EPrAXIA 3"
Hapdadoon 9-2-2009
O aoxkiogig givan fadporoyikd 160d0vapeg
Aoxnon 1
A) Avo tpaive Ta&dedovy otny id10, 610MPoTPOYLE To Eva Tiow amd T0 GALo. To mpmdTo Tpaivo Kiveital pe
TayvTNTA 12m/ s . To dedtepo tpaivo TAncaler and micw pe tovTa 20 m/ s . Otav to dgdtepo Tpaivo

givar 200m wico and 10 TPOTO, 0 UNYAVOdINYOG TOL deHTEPOL TPaivoy £papudlel mEdNon otabepng

emPpadvvong 0.2 m/s2 .

1. ®a cvykpovoTohV TO dVO TPaiva, KOl OV VOl GE OO YPOVIKT] OTIYUN Kol o€ Tod Béon x
oo TO ONUELD EPOUPROYNE THG TEOMONG;

2. Ti00 ovufei av to dedepo tpaivo Exetl apyikn ToyvTnTo 25 m/ s (8o GLYKPOVGTOVV KOt OV

Val, 6€ O YPOVIKY oTIyU] Kot o€ Told Béomn); Na egetdoete emiong v nepinTmon Katd
TV omoio. Ta. Tpaiva Kivovvtol pe TG 101G apykég cvvOnkee aALd oe TOPOAANAESG
GLONPOTPOYIES.

3. Adcte ) Ypo@ikn Topdotacn petafoAng e 8éong Tov dVo Tpaivav Gov GuVAPTNCT TOL

xPOVoL Ko Bpeite ypapikd T Avon Yo To dEHTEPO VITOEPDTI LA

B) ‘Eva BAqpo Barietar pe apyikn taxdmmta v, €161 Octe vo diépyetar and to onueio A kot B mov

Bpiockovtol 670 1610 Vyog A amd 10 £80pog. AgiEete OTL €4V 1 opyIkn TodTTA TOV PARuaTog oynuatilet
™V KATOAANAN yovio pe to opldvTio eninedo dote va £yovue UEYIoTo PEANVEKEC, M AmTOGTOCT] HLETOED
TV onueiov gival:

AB=d =2 Ju? —4gh
g

-_——Tea
~ o

Avon



1) @swpovpe g apyn TV xpovav (£ =0) m xpovikn oTryun 6mov o unyavodnyds Tov devTEPOL TPAivoL
natdel ta epéva ondte 10 TPp®TO Tpaivo Ppioketar otn Béonx = 200 evd to devTEPO Tpaivo ot Biom
x =0. O1e€odoeig kivnong tov 80o Tpaivev eival:

Tpaivo 1 : Tpaivo 2:
=20t ! 0.20¢°
x, =200 +12¢ Yo =AU
v, =12 v, =20-0.20¢
a =0 a,=-0.20

r . . , , 2
(6mov 01 DEGELG HETPOVTOL GE M 0L TOYVTNTEG OE M/ KoL OL EMTOYOVOELG OE m/ s7)

Av 10 600 Tpaiva GLYKPOVGTOVY CNUOIVEL OTL X, = X,, CUVENAOG ONO TIG TUPATAVED GYEGES TPOKVTTEL
ot
2
0.10t° =8t+200=0

O1 Moeig e mapandve e€icmong sivat:

,_8E64-4-0.10-200 _ 86480 _8+\-16
2:0.10 0.20 0.20

01 0Tt01EG €lval 1N TPAYLLOTIKEG KOl GUVETIMS TO, TPOive deV B GLYKPOLGTOVV.

2) X mepintoon avt) 1 egicoon yw m HEon tov Sedtepov Tpaivov eivan x, (1)=25t—0.1¢7, ondte

KataAnyovpe oty e&icwon: 0.1¢° —13t+200 =0 m omoia &xel Moeig Tig

L 13£169-4-0.10-200 _ 13+169-80 _ 139434
2-0.10 0.20 0.20

t,=17.83sxa t,=112.17s

O1 800 mapoamavm YpOVoL AVTIGTOLODV GE S0 YPOVIKEC GTIYHEG OOV T, 000 Tpaiva Oa £yovv TN 1010 Béom
X, =X,. XV Tpd™ Xpovikn otiyun ¢, =17.83s to dV0 tpaiva cuykpodovtarl Kot To TpOPANHO TV
Tpoiveoy TeEAEIDOVEL (0QOV KlvoOviol otnv 101 Tpoyld Kol Ogv UTOPOVV VO CLVEXICOLV UETH TN
GUYKpPOLON).

Av 10 Tpaivo Kvovvtay 6g TapIAANAES TPOYIEG TOTE TV Ypovikh oty ¢, = 17.83s 1o dedtepo Tpaivo

Oa éptave 10 mpodTO (0mOTE OO £lyav TV 1S Béom x; =x,), o1 cLVEXEW B TO TPOGTEPVOVGE



ovveyilovtag v emPpadvvopevn kivion péypt m xpovikh otyp ¢, =112.17s ondte 10 TpdTO TPAIVO

7ov Oa cvvéyle va Kveital pe otabepn ToyvTnTa 0o TpooTEPVOHGE TO HEVTEPO TPAIVO.
Ao T1¢ e€loDoElg KIvon g TOV TPEVAOV TPOKOTTTEL OTL 1] GUYKPOVGT| TOVG Ba yivel otn Béon:

x,=200+12-17.83=200+213,96 =413,96m

3) Avagopikd pe T Ypaeikn tapdotacn g 0éong tov 600 Tpévav Tapatnpode 6Tt 1| cuvaptnon Béong
TOV TPMOTOV TPEVOL eivar gvbeia: X, (t) =200+12-¢, evd ekeivn tov devTEPOL €ival TOPaPorn TTOL
oTpEPEL TOL KOTAOL TTPOG TOL KATO : X, (t) =25t —0.1t" . To TopaKdTe® oynuo Ssiyvel TIC S0 KOUTOAES Kat

T GNUELN TOUNG TOVE TOV AVTIGTOLOVV GTIC 600 AVGELS .

2000
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800 -

400

t(s)

B)

Soupmva pe tn oxéon 2.55 tov Piiiov, to PeAnverég divetal and T oxéon:

3 ZDOZSin(pCOS(p
g

R (1

To BeAnvekég etvarl péytoto 6tav N Tapdywyog tov R og mpog ¢ sivar pundév kar n devtepT mopdymyog
apVNTIKY], SNAOON:

dR _ 2v,’ (cos’p—sin’p) _ 2v,’cos2¢
do g g

0 ©)

And v nopomdve oyéon énetor 0Tt 20 =907, emopévag @ =45°.

v KoTokopuen devbuvorn Exovpe Kiviion emPpaduvOUEVT] LE GPYIKT TOYVTITO VoSN ETOUEVMS M
Katakopuen BEon Tov PANHATOG 6 KABE XPOVIKN oTIyun t eival:



. t2 N
yzuosm(p-t-gT:vO?-gT 3)

IMa va ptdoel og Vyog h <o PAnpa Ba yperacBel ypdvo t mov divetar amd:

2
yzuog-t-%:h:gtz—1)0\/5‘[+2h:0 4)

H mopandvo oyéon éxel Aboeig:

_ 1)0\/51 \2v,” —8gh _ 1)0\/51 \/5\/1)02 —4gh
2g 2g

6))

1,2

O1 800 TaPATAVE YPOVIKEG GTIYHEG AVTIGTOLKOVV 6TI¢ d00 Stehedoelg Tov PAfuaToc and to eninedoz=h.
Emopévmg o ypovog peta&d tv dHo diedevcemv glvat:

At=t, —t V2v," ~4gh

g

(6)

Tmv oplovria devbuvon n kivinon eivar gvOVYpOUHOG OMOAN pE TaXOTNTO U, COSP, EMOUEVOG M

\/E \/5\/1)02 —4gh . \/1)02 —4gh
2 g ‘g

andotacn d Oa eivor:

d=v,cosQ-At=v,— (7

Evolloktikn Aon:

O1 e&lomoelg TG Kivnong Yo Tig SV0 GLVIGTAOOES X, Y Eivat:
. 1,
y = (vgsing)t-— gt (®)

x = (v,cosp)t )

Avvovtog v (9) o¢ mpog t kot avtikadietavioag oty (8) &yovue:

2
y = (vysine)— -lg£ . J

V,CosQ 2 | v,cosP

2
X

(10)

1
= y=Xxtang- E g—vzcosch
0

o péyioto Bednvekés, 6mwg yvmpilovue, ¢=45" dnhadn: tan ¢ =1Ko1 cos @ = V2 / 27 cos’p=1/2



= y:x-%x2 (11)
0

H (11) eivan  yvoot e€icmon mapafoing. [a kdbe tiun tov y o éxovpe 600 Tipég Tov X. Emopévacg yo

y=h, n (11) yiverou

2 2
= hzx-%xzéxz—v—oerv—oh:O (12)
Yy g g

O1 800 Adoelg g (20) Ba givan:

<

2
~0

g
X2 =

F

TOL AVTIOTOL(OVV OTIG TETUNUEVEG TV onueinv B kot A, emopévog: d =x, —x

2)? 2
0 (UOJ 4%,
d g g Vy [

= =—4/v, —4gh
g

1

Aocknon 2

Y éva melipopo Kivnong WKP®OV HETOAAK®OV GOUPOV G€ d0YEI0 YEUATO UE 100VIKO VYPO apNVeETAL pia
oQaipa 0TV EMPAVELD TOL VYPOV e pndevikn apyikn tayvtnta. H opaipa avaykdletor va kivnlel pe
otafepn emrdyvvon 6.0 m/ 57 . 210 doygio vdpyel TopdOLpo Vyovg 1m To omoio améxet 12m amd tov

mobuéva tov doyeiov. O ypdvog mov yperdletar po oceaipa Yo va dovocel 1o Topabvpo (to ddotnuoa
BI') eivon 0.45s . No vroloyiotoiv:

A) o ypdvoc mov yperdletal n oeaipa vo, PTacel 6Tov TLOREVH TOV doyeiov PO TEPATEL TO TOPEOvPO
(ywo va dravocet Tnv amoctacn ['A),

B) to vyog Tov vypob mhve and to Tapdbupo (1 andctacn AB),

I') n tayvta pe v omoia 1 opaipa eTavel otov Tobuéva Tov doygiov.



—— A

D
(1 [
>

12m

L.

A) H xd6e ooaipa apyilet vo Kiveitar amd v eTQAVELD, TOL VYPOD £XOVTAG UNOEVIKT OPYIKN TOOTNTA

Avon

. r . r r 2
KOl EKTEADVTAG OpOAG emTayvvopevn kivnon pe emtdyvvon 6.0 m / s
270 onpelo B €yel amoktoel toxdnTO Uy Kot 670 onueio I' toydnto U.

Me 6gdopévo OtL 1 kivnon oto didotnua BT dapkel 0.4s ko 611 10 didomua BI'=1m £yovue Tig
eflomoelc:

Xp =X, +uBt+éat2 = X — X, =uBt+lat2 = I:UBO.4+§6(0.4)2

UB=%:].3m/s

H taydtmra oto onpeio I' elvar
vl =02 +2a(x;. —x,)= ((1.3)2 + 2-6-1Xm/s)2 = v, =3.7m/s

Kot o ypovog mov yperdletan yuo va @tdoel otov mobuéva:
L LP¥
XA—Xr:Urt-i'Eat 312:3.7t+36t

H napondvo eEicwon £xel Aoeig:

37t JB.7Y =4-3-(=12)  -3.7+J157.69 -3.70+12.56

2-3 2-3 6

M t=15sxu t =-2.7s
Amodektn| givor ) BeTikn Avon.

B) Apobd n oopaipa dpyloe vo Kiveitor pe pndevikn taydINTa, 1 oawdOCTACN ON0 TO MOV onpeio Tng
EMPAVELAG TOV VYPOL UEYPL TO TAV® orpeio Tov mapadvpov (didotnuo AB) divetar omd ™ oyéon



Xy =—at 3 2
1.3
Uy 2¢ 26 12
Vg =at=t=—
a

I T'w to dbommuo ['A=12 m 1 cpaipa ektelel OHOAR ETITAYVVOUEVN KIVION UE GPYIKN TOOTNTO
vr =3.7m/s ko n xivnon Swpkei £ =1.5s (gpdtnon A). H toydmta otov mubuéva dtveton amd ™

oyéon
v, =U+at=3.7+6-1.5=12.7m/s
Aoxnon 3:

A) Topo palag M kat prikovg [ axwvntel mavo oe Agia opilovtia emedvela. ‘Eva dgbtepo codpa palog
m tomofeteital TAV® 610 TPDOTO OTTMG deiyveL To oyfua. O cuvieleotc TPPNG petald Tv 8600 coudTOY
gtvon 4 . 210 K4tm ohpo aokeiton oplovria duvaun pétpov F (6nwg oto oyfpa). Na Ppebet:

1) N To1d Ty g oplovtiag dvvaung F to copo palog m 6o apyicel vo oMcbBaivet.

2) ITowd ypovikn otryun to oope nalog m o técel omd 10 cdpa ualog M.

m

—
3 F
M

B)

1) Bpeite v 60vaun tppng mov ypetdleTor yuoo vo. GTAROTNOEL éva ompo palag m, To omoio Kwveitol

oplovTia pe TaydTa U, VO TV TPOHTOHEST OTL TPEMEL VAL GTOUOTHGEL GE 0mdGTao™ d.

2) Bpeite tov katdAAnio cvvieleot TpIPng Yo vo cuuPei To mopondvem.

3) YmoAoyiote tnv d0VAUN KAl TOV GUVTEAEGTN TPIPNG, XPNOUOTOUDVTAG TOVG TOTOVG OV Pprkate TNV
1) ko1 2) epdnon, omv nepintoon nov m = 1000Kgr, v, = 60km/h xor d = 200m .

Adon:

A) E&etalovpe 15 Suvapelg mov ackovvTol Tave og kdbe copa (BA. oynua)



m

.-

W
M — P
&

Apyucd o oopa pdlog m dev oAcBaivel. Apa to péTpo g dvvaung tpipng T kavomotel v avicdtnTa:

T < umg )
O e&lomoelg Kivnong Tov 600 coUdToV gival:

T =ma

2
F-T=Ma @

ATd avTEC TPOKVTTEL OTL TO HETPO TNG dVVOUNG TNG TPIPNC Elvar:

F
r=-" 3)
m+M
Apa n oyéon (1) yiverat:
mF
< 4
m+M Hng
Emopévog 1 okicOnon Ba apyicet otav :
F> (m +M ),ug
B)
Orav apyioel n odicOnon tov endvod cOUATOC, 01 EEI0ADCELG KivoTg TV dV0 COUATOV Elvat:
T =ma
(%)
F—-T=Mb
1
umg = ma
6
F—umg =Mb ©

OOV 0 Kol b To PETPO TOV EMTOYVVOE®V TOV COUIT®OV pe palec m ko M ovtiotorya. Amd avtég
TPOKVTTEL OTL TOL UETPOL TOV EMLTAYVVOEDY TOV 0VO COUATOV EivaL:



a=ug
b:F—,umg (7)
M

Opog 1o 11g emtayhvoelg TV 00 COUITOV IGYVEL :
i=b+a, (8)
a=b-a, ©)
OOV @, €ivOL 1) GYETIKN EMTAYLYOT TOV EXAVEO COUOTOS OG TPOG TO KATM.
Yuvdvalovrtag Tig oxéoelg (7) kot (9), TPOKLATEL Y10 TO UETPO TNG OYETIKNG EMTAYVVONG OTL:

_F—umg

a, =b—-a
M

ug (10)
Emopévog 1o oopa pdoc m ¢Trével 6To GKpo TOL KATO CAOUATOG TNV XPOVIKH GTIYUN T:

(11)

OOV 1 GYETIKN emttdyvvon divetarl amd tn oxéon (10)

Apa pe cuvovacud tov oxécemv (10) ko (11) Tpokdmtet Ot
F — umg
r=_[2l/| ——=—

1) Gétovpe v =0m/ skot X, =0m ot oxfon mov GuVLEL TV TOXVTNTO [E TNV ATOGTAGY, OTOTE

B)

TPOKVATEL OTL:
v2=v,” +2a(x —x,)=0=v,” +2a(d -0)=v,” = 2ad

2
Yo

o=—
2d (1)

H emtdyvvon avth cuvendystor dvvoun tpipng:



~d ()
2) H 60voun g tpipnic propel va ypapei oc:
mv
F = N = uUme = 0
[ pmg 2d
Ao ™V Topondve oxéon TPoKLATEL OTL:
2
~ Y0 3)
! 2dg
3) H dOvoun tpiprg mov amorteiton sivat:
2 3 2
__mv,” 1000K gr-(60-10°m/hr) 694Nt
2d 2-200m
O ocvvteheotg tppng Oa giva:
2
v, (60-10°m/hr)? _0.07

= 2dg T 2-200m-9.81m/s”

Aoxnon 4

Avo couata A kot B cuvoéovior pécm vipatog pe oopo C, 6mwg 6to oxnuo. Ot tpoyaiieg sival yopig
tppés. Ta Papn tov copdtov A kot B gival ica pe 8 N kot o cuvteleotng Tpig oAicOnong avépesa og
KOs coOUo KOl 0TV EMEAvEID. otV omtoia gpantetar ivar 0.5. To ocopa C kotépyetar pe otabepn
tayvtnta. Na Bpeboiv:

A) H dOvoun mévo oto vipa mov cuvdéel Ta copato A kot B.
B) To Bapog tov cmpatog C.

Aiveton 0=37°

Avon



Yxedtalovpe TIC SVVANEIC TOV AGKOVVTOL GE KAOE chua.

Eme1dn 1 kivnon tov copdtov gival 160Toyng 1o0ovy oL GYEGELS:

[Ma to copa A woydet:

N,-W,=0=>N,=W, 1)
T,=f,=0=>T,=1, 2
omov
Ja= N, 3)
[Na to copa B woydet:
Ny =Wy =0= N, =W, @)
T =Ty =S5 Wp=0=2T =Ty + [ + W, )
Ko
S5 = Ny (6)
[Na to copa C woydet:
I.-W.=0=>T. =W, @)

EmimAéov, coppova pe 1o tpito agiopo Tov NevTmva 1oy00vV 01 GYECELS:
T, =Ty ®)

Ko



To =Ty )
To pétpo g OvVAUNG (f /) mov aokeitar 6T0 Viuo mov Guvvdel Ta copato A kot B oetvar
(xpnowonowmvtag tig oxéoselg (1),(2) ko (3):
Ty=fi=mN,=uW,=058=4N
B) I'a v e0peon tov Bapog tov cmpatog C, pe cuvdvacud tev oyéoewv(7) kat (9), Tpokdmtel Ot
We=Tc=Ty

H napondvo oyéon pe yprion g oxéon (5) yivetat:

We=Tp+ [z +Ws,.
H mopandvo oyéon pe ypnon tov oxécewnv (4), (6) kot (8) divet:

We.=T,+puW,cos@+W,sint =
=>W.=4+8-0.6+0.5-8-0.8=12N

Aocxknon 5

Youa A Bapovg W oMobaiver pe otabepn tayvnTa mpog Tt KaT® (PA. oynua). H kiion tov kexipévoo

emmédov etvan 37°. To copa B €xet Bapoc 20 kar mapapével akivto cuykpatoduevo omd TaKTOUEVO
viuo. No vroloyioTovv:

0) 0 CUVTEAECTNG TPIPNG AVALESH OTO OO A KOl 6TO KEKALLEVO EMITEDO
B) 1 tdon Tov ViraTog IOV GLYKPATEL To chpo B

No Oewpnbei 611 To. cOUOTA KoL TO KEKAUEVO ENIMEDO OMOTEAOVVTAL OTO TO 1010 VAIKO.

Avon

Yyedrafovpe Kot avaADOVUE TIG SUVALELG TTOL 0oKODVTOL TAV® 6 Kibe copa (PA. oyqua).



Mo 10 copa A epdcov Kveital pe otabepn) ToOTNTA TAVEO GTO KEKAMUEVO EMIMESO 10YVOVV Ol GYECELG:

N,~W, ~Py=0=N,=W, +P,=Wcos0+P,

6]
S+ S —We=0=2W, =1+ o ()
Mo 115 duvapelg mov dpovv TAvm 6To cO. B 15y00vVv 01 oYécels:
Ny—Wy =0=> Ny =W, = N, =W, -cos0 =2 -cost 3)
T—f, W, =0=>T=W, +f,=>T=W,-sinf+f, 4)

AAMG amd 1o Tpito atiopa Tov Nevtmva 1oyvet:

PkB = Ny (5)

Kot Aoy g (3):

P, =2Wcos@ 5)

Me ypfion ¢ tehevtaiog oyxéong n oyéon (1) yivetan:

N,=Wcos@+ P, =WcosO+2W cos =3W cos 0 ©)
Mo 11g duvapelg TpPng 1oxvovVY Ol GYXECELS :
Sa =N,
Sz = Py (7)

Kot Aoyw ¢ (5)



S =21, W cosb (8)

H oyéon (2) pe yprion tav (5), (6), (7) o (8) yiverat:
W.=fu+ S o=uN, +uPy=p13Wcos0+ u2W cos@ =5uW cost

frot:
. 1 1 .
Wsin@ =5uWcosb = p, =§tan0=§tan37 =0.15

B)
O vroloyiopds NG TAoNG TOL VILOTOG YiveTal e XpnoT TG oxéong (4):

T:WB‘Sin9+fB:2W'Sin9+fB (9)

AN
Je = Ny— fp = Wycos0 =2u,Wcosb
Ondte n oyéon (9) yivera:

T=Wy-sin@+ f, =2W -sin@+2u,W cos@ =2W (sin @+ u, cos§)=2W (0.6 +0.15-0.8) = 1.44W

Aoxnon 6

A) Mdélo m elvol otepempévn 6T0 GKPO VAROTOG apeAntéog Halag Tov omoiov to GAAo dkpo gival
akAovnto. H péalo extehel opoAn kukhkn kivnon axtivoag r. To cvomuo avtd ovoudletol Koviko
ekkpepéc. Oswpeiote kovikd ekkpepés ufkovg L =1.2m 10 omoio kwveital og KUKAIKY Tpoyld aKTivog
r=0.2m. Na vrohoyiotel n mepiodog tov exkpepovs. H emtdyvvon g Papdmrog eivor ion ue
9.8m/ s’

(Ymooeiln: Bewpeiote ) yovia mov oynuatilel To vijpo pe v kabeto ion pe 0)

B)



Bpeite v emtdyuvon 100 cOROTOG A ¢ CLVAPTNON TNG EMTAYLVONG TOV CORNTO; B oto cvuotnua
TPOYOM®V Tov oyNpatos. To oyxowvi mov cvvdéel To copata Bewpeitan un ektatd Kot xopig palo Kot ot
TpOoYOAies ympig nalo Kot ympic Tp1Péc.

Avon

A) To didypappo eELevEPOL GOUOTOS Yl TN ALK TOL EKKPEUOVG QOIVETAL GTO GYNLLAL:

TcosoA L
)
Tsin0
mg
\ 4
Ioyvet:
T cos@ =mg

H opl6vtio cuvictmdca g Taong mailel 1o pOAO TNG KEVIPOUOAOL dVVAUNG:
2

) v
Tsin@ =m—
r

Awipdvtog Kotd péAn Tig dvo mopandve elomaoelg amionotovviat To T kot m, omdte Exovpe
2

tan6?=U—:>U=«/rgtan¢9

rg

r
o yovia 0 wyvetl tan 8 = 7 xar tan@ = 0.17, ondre



v=4rgtand =+/0.2-9.8-0.17 = 0.58m/s

. r
(Zopeovo pe To oynua, givol sin @ = z , OAAG emedn 1 yovia eivorl pikpt], uropodpe va Bemprioovpe 01t

sind =tan @)
. . 2 , o .
And ™ oygon T =——, n mepiodog g kuKAIKNIG Kiviong givaL:
v

;2w _2m0.20

v 0.57

B)

Bewpovue o¢ apyn Tov aEOvoV y 10 eninedo mov diépyetal amd to kEVIpo TG otabepng Tpoyariog C. Ta
dwvoopota Béong Tov A kot B etvat:

fA ZYAE’ i:B ZYBE (D

Emopévog ot tayvtnteg Ko emtayvvoelg tov A kot B Ba givat:
Uy =Yals Vg =¥3] (2)

aA = .yAi]:? aB = yBj 3)



To wpdPANua gival HovodidoTato OTOTE ATAOTOIOVUE TIC EKPPACELS EYKATOUAEITOVTOC (OAMG EVVODVTOG
OTL LTLAPYEL) TO povadiaio Gvooua j.

To unKog Tov ooy gival po otabepd Tov TPOPANUATOC Kot (O7T¢ QaiveTal omd T0 GYAUA) 160vTIL
ue:

1, =ab+bc+cd+de+ef =o100ep0d 4)

l, =aa"+y, +bc+y, +de+y,
AMG ta aa’,bc,de  og OAn T Sdpkela TG Kiviong xovv auetdfAnto pHKog, onoTe :

dl,, : :
ﬁzzyDﬁ_YB =0

Enedn opwg m amdotaon DA eivon otobepy kv y, =y, +AD=Yy, =y, N TOpandve CYEoM

YPAQETOL:
dl, .. .
—* =2y, +y; =0 ®)
dt YaTYs
Evo n devtepn mapdywyog givat:
dlztot . .
—=2y,+y,=0 (6)
dt2 yA YB
Amo ) oyéon (6) cuvemdyeton Ot
Ia=—0 @)

20¢ TpOTOC:

Ay,

Orav 1o copa B petatoniletar katd Ay, , 1o copo A petatomiCetor kKatd Ay , = — , EMOUEVG:

. A . A . '
lim YA =—lhmﬁ:>y/\=—y—B
At—0 At 2 At—0 At 2

Hopaywyilovtoag v mapopdnove cyéon Enetot OTL:

. y
Ya =_7B

Aocxknon 7



A) Mo edkapmtn aAveida unkovg / kot Bapovg W
tonofeteiton apykd akivnen og Aela empdveia ABC
pe 1o éva akpo g D og andotaon [ —a oand to0
onueio B, 60nwg oto oynua. Amodei&te 6T dTOv M
axpn D ¢tdcer oto onueio B, M taydmmra g
aAvcidag Ba glvat:

u= /%me(zz—az)

B)

‘Eva tooBro palag m, Ppioketar oe adpn opildvtia emdvela kat eivor cuvoedepévo pe £vo deVTEPO
t00BAo, pélag m,, péom evog afapodc Kor pn eKTaTod GYowov, To omoio SiEpyeTol amd TpoyaAic
(undevucng nalag) 6mTmg oto oynpa. Avvaun F gpappoletol 6to TovPro palag m,, mov oynpatilel yovio
0 pe 1o opldvtio enimedo, ko to Kvel Tpog ta 6e€id. O ovvrereatng TpIPNg petald tov TovProv nalag
m,; kot Tov emmédov etvar . Bpeite v £xepoon yio Ty emtdyvvon tov tovfAv.

-

m

Avon:

A)

ZOpemva pe ta dESOUEVE TNG EKPOVNONG TO 0VEL Lovado punkovg Bépog tng oAvoidag givan 7, apo. yuo
o toyaio 0om g advcidag (BA. oyqua), To Papog Tuyaiov TUNUATOS X TG aAVGidag givat:

WK:¥-x (1)



o

Yuvemmg 1 duvaun Tov Kivel TNV aAvcida etvat:
w .
Wm=7-x-sm¢9 @)

Apa GOUPOVO, e TO deVTEPO VOUO ToL Nebtmva, Katd tn dievbuveng g kivnong toyvet:

ma=K~x~sin0:>K-ﬂ=K-x-sin0 3)
[ g dt 1
(6mov u M TayVTNTO)
H napondve oyéon ypdoetat:
ﬂzgxsiné’
dt 1
U
d—u~ﬁ=§-x-sin93ﬂ-u=§~x-sint9:>udu=§~x~sin<9~dx
dx dt | dx / [

Me oloxAnpwon Tng Tponyovuevng oxéong:

X

2 27!
[\ udu =§sin0j’xdx 1 _8&gne
0 / ’ 2 1 2

a

== J%sin o -a*)

B)
Edv n emtdyvvon tov 6vo palov eivar a, tote yo ) pale m, oyden

T-B, =m,a (1)



T=m,o+m,g (2)

INa v pala m, woydet:

D F =mpuo 3)

FcosO—-T-K=m,0= FcosO—T —uN=m,a
omov K n kivntikn tppn ko

D F,=0 Q)

N+Fsin0—B, =0= N=m,g - Fsinf

AvtikaBiotovpe ta T kot N omd 16 (2) kou (6) oty (4) ondre:

Fcosd —m,a—m,g-pum,g+ puFsinf=m,a

F(cos® + psind ) — g(m, + um, )= (m, + m, Ja
Ao TV Tapandve oxéon TpokLaTEL 0Tl {NTOdUEV EMLTAYLVON ElvaL:

- F(cos(%) + usin@)— g(m2 + uml)
(ml +m, )

“4)

(6)



Aoxnon 8

2opotidolo Kveitol 6Tov TPIeOIoTOTO YMPO KATE TETOW0 TPOTO MOTE 1) EMTAYLVOT TOV VO TOUPOUEVEL
otabepn Ko ion pe d@ = —k (6mov {,3,12) glval To povadioio SlvOGUATE TOV KAPTESIAVOD GUGTHIOTOS
avaeopds (X,y,z). H 8éon tov cwpoatidiov mn ypovikh oty £ =0 éyet ovvietaypéveg (0,0,1) evd n
ToOTNTA TOL TNV 10 ¥povikn otiyun €xel ovviotdoeg (1,1,0). Ymoloyiote ) ypovikn oty Katd tnv
omoia 10 couatidio Oa mepdoet kKot and 1o eninedo z =0 kabd¢ kot TIC cuvTETAyPEVES TG BEoMC TOL
TN oTIyUn ouTh. A®CTE pio TEPLYPAPT TOV €I00VG TNG TPOYLAG TOV dlaypapel To copatiow. (Aesmpeiote
uévo Beticode ypovoug ¢ > 0)

Adon :
‘Eoto x(2), y(t),z(t) ot cvvietoypéveg BEong tov copartidiov kabmg owtd Kiveital oto x®po. To
Srévoopo e Togdmeg sivar 0(8) = X'(1)i + ' ()] + 2 ()k xaw g

emtégovoncd(t) = x"(1)i + y"(¢) ] + Z”(t)]g . Am6 1o dedopéva Tov TPOPAHUTOG EYOVE OUMG

X"(t)=a, =0
Y=a,=01 (1
Z"(t)=a, =-1

AT T1g 6Y£0E1g AVTEG TPOKVTTEL UE OAOKAN p®GN OTL:

X()=¢
yl(t) =6 (3)
Z'(t)=—t+c,

Amd T1g apyikég ouvOnkeg NG TovTnTog Yo £ = 0 éyovpe 611

X0)=v, =1=¢ =1
Y(O)y=v,=1=¢,=1; (4)
Z(0)=v,=0=1¢,=0

Ondte 1 TayLTNTA £YEL T SVOGHATIKA Lopery D = [+ j —th xm GUVTETOYLEVEC
X()=1
Yy =1, (5)

Z'(t) =t

A7o T1g oYéoelg (5) TpoKOTTEL HETH OO OAOKANPOOT):



y(t)=t+05 (6)

And g apyikéc cuvOnkeg e 0éone ywa ¢ = 0 éyovue 611

x(0)=0=¢,=0
y(O)ZODCSZO (7)
2(0)=1=¢, =1

- s oA 1 ,.»
Ondte 10 davucpa Béong Exet ) popon 7(¢) =ti +tj + (1 - Etz )k .

1
To copatido Bo mepdoel Kat® omd to eminedo z=0 Otav I—Et2 =0 =2=t=42 (m apvnTikn

piCo amoppintetal agod avaeepdlaoTe o€ BeTIKOVG YPOVOLS). AVTIKOOIOTOVTIOG TNV TN OVTH TOV
xpovov ota  x(t), y(¢t) Pplokovpe OTL ol GuVTETAYUEVEG BEONG TOL COUOTIZION TN GTYU| TOL AVTO

diépyetan o eminedo z=0 givan :
(V2.42,0)

Amd 10 O1dvvoua 0éong dwmiotdvovue OTL Y KABE ypovikn oTiyu] ot cvvietoyuévee 0éomng
x(), y(t) Tov copatdiov eivar icec. Apa T0 coUATIOW Kiveiton Tave o€ eninedo mov givar KAHeTO 6TO

eminedo z=0 ko Siépyetar and v gvbeio y = x . H popen e tpoyldc méve oto eninedo avtd eivor

mapaforkn pe séicwon z =1— %xz .




Aoxnon : 9

Bewpeiote éva adpavelakd cvomue avaeopds O, pe povadiaio dtovoouato iAl,]A'l,lg1 Kot €va 0gvTEPO,
un adpavetokod cvotnua O, 1 apyf Tov omoiov Exet Toyaia Ypapky exttdyvvon o tpog to O, , evid 10
cbompo afdvov tov TepoTpépeton pe otabeph yovwakh toyxdmia @ g npog 100,. Bewpeiote
STOYEWDSN Péla m oTo xdpo emi ™G omoiag dpa dovaun F(¢) (F(f)=mj(t), énog petpdrar 6to
adpavetokod cvotnuo O,). Ag vrobécovpe 6Tt Evag mapatnpng eival KOOMA®UEVOG GTO EGOTEPIKO TOV
O xou petpd TG cvvteTaypéveg Tov dovoopotog Béong 7(¢) tov m, kabdg kor Vv TaydTTd TOL
O(t) xou v gmadyovon d(t) omd tig petaforés cvvietaypuévav oto cbotnua aEovov tov O, ywpig va

ToV amacyoAel Tt cupPaivel 6Tov eEMTEPIKO KOGHO.

1. Aci&te 611 01 OVO emTAYHVOEIC GLVILOVTOL LE TNV aKOAOLON oYEo.
a(t)—j(t)=—R(t)— &x(dx7(t))-2(&x 0(1))

2. Bpeite ) popen 1ov 0ebTEPOL PEAOVE TG TAPOTAVED GYEONG 0TI AKOAOVOES TEPIMTOGELC:
A. Zopdtio evidg Tpaivov mov EMTOOVETOL YPOUMKAE pe otobepr| emtdyvvon K (¢ Tpog To
adpavetokod cvomua O, )
B. Xopdrtio okivnto oe andotaon # amd TO KEVIPO KLKAIKOD TPOYOD TOL TEPICTPEPETAL GTO
eninedo x — y ue otabepn yOVIOKN TaydTNTOL @ = wk (g mpog 10 adpavelakd cvomua O, Kat
xopic va petatoniCeton wg mpog o O,)
I'. Zopdtio mwov petotomiletol pe otabepn ToyvTNTO U TPOG TO KEVIPO KLKAIKOV TPOYOL TOL

TEPLOTPEPETAL GTO EMIMEDO X-y PE oTabeP| YOVIOKN ToydTNTe. @ = Wk .




Yrooeiln :

a. Ta povadiaio. diawvbouazo tov O, omws paivovior oxd 0 O, evd égovv otabepd pijkog

uetaféilovv ™ Siebbvver tovg Aoyw g mepiotpogiis. Etor to didvooua Oéong ¥(t) yio évav

ropaznpnti oto O, Exer w popen r(t) = x(0)i (1) + y(t)j(t) + Z(t)]g(f)

B. H ypovikn mopdywyos daviouozog A ,0TOEPOD UIKOVG, TOD TEPIOTPEPETAL UE YWVIOKT TOYOTHTO
@, sival zzl(t) =dxA.

Avon:

1)

YnevBopiCovpe 6t Ta Stovocpata opilovtal Ympic avaeopd o€ 1010iTePO CHGTNIO CUVTETAYHEVAOV. AVTO

OV LOG EVOLOPEPEL BTNV TPOKEWEV TTEPITTOOT ivar va fpovpe TNV £EKPPOCT] TOVL r (t) anoxelotikd oe
ovvtetaypéveg Tov O yopig vo avopepOLOcTE GE GUGYETIOUO KE TIG avTioTolyeg cuvietaypéveg oto 0.
‘Eotw 7;(¢) t0 didvocpa Béong tovm mg mpog 10 cvotua avapopas O, kat ﬁ(t) 70 d1dvucpo B€ong
™mg apyxns Tov a&ovav tov O, g mpog v apxn a&ovev tov adpavelokod cvotipatog O,. Ta tpia

Swvoopata 7(1), R(t), 7.(t) cuvdéovtan pe TN YEVIKH G)Eom
F(t) = F()— R() (1)

H oyéon avt pag diver v éxepoaon tov 7(t) oro O, . Me nopaydyion devtepng 1aéng maipvovpe :

(1)=#(0)- R(e)= 7))~ R(:) )

And v ékepacn tov 7(t) oto O naipvovpe pe Tapoydylon :

N

(0 = (5070 + 50 ]+ 20kO ) + [+ 0+ ¥ 0+ 20k0) - B)

O mpdTog 6pog g (3) givon n TayvTTe U(7) TV PETPA TopaTnPNTG KAONA®UEVOS 6T0 E6mTEPIKO TOV O

Kot Ogv avTIMOUPAVETOL TNV TEPIGTPOPT KOl LETATOTION TOV AEOVMOV TOV.

O 3e0TEPOG OPOG, GVUPOVO. PLE TNV VIOOEIEN LITOPEL VoL Ypupel oty akdiovdr popon :
X0 (1) + y(0) (6 + 2(k(6) = x() (@x1 (1) )+ (1) (@ j (1)) + z(t)(c?)x ko))
= &x (x(z)f () + (6) J(£) + z(t)lé(;)) = OxF

"Etoln (3) maipvel t popon :



F(t)=0(0)+dxF(t)  (4)

Eneidf opag kou 1 taydtnta éxet m popeny U(t) =, ()i () + v, YO v, (t)lg(t) oto O wyvet

avtictolyo pe v (4) 6T :
O(t)=ad(t)+@xo(t)  (4a)
[MopayoyiCovtag v (4), kot Aapfdvovtag vadoyn o6tt 10 @(f) eivar otabepd, (kou Gpa ﬁ)(t) =0)
Aoppdavoope:
FO)=0@)+axi(@)  (5)
Mg avTIKOTAGTOON TV 7 (1), D(Z) and tig oyéoeis (4),(4a) oy (5) Aappdvovpe :
F(1)=a(t)+ @ x0(t) + dx (D(t) + @ % F(t)) =d(t)+ox(dx F(t))+ 20x0(t) (6)
Amd 116 160 TEC (2),(6) AapPdvovue TEMKE :
a(t) - 7(t) = —R(t) - Bx (@x (1)) - 2(@x D(r)) 7)

H oyxéon avt ovvdéer 11 mocdtteg 7(¢) ko O(f) mov oyetiCovron pe v kivnon g palag m oto

E0MTEPIKO TOV EMTALVOUEVOL cvothuatog O pe Tig mocdtnteg R(7) kar @() mov givar W10tnTEg TOL

O ovtod kab’ gavtod TG omoieg, ot yevikn mepintoon, o mapoTnpNTig €vidg tov O Ba mpémet va
YVoPIel TPOKEUEVOD VA KAVEL 0pBOVS LTOAOYIGLLOVG.

2)

A) 0oty avapopds GUVOESEUEVO LE TO TPOAIVO £XEL LOVO UETAPOPIKN Kivnom ywpic mepiotpoen. H
oyxéon (7) maipvel ™ popon:

a(n-y)=-«K ®)

B) Zbotnua avagopds cuvoedeptévo e TOo KEVIPO TOV TPOYOD £XEL LOVO TEPLGTPOPIKN Kivnor, eV TO
COUATIO TAPAPEVEL 0KivITo 6”7 0wTd T0 cvotnuo. 'ETel 0 TpdTog kat 0 Tpitog 6pog Tov deHTEPOV UEAOVG
g oyéong (7) elvan pndevikol ondte 1 (7) maipvel T Lopoen :

a(t) -7 (t) = —@x (&xF (1)) =ro*F = oTabepd (9)

H emitdyvovon €xet 1010 pétpo kot avtifetn eopd g KEVIPOUOAOL EmLTAyLVONG Kot ovopdletal cuvnbmg
PLYOKEVTPOS EMLTAYVLVOT).

I') v mepintwon avtn Ba wpénet va mpocbécovpe otny (9) v enidpaocn g TaxdTNTOG Kol vo AdBovpe
voym 6T M emPortiky oxtiva 7 (7) sivar petafaAlopevn.



()= 7(t) = —ax(dx (1)) = 2(dx (1)) = r(t)*F + 200, (10)

Omov 1(0) givon gpomtopevikod povadiaio didvuopa ot dievbuvon mepiotpogns. O dedtepog 6pog g

(10) meprypaperar otn Piproypagio mg dvvoun Coriolis.

Aoxnon 10

H molppotakn d0vaun og kamowo onueio A g empdvelog ¢ Img vroloyiletor amd ™ SevuoUaTIKA
dapopd g Paputikig EAENg TV omoia ackel 1 ZeAnvn oe pio otoryelddn palo m oto gv Ady® onueio,
Kot g Paputikng EAENC mov Ba ackovce oty idta pala eav avth Bpiokdtay 6to KEvipo g I'mg.

2ovioun epunveio: Aedouévov ot o acovog mepiopopns ¢ 1¢ deiyvel oe orabepn dicdBvvon oe oyéon ue
70, GOTPO, UTOPOVUE Vo. ovapepBodue oe évo, abothuo. ovopopos O moxtwuévo oto kevipo s Iy , wov
extelel uetapopixn kivion pall s yopw omo 10 kevipo ualog tov cvotiuoatos I n-Xeinvy alia oev
TEPIOTPEPETOL. XE TYéan UE EVO AOPAVELAKO TOOTHUA 0TO JlaoThua OAa to. onueio tov O KIvovvtal ue Ty
1010, emirdyvvon. Kabe oauo oto ovotnuo. ovapopds O vpiotatar uio. 0vvoun mov eivar aveldptnty amo
O¢on tov. I'ia vmoloyiouods wavew oo idio to O n ddvoun ovth Go mpémel va apaipedel dioavoouatikd omo
™ dvvoun Papotnras. (Lo tovg vwoloyiouovs cog Gswpeiote ty Leinvy onueioxy. O L0yog TS aKTivag e

I'ng mpog v amdotacn tov kévipov e amd T Zedjvy eivar L~ 1 6x1072. Omov yperaotel ypnoyonoiciore
R

TNV TPOTEYYLTN TOV OIWVOUIKOD OVOTTOYUOTOG: (1 + x)n ~1+nx yo |x| <<1, n=orabepa)

a) Agi&te 6T M dOVauN TaAippotog ﬁ,m TNV omoia vold0el atoyyeiddng pala m oto onueio A divetar, oe

TPADTN TPOGEYYLOT, OmO TN GYEGN

p) H dmoyn mov amodidel Ta TaAPPOLoKE QAVOUEVH 6TV oA BapuTikh EAEN TG ZeAnvng pag odnyel
OTO GUUTEPUGUA OTL OTOV GTNV TANGIESTEPT] TPOG TN LeAVN TALLPE, TAV® otV gubeia TOL TN GUVOEEL
pe 1o kévipo g Img, €yovpe dumotn tOTE GTO OVTIOUETPIKO onpeio Ba Exovpe mAnupvpida. Xtnv
TPAEN OUMG TAPAUTNPOVLLE KoL 6TO dVO GNUEIN TOVLTOYPOVE AUTMTY OTTMG QOIVETOL GTO 0KOAOLOO GYNUOL.



E&nyeiote 10 pawvopevo, vmoroyilovtag tic dvvapelg ota onueio A,B,C,D 610 axoiovbo oyfuo, pe Pdon
TO OTOTELEGLLO TOV EPMTALOTOG O

Avon:

a) TOUQMVa, [LE TNV EKPOVNOT 1 duvaun molippolag o€ otoyeidmon udlo m oto onueio 4 Oa wwodTon
ue:

=—GMM@+G?¥R(D

|

oA 3

ry

Exgpalovpe to dtdvoopa 7, mg cLvaLoouod tav 7, R:

Fo=R+7 (2)

77, =(§+?)~(ﬁ+?):>rj =R+’ +2R-7 =
2 5 =
ﬁ:ﬁ@+£4@€£}($

r
Enreidn F =2,56x107" UmopoOE Vo TaPOAEIYOVHE TO SEVLTEPO OPO OTO SEVTEPO TUNUO TNG LOOTNTOG

2

(3). Ano ™ oyéon (3), vydvovtag ot SvVauN -3/2, YPNCIUOTOLDVTAG TO SIWVVUIKO OVATTUYO Y10 TO
de0TEPO PEAOG KO KPOTAVTOG TOVG OPOVG TPDTNG TAENS €YOVLE :

Avtikafiotovrag Tig (2) ko (4) oty (1) AapPdvovpe :

R

r (%)

F, =—GmM{ : (R+7)(1—3E'7

=,
|
| =
1

Avadiatdooovtog Toug 0povg g (5) AapPdavoope:



O 6pog 610 ecmTEPKO NG TapévBeonc tng (6) amAomoteitol g akoloHOmg

R+7F 1(~ r.) R
=—|R+—7|r—= (7
R’ R( R j R’ ™

Agdopévov 0t 1<<R, 10 dgVTEPO Odvvoua TG Tapévleons oe TPMTN TPOGEYYIoN OV OAAOIDVEL TN

d1evbvvon Kol To UKOG TOL SLOVOGLOTOG R .Etot pe avtikatdotoon e (7) oty (6) KataAyovpue otny
TEAIKN OYEOMN:

p) T ta onpeia A kot C oydet ReF =0 onote N dvvaun £xel popd avtifetn Tov 7, dNAdH KabeTa Ko
TPOG TO ECMTEPIKO TG IMg

ko pétpo GmM (r/ RY)

INa to B éyovpe :

F* ~ G ”;j‘f [7—31?”%25(”)}:

—G”?f [F+3§%}=—an§;{ [F—SF]:ZGHZ\;[F
Evoywwto D :

EP z—Gn;Aj{F—M?Rr%S(O)}z

—G"Z‘f [F—3R%}=—GW;¥[ [F—3F]=2GW;A3/[F

‘Etot ota B ko D 1 dOvaun éxet v ida. opd pe 1o didvoopa 7, KaBeto, dnA. Kot Tpog 10 EOTEPIKO TG
I'mg. To pétpo g dvvaung ota B,D eivat: 2GmM(r/R3).



