
5h ErgasÐa � LÔseic

1
Poia eÐnai   el�qisth orizìntia dÔnamh F poÔ prèpei na efarmosteÐ p�nw ston �xona miac rìdac,
¸ste na anèbei p�nw s' èna pezodrìmio? DÐnontai   aktÐna R thc rìdac, to b�roc thc W kai to Ôyoc
tou pezodromÐou h.

(8 mon�dec)

LÔsh:
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Sq ma 1:

P�nw sth rìda energoÔn oi dun�meic ~W kai ~F kaj¸c kai oi antidr�seic ~A1 kai ~A2 ìpwc faÐnetai sto sq ma (1).
Th stigm  pou arqÐzei h rìda na anebaÐnei, arqÐzei na strèfetai gÔrw apì to shmeÐo B kai diakìptetai h epaf  thc
me to d�pedo sto shmeÐo Γ. Apotèlesma aut c thc kÐnhshc eÐnai ìti h antÐdrash ~A1 paÔei na energeÐ. Se aut  thn
oriak  kat�stash mporoÔme na jewr soume ìti h rìda isorropeÐ opìte isqÔei:∑

~F = 0

∑
~N = 0

An p�roume tic ropèc wc proc to shmeÐo B èqoume:

−−→
BK × ~F +

−−→
BK × ~W = 0

⇒ (
−−→
B∆ +

−−→
∆K)× (~F + ~W ) = 0 (1)

Apì to sq ma faÐnetai ìti
∆K = R− h

kai apì to trÐgwno B∆K

B∆ =
√

2Rh− h2

(1)⇒
[
−

√
2Rh− h2x̂ + (R− h)ŷ

]
× (Fx̂−Wŷ) = 0
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⇒ W
√

2Rh− h2 − F (R− h) = 0

⇒ F =
W
√

2Rh− h2

R− h

2
Sumpag c kÔlindroc me m�za 2000 g kai aktÐna 4 cm, eÐnai anagkasmènoc na strèfetai gÔrw apì ton
�xona tou, pou eÐnai orizìntioc. 'Ena n ma eÐnai tuligmèno gÔrw apì ton kÔlindro kai to èna �kro tou,
pou krèmetai eleÔjero, sugkrateÐ mia m�za 150 g (bl. sq ma 2). Na breÐte th grammik  epit�qunsh
thc m�zac, th gwniak  epit�qunsh tou kulÐndrou, thn t�sh tou n matoc kai thn katakìrufh dÔnamh
pou sugkrateÐ ton kÔlindro.(DÐdetai g = 9, 8 m/s2)

(8 mon�dec)

LÔsh:

O

M

R

T

m

Sq ma 2:

H rop  N pou dhmiourgeÐ h t�sh tou n matoc eÐnai:

N = TR = Iα

ìpou α eÐnai h gwniak  epit�qunsh tou kulÐndrou. H metaforik  epit�qunsh a tou s¸matoc m�zac m dÐnetai apì to
deÔtero nìmo tou Newton:

mg − T = ma

ìpou h gwniak  kai metaforik  epit�qunsh sundèontai me th sqèsh:

a = αR

diìti
v = ωR
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⇒ dv/dt = dω/dtR

⇒ a = αR

Epomènwc, h exÐswsh kÐnhshc ja eÐnai:

mg = I
α

R
+ ma =

(
I

R2
+ m

)
a

ìpou h rop  adraneÐac I tou kulÐndrou eÐnai I = MR2/2. 'Ara ja èqoume:

a =
mg

m + M/2
=

0, 150× 9, 8
0, 15 + 2/2

m/s2 = 1, 28 m/s2

kai h gwniak  epit�qunsh α eÐnai:

α =
a

R
=

1, 28
0, 04

rad/s2 = 32 rad/s2

kai h t�sh T tou n matoc eÐnai:

T =
I

R
α =

1
2
MRα = 1, 28 N

kai h katakìrufoc dÔnamhc pou sugkrateÐ ton kÔlindro eÐnai:

F = Mg + T = 2× 9, 8 + 1, 28 N = 20, 9 N

3
'Enac barÔc troqìc èqei sq ma sumpagoÔc kulÐndrou me aktÐna 0, 50 m, p�qoc 0, 20 m kai m�za 1200 kg.
O troqìc sthrÐzetai se roulem�n kai strèfetai eleÔjera me gwniak  taqÔthta 150 strofèc an�
deuterìlepto. Se k�poia stigm  efarmìzoume ston troqì mia troqopèdh, pou dra sthn perifèreia
tou troqoÔ me k�jeth dÔnamh Ðsh me to b�roc miac m�zac 40 kg. O suntelest c trib c metaxÔ twn
tribìmenwn epifanei¸n eÐnai 0, 4 kai deqìmaste ìti eÐnai anex�rthtoc apì th sqetik  taqÔthta twn
epifanei¸n. Se pìso qrìno ja stamat sei o troqìc? (DÐdetai g = 9, 8 m/s2)

(8 mon�dec)

LÔsh:

H rop  thc dÔnamhc thc trib c eÐnai:
N = FτR = −µAR = −µmgR

ìpou A eÐnai h k�jeth dÔnamh pou dra ston troqì. Epiplèon, h rop  sundèetai me th gwniak  epit�qunsh α:

N =
dL

dt
= Iα = I

dω

dt
= I

d2θ

dt2

ìpou h rop  adraneÐac I tou kulÐndrou eÐnai I = MR2/2 (m�za tou troqoÔ). 'Ara h gwniak  epit�qunsh eÐnai:

Iα = −µmgR ⇒ α = −2µmgR

MR2
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⇒ α = −2µmg

MR
= −2× 0, 4× 40× 9, 8

1, 2× 0, 5
rad/s2

⇒ α = −0, 523 rad/s2

⇒ dω

dt
= −0, 523

⇒ ω = ω0 − 0, 523 t = 150× 2π − 0, 523 t

'Ara ja èqoume ω = 0 ìtan:

t =
300π

0, 523
= 1, 8× 103 s

4
Treic Ðsec shmeiakèc m�zec brÐskontai stic korufèc enìc isìpleurou trig¸nou pleur�c a (bl. sq ma
4) kai sundèontai metaxÔ touc me èna abarèc trigwnikì fÔllo.
(a) Na breÐte th rop  adr�neiac Iz wc proc ton �xona pou eÐnai k�jetoc sto trÐgwno kai pern� apì
to kèntro tou, C.
(b) Na upologÐsete thn Iy wc proc ton �xona y (bl. sq ma 4).
(g) Na qrhsimopoi sete to je¸rhma twn k�jetwn axìnwn, gia na upologÐsete thn Ix.

(8 mon�dec)

LÔsh:

m

m m

x

y

a

a

a

C

A B

D

60o 60o

60o

D’

B’ A’

Sq ma 4:

(a)

To shmeÐo C eÐnai to kèntro b�rouc tou trig¸nou (to shmeÐo pou tèmnontai oi di�mesoi tou trig¸nou), �ra ja isqÔei
apì thn EuklÐdeia gewmetrÐa: (CD) = (2/3)(DD′) kai (DD′) = a sin 60o, epomènwc:
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(CD) =
2
3
a sin 60o ⇒ (CD) =

2
3
a

√
3

2
=

a√
3

Lìgw summetrÐac, omoÐwc ja isqÔei:

(CD) = (CA) = (CB) =
a√
3

H rop  adraneÐac wc proc ton �xona pou pern� apì to shmeÐo C, eÐnai:

Iz = 3m(CD)2 = 3m
a2

3
= ma2

(b)

H rop  adraneÐac wc proc ton �xona twn y ja eÐnai:

Iy = m
(a

2

)2
+ m

(a

2

)2
=

ma2

2

(g)

Apì to je¸rhma twn kajètwn axìnwn ja èqoume:

Ix + Iy = Iz

⇒ Ix = Iz − Iy = ma2 − ma2

2
=

ma2

2

5
Mia koÔfia sfaÐra me eswterik  aktÐna R1 kai exwterik  R2, kul�ei proc ta k�tw, qwrÐc na olisjaÐnei,
p�nw se keklimèno epÐpedo me gwnÐa klÐshc j.
(a) Na breÐte th gwniak  kai th grammik  epit�qunsh thc sfaÐrac.
(b) Sto qamhlìtero �kro tou, to keklimèno epÐpedo sundèetai me kampÔlh epif�neia, pou telik�
katal gei se èna orizìntio epÐpedo. Me poia taqÔthta ja kineÐtai to s¸ma sto telikì orizìntio
epÐpedo, an xekin�ei apì thn hremÐa, kai to kèntro tou brÐsketai se Ôyoc h p�nw apì to telikì
orizìntio epÐpedo? (Na qrhsimopoi sete thn arq  diat rhshc thc enèrgeiac).

(10 mon�dec)

LÔsh:

(a)

H rop  adraneÐac thc koÔfiac sfaÐrac mporeÐ na brejeÐ afoÔ jewr soume dÔo sfaÐrec Ðdiac puknìthtac m�zac me
aktÐnec R2 kai R1. BrÐskontac tic ropèc adraneÐac twn duo aut¸n sfair¸n, h diafor� touc ja eÐnai h zhtoÔmenh
rop  adraneÐac.
GnwrÐzoume ìti h rop  adraneÐac miac sfaÐrac aktÐnac r me puknìthta m�zac ρ eÐnai:
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h

R2

R1

R2

R1

Sq ma 5:

Is =
2
5
r2(M�za) =

2
5
r2ρ('Ogkoc) =

2
5
r2ρ

4
3
πr3

H zhtoÔmenh rop  adraneÐac, I eÐnai:

I =
2
5
R2

2ρ
4
3
πR3

2 −
2
5
R2

1ρ
4
3
πR3

1

⇒ I =
2
5

4
3
πρ(R5

2 −R5
1)

H m�za thc koÔfiac sfaÐrac mporeÐ na ekfrasteÐ apì thn puknìthta thc m�zac, kai eÐnai:

M = ρ('Ogkoc) = ρ
4
3
π(R3

2 −R3
1)

⇒ ρ
4
3
π =

M

(R3
2 −R3

1)

epomènwc h rop  adraneÐac, I eÐnai:

I =
2
5
M

(R5
2 −R5

1)
(R3

2 −R3
1)

H grammik  epit�qunsh brÐsketai efarmìzontac thn arq  diat rhshc thc enèrgeiac :
Se mia tuqaÐa jèsh y h olik  enèrgeia tou s¸matoc isoÔtai me to �jroisma thc kinhtik c (exaitÐac thc metaforik c

kai thc peristrofik c kÐnhshc) kai thc dunamik c enèrgeiac.

E =
1
2
Mv2 +

1
2
Iω2 + Mgy =

1
2
M(1 +

I

MR2
2

)v2 + Mgy

H olik  enèrgeia tou s¸matoc paramènei stajer , epomènwc dE/dt = 0, �ra

dE

dt
= M(1 +

I

MR2
2

)v
dv

dt
+ Mg

dy

dt
= 0
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⇒ (1 +
I

MR2
2

)vα = −g
dy

dt

⇒ (1 +
I

MR2
2

)vα = gv sin θ

⇒ a =
g sin θ

1 + I
MR2

2

=
g sin θ

1 + 2
5

M(R5
2−R5

1)

MR2
2(R3

2−R3
1)

⇒ a =
g sin θ

1 + R5
2(1−R5

1/R5
2)

R5
2(1−R3

1/R3
2)

=
g sin θ

1 + 2
5

(1−(R1/R2)5)
(1−(R1/R2)3)

kai h gwniak  epit�qunsh α eÐnai:

v = R2ω

⇒ dv

dt
= R2

dω

dt

⇒ a = R2α

⇒ α =
a

R2
=

1
R2

g sin θ

1 + 2
5

(1−(R1/R2)5)
(1−(R1/R2)3)

(b)

Se Ôyoc h h kinhtik  enèrgeia eÐnai Ki = 0 kai h dunamik  Ui = Mgh. Sto orizìntio epÐpedo to kèntro m�zac
brÐsketai se Ôyoc R2, epomènwc h dunamik  enèrgeia ja eÐnai Uf = MgR2 kai h kinhtik  enèrgeia ja ofeÐletai sth
metaforik  kÐnhsh sun thn peristrofik  kÐnhsh:

Kf =
1
2
Mv2 +

1
2
Iω2 =

1
2
Mv2 +

1
2
I

v2

R2
2

Apì to je¸rhma thc mhqanik c enèrgeiac ja èqoume:

Ki + Ui = Kf + Uf

⇒ Mgh = MgR2 +
1
2
Mv2

(
1 +

I

MR2
2

)

⇒ v2 =
2g(h−R2)

1 + I/(MR2
2)

⇒ v2 =
2g(h−R2)

1 + 2
5

(1−(R1/R2)5)
(1−(R1/R2)3)

7



6

Qrhsimopoi¸ntac thn arq  ìti oi ropèc adr�neiac mporoÔn na prostejoÔn, na upologÐsete th rop 
adr�neiac wc proc ton kentrikì �xona tou kulindrikoÔ s¸matoc tou opoÐou h diatom  faÐnetai sto
sq ma (6). H m�za tou s¸matoc eÐnai M, h aktÐna tou a, h aktÐna kajenìc apì ta tèssera kulindrik�
ken� eÐnai a/3 kai o �xonac k�je kenoÔ brÐsketai se apìstash a/2 apì ton kentrikì �xona.

(10 mon�dec)

Sq ma 6:

LÔsh:

H rop  adraneÐac enìc stereoÔ kulÐndrou puknìthtac ρ kai aktÐnac a/3 gÔrw apì ton �xona summetrÐac (�xonac pou
pern� apì to kèntro tou) eÐnai:

ICM =
1
2
m′

(a

3

)2
=

1
2
ρπ

(a

3

)2
L

(a

3

)2

H rop  adraneÐac tou stereoÔ kulÐndrou puknìthtac ρ kai aktÐnac a/3 gÔrw apì ton �xona summetrÐac tou kulÐndrou
aktÐnac a eÐnai:

I ′ = ICM + m′
(a

2

)2

diìti h apìstash metaxÔ tou kèntrou tou kulÐndrou aktÐnac a kai tou kèntrou tou mikroÔ kulÐndrou aktÐnac a/3 eÐnai
a/2. Epomènwc h rop  adraneÐac eÐnai:

I ′ =
1
2
ρπ

(a

3

)2
L

(a

3

)2
+ ρπ

(a

3

)2
L

(a

2

)2

Up�rqoun 4 tètoioi mikroÐ kÔlindroi pou suneisfèroun arnhtik� sthn olik  rop  adraneÐac I ìtan afairejoÔn oi
m�zec touc:

I =
1
2
m

′′
a2 − 4I ′

ìpou m
′′
eÐnai h m�za tou kulÐndrou aktÐnac a kai m kouc L ìtan up�rqei m�za se ìlo ton ìgko:

m
′′

= ρπa2L

Epomènwc h rop  adraneÐac ja eÐnai:

I =
1
2
ρπa4L− 11

81
ρπa4L (2)

8



H m�za tou kulÐndrou, M afoÔ afairèsoume touc 4 mikroÔc kulÐndrouc aktÐnac a/3 ja eÐnai:

M = m
′′ − 4m′ = ρπa2L− 4ρπ

(a

3

)2
L =

5
9
ρπa2L

⇒ ρπa2L =
9
5
M

kai sunep¸c h olik  rop  adraneÐac tou s¸matoc eÐnai:

I =
9
5
Ma2(

1
2
− 11

81
) =

59
90

Ma2

7
H grammik  puknìthta m�zac (λ = dm/dx) miac eujÔgrammhc r�bdou pou èqei m koc L aux�netai
apì thn tim  λ0 sto èna �kro thc (A) se 2λ0 sto �llo �kro thc (B) sÔmfwna me th sqèsh λ(x) =
λ0(1+x2/L2). H r�bdoc mporeÐ na peristrèfetai qwrÐc tribèc gÔrw apì �xona pou pern� apì to kèntro
thc, O, kai eÐnai k�jetoc se aut n.
(a) UpologÐste to kèntro m�zac thc r�bdou.
(b) UpologÐste th rop  adraneÐac thc r�bdou wc proc ton �xona pou pern� apì to kèntro thc.

(10 mon�dec)

A

B

L/2

Sq ma 7:

LÔsh:

(a)

To kèntro b�rouc thc r�bdou dÐnetai apì th sqèsh :

xcm =

∫ L
0 xdm∫ L
0 dm

.

9



Gia to olokl rwma tou arijmht  èqoume :

∫ L

0
xdm =

∫ L

0
xλ0

(
1 +

x2

L2

)
dx = λ0

3L2

4
.

Gia to olokl rwma tou paronomast  èqoume :

M =
∫ L

0
dm =

∫ L

0
λ0

(
1 +

x2

L2

)
dx = λ0

4L

3

⇒ xcm =
λ0

3L2

4

λ0
4L
3

=
9
16

L.

(b)

H rop  adraneÐac thc r�bdou wc proc to �kro thc me th mikrìterh puknìthta eÐnai :

I =
∫ L

0
x2dm =

∫ L

0
x2λ0

(
1 +

x2

L2

)
dx =

8λ0L
3

15
.

Ja qrhsimopoi soume ton kanìna twn parall lwn axìnwn (Steiner) ¸ste na broÔme th rop  adraneÐac wc proc to
kèntro m�zac.

I = Icm + Mx2
cm

⇒ Icm =
8λ0L

3

15
− 4λ0L

3

(
9L

16

)2

=
107λ0L

3

960
.

Ja qrhsimopoi soume p�li ton kanìna twn parall lwn axìnwn (kanìnac tou Steiner) ¸ste na broÔme th rop 
adraneÐac wc proc to kèntro peristrof c O.

Io = Icm + MR2,

ìpou R eÐnai h apìstash tou shmeÐou peristrof c apì to kèntro m�zac thc r�bdou

R =
9L

16
− L

2
=

L

16
.

'Ara gia to Io èqoume :

Io =
107λ0L

3

960
+

4λ0L

3

(
L

16

)2

=
56λ0L

3

480
.
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R

R/2O

Σ

P
x/2

K

x

R-x

µ

Sq ma 8:

8
'Enac kulindrikìc dÐskoc me m�za m kai aktÐna R brÐsketai p�nw se leÐo orizìntio epÐpedo. 'Ena mikrì
bl ma me m�za µ, poÔ kineÐtai orizìntia me taqÔthta v, ktup� to dÐsko sth dieÔjunsh miac eujeÐac
poÔ apèqei apì to kèntro R/2. Na brejeÐ ti kÐnhsh ja k�nei ì dÐskoc an   sfaÐra stamat sei sto
shmeÐo S. DÐnetai I = mR2/2.

(14 mon�dec)

LÔsh:

Apì thn arq  diat rhshc thc orm c èqoume:

µ~v = ~vk(m + µ) ⇒ ~vk =
µ

m + µ
~v (3)

'Ara to kèntro m�zac met� thn kroÔsh apokt� metaforik  kÐnhsh me taqÔthta ~vk thc Ðdiac dieÔjunshc me th ~v. H
jèsh tou kèntrou m�zac K brÐsketai p�nw sthn aktÐna OΣ kai isqÔei:

x =
mR

m + µ
kai R− x =

µR

m + µ
(4)

Apì thn arq  diat rhshc thc stroform c èqoume:

x

2
µv = Ikω (5)

ìpou Ik eÐnai h rop  adraneÐac tou sust matoc dÐskoc - sfaÐra sqetik� me katakìrufo �xona pou pern� apì to K.
'Ara:

Ik = I0 + m(R− x)2 + µx2 (6)

ìpou I0 eÐnai h rop  adraneÐac tou dÐskou sqetik� me �xona pou pern� apì to kèntro tou.
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(6)⇒ Ik =
1
2
mR2 + m(R− x)2 + µx2 =

3
2
mR2 + (m + µ)x2 − 2mRx (7)

qrhsimopoi¸ntac to x apì thn (4) èqoume:

Ik =
3
2
mR2 + (m + µ)

m2R2

(m + µ)2
− 2mR

mR

m + µ
=

3mµR2 + m2R2

2(m + µ)
(8)

kai h (5) gÐnetai:

mR

2(m + µ)
µv =

3mµR2 + m2R2

2(m + µ)
ω

⇒ ω =
vµ

R(m + 3µ)
(9)

'Ara blèpoume ìti ektìc apì th metaforik  kÐnhsh o dÐskoc ekteleÐ kai peristrofik  kÐnhsh.

9
'Enac troqìc apoteleÐtai apì duo omìkentrouc dÐskouc me aktÐnec R = 0, 5 m kai r = 0, 3 m ìpwc
faÐnetai sto sq ma. O mikrìteroc dÐskoc èqei m�za mr = 0, 2 Kg kai o megalÔteroc mR = 10 kg. GÔrw
apì to mikrìtero dÐsko eÐnai tuligmèno sqoinÐ m kouc L = 10 m amelhtèou b�rouc kai sth mia �krh
tou eÐnai sundedemènh mia m�za m = 0, 1 kg. Th qronik  stigm  t = 0 h m�za m af netai eleÔjerh kai
pèftei xetilÔgwntac to sqoinÐ.
(a) Poia eÐnai h t�sh pou anaptÔssetai sto sqoinÐ en¸ xetulÐgetai.
(b) UpologÐste thn gwniak  epit�qunsh α(t), thn gwniak  taqÔthta ω(t) twn dÐskwn kai th jèsh s(t)
thc m�zac wc sun�rthsh tou qrìnou t.
(g) Poia eÐnai h gwniak  taqÔthta th stigm  pou èqei xetuliqteÐ ìlo to sqoinÐ.

(12 mon�dec)

m �t=0

m �t>0

s(t)

r
R

LÔsh:
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(a)

To s¸ma kineÐtai proc ta k�tw upì thn epÐdrash tou b�rouc tou, mg, en¸ sto sqoinÐ anaptÔssetai mÐa t�sh T proc
ta p�nw. To sÔsthma twn dÔo troq¸n èqei rop  adraneÐac I

I =
1
2
mrr

2 +
1
2
mRR2 = 1, 259 kgm2. (10)

H rop  tou sust matoc eÐnai:

Tr = I
dω

dt
= Iα(t). (11)

H taqÔthta metatìpishc kai h epit�qunsh thc m�zac m eÐnai

ds

dt
= ωr

d2s

dt2
= α(t)r, (12)

antÐstoiqa. EpÐshc apì to deÔtero nìmo tou Newton èqoume:

m
d2s

dt2
= mg − T (13)

Apì tic sqèseic (11,12,13) èqoume:

mg − T =
T

I
mr2

⇒ T =
mg

1 + mr2

I

= 0, 992 N.

(b)

Antikajist¸ntac sthn (11) èqoume:

α(t) =
dω

dt
=

Tr

I
= 0, 236 s−2,

oloklhr¸nontac

⇒ ω(t) = 0, 236t s−1. (14)

Apì thn (12) èqoume:

ds

dt
= (0, 236t)0, 3 = 0, 0708 t,

kai oloklhr¸nontac

s(t) =
0, 0708

2
t2 = 0, 0354t2. (15)

(g)

Apì thn (15) gia to sunolikì m koc tou sqoinioÔ brÐskoume to sunolikì qrìno pou ja qreiasteÐ gia na xetuliqteÐ

13



ttot =
√

10
0, 0354

= 16, 807 s,

kai antikajist¸ntac sth sqèsh (14) brÐskoume th gwniak  taqÔthta:

ω(ttot) = 3, 966 s−1.

10
Mia sumpag c mp�la aktÐnac R kul� me taqÔthta v se mia epÐpedh epif�neia kai sugkroÔetai mh
elastik� me èna skalop�ti Ôyouc h < R, ìpwc faÐnetai sto sq ma. BreÐte, wc sun�rthsh twn R kai
h, thn el�qisth taqÔthta ¸ste h mp�la na anèbei to skalop�ti. JewreÐste ìti kat� th sÔgkroush h
mp�la den glistr�. H rop  adraneÐac thc mp�lac wc proc �xona pou pern� apì to kèntro thc eÐnai
I = 2/5MR2.

(12 mon�dec)

�

�

LÔsh:

'Estw ìti akrib¸c prin apì th sÔgkroush h gwniak  taqÔthta thc mp�lac wc proc to kèntro thc m�zac thc eÐnai ω
kai h stroform  thc wc proc to shmeÐo prìskroushc eÐnai L. Ac jewr soume ìti ta antÐstoiqa megèjh amèswc met�
thn sÔgkroush me to skalop�ti eÐnai ω′ kai L′. Tìte èqoume

L = mv(R− h) +
2
5
mR2ω,

Epeid  ìmwc h mp�la kul� qwrÐc na olisjaÐnei èqoume v = ωR opìte h parap�nw sqèsh gÐnetai:

L =
7
5
mR2v −mvh.

Kat� thn sÔgkroush jewroÔme ìti to kèntro m�zac thc sfaÐrac eÐnai stigmiaÐa akÐnhto. 'Ara

L′ =
(

2
5
mR2 + mR2

)
ω′ =

7
5
mR2ω′.

Lìgw diat rhshc thc stroform c èqoume

7
5
mR2ω′ =

7
5
mR2v −mvh
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⇒ ω′ =
(

1− 5h

7R2

)
v. (16)

Gia na mporèsei h mp�la na anèbei to skalop�ti prèpei na na èqei arket  kinhtik  enèrgeia ¸ste na thn metatrèyei
sthn dunamik  enèrgeia pou ja èqei p�nw sto skalop�ti. 'Ara:

1
2
I ′ω′2 = mgh, (17)

ìpou I ′ eÐnai h rop  adraneÐac thc mp�lac wc proc èna orizìntio �xona pou pern� apì to shmeÐo kroÔshc,

I ′ =
2
5
mR2 + mR2 =

7
5
mR2. (18)

Antikajist¸ntac tic (16) kai (18) sthn (17) èqoume:

7
10

mR2

(
1− 5h

7R2

)2

v2 = mgh

⇒ v =
R
√

70gh

7R2 − 5h
.
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