet to onueio E n e€lomon n omoia diépyeton and ta onueio A kon E 1oovton

pe:
-¥) _(-y) _ (y=359)_(20-359) -159_ o _
(x-x.) (x,—Xx,) (x-321) (53-321) 2.09

Kot TeMKa, a@oV N AE eivar tunpa g AT, ot suvtetayuéveg tov T vroroyilovton amd v

eElomon (apov ko X; = 2):



07359 _ 96 =y =(=0.76)-(~1.21)+3.59 = 451
(2.0-3.21)

(xe, y) =(2.0,4.51)

To péoov M tov tpunquoatoc TE vrohoyileton:

X, +X, Yo+y, ) (3212+2.0 3.59+4.51 ~ (2.61,4.05) .
2 2 2 ’ 2 R

3

(Xm,ym)Z(

(x,,y,)=(2.614.05)

Kot TEMKA M amodctoon tov M and to O 1oovton pe

OM =[x +y? =v2.61°+4.05° =481 =

10g) KdéOe Cevyog (X, y) g evbeiog y=a-x+A

gyoope X = ePOGOV Ppioketar 6TV mEPLPEPELR TOV KVKAOL (av 1) gvbeia TEUVEL TOV

y—A
o
«0KA0) Tpémet va tcavomotet v e&lowon tov kokhov  (x —x,)’ +(y-y,)’ =R’

Eto,

2
(y—x__ch Hy-y) =R = (y-(+ax)f +o’ - (y-y) -a’ R7=0 =
o

V+h+a-x,)-2-A+o-x)y+a’y+a’y. =20’ y-y,—a’-R*’=0 =
vy -(l+a’)-2-(a* y,+A+a-x) y+(A+a-x,) +a’y.—a’-R*=0

yvo(l+a?)-2-(A+a’ y, +o-x) y+A +2-h-a-x, +a’-x +a’-y.—a’-R*=0
AV aVTIKATOGTGOVUE LEPIKOVG OPOVG LUE:

A=(1+a’)=2

B=a’-y +a-x, =2

C=a’x}+a’-yl-a’-R*=1

1N tedevtaia e&iocmon ypapetar:

V- A-2-(B+A) y+C+XN +2-L-a-x,=0



IMa va éyovpe mpaypatikés piCeg y avtg g e€icmwong (cuvenmg 1o y va Bpioketon Thve otnv
TEPLPEPELDL TOV KVKAOV), TPEMEL 1] dtakpivovsa va elval peyaddtepn 1 ion pe To unodév. Zuvemmg
(B+2)*—A-(C+X+2-%-a-x, )20 (x.1)

B’ +X+2-A-B-A-C-A-V-2-A-A-a-x,20
(1-A)-¥+2-A-B-A-a-x,)-A-C+B*>0

Amo v eElomon avt| vroAoyilovpe To A:

:—(B—A-a-xc)i\/(B—A-a-xc)z—(1—A)-(—A-C+B2) _
1-A

(221D #2-2-1- 12 —(1-2) - (2-1+4) _
- 1-2 =£2

A

Kot teMKa 1 e€icmon (x.1) eivor >0 g” 6Gov \ -1.414 <A< 1.414|

lZl’)vroun OTAVINON Yo a=1|

H e&icmon tov kbkAov yivero: (X—l)2 +(y—1)2 =1, evd 1 e€icwon g evbeiag: y =X+ A4, dpa

2 2 _ox+ y2 -2y +1=0«o aviikabioT®OVToS 6° aVTn TN

grovpe: X2 —2X+1+y2 —2y+1=1=>x
oyxéon v gubeia £yovpe:

X2 =2X+ (X+A) —2(X+A)+1=0= X" —2X+ X + A7+ 2AX = 2X =21 +1=0= 2%’ +2x(}t—2)+(/12 —2ﬂ+1)=0
6mov Yo va Exovpe dvo pileg , onAadn Toun g evbeiag pe Tov KOKAo 6g dVo onpeian

dwkpivovsa Tov aveTéEP® TPLwVOLOL Ba Tpémet va eivan Betikn , Gpa:

4(A-2) —8(A’ =24+1)=0=
422 ~16A+16-847 +161—8 = 0=> —42” —8 = 0 => 4( A’ —2)<0:>4(,1—J§)(1+J§)<0

Kot avtd ovpPaiverl petadd twv prav dpa ot {nrodueveg Tiuég eivat: 2 <2
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