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'Ena s¸ma m�zac 0,50 kg wjeÐtai sumpièzontac èna orizìntio elat rio amelhtèac m�zac kat� mÐa
apìstash 0,20 m. 'Otan afejeÐ eleÔjero to s¸ma, kineÐtai kat� m koc thc orizìntiac epif�neiac
enìc trapezioÔ kalÔptontac apìstash 1,00 m prin akinhtopoihjeÐ. H stajer� elathrÐou k, eÐnai 100
N/m. Pìsoc eÐnai o suntelest c kinhtik c trib c µk metaxÔ tou s¸matoc kai tou trapezioÔ?

LÔsh:
Sthn arqik  kat�stash to s¸ma brÐsketai se hremÐa kai epomènwc h kinhtik  energeÐa tou eÐnai mhdèn: K1 = 0

en¸ h dunamik  enèrgeia ofeÐletai sto elat rio ja eÐnai:

U1 =
1
2
kx2 =

1
2
× 100(N/m)× (0, 20m)2 = 2J

Sthn telik  kat�stash to s¸ma hremeÐ kai p�li, sunep¸c h kinhtik  enèrgeia tou eÐnai mhdèn: K2 = 0 kai h dunamik 
enèrgeia h ofeilìmenh sto elat rio eÐnai mhdèn U2 = 0 miac kai to elat rio èqei d¸sei ìlh thn enèrgeia tou kat�
thn di�rkeia thc epaf c tou me to s¸ma.

To èrgo thc trib c p�nw sto s¸ma afoÔ dianÔsei mia apìstash s ja eÐnai:

W = ~T · ~s = µkmg cos φs = −µkmgs

ìpou h dÔnamh thc trib c T ekfr�zetai apì thn sqèsh T = µkmg. To φ = 180o eÐnai h gwnÐa metaxÔ tou dianÔsmatoc
thc metatìpishc kai thc dÔnamhc thc trib c (H dÔnamh thc trib c eÐnai antÐjeth thc metatìpishc).

H diat rhsh thc enèrgeiac ja mac d¸sei:

K1 + U1 + W = K2 + U2 ⇒ W = −U1 ⇒ µk =
U1

mgs
⇒

µk = 0, 408
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'Otan puroboloÔme m' èna ìplo ìtan to krat�me makri� apì ton ¸mo mac lème ìti "klwts�ei� (kineÐtai
proc ta pÐsw) perissìtero apì ìtan to krat�me se epaf  me ton ¸mo mac. Exhg ste to fainìmeno.

LÔsh:
'Estw mg h m�za tou ìplou, mb h m�za thc sfaÐrac kai mh h m�za mac. Ac jewr soume tic dÔo peript¸seic

ìpwc faÐnontai sto sq ma. Sthn perÐptwsh (a): arqik� to ìplo kai h sfaÐra isorropoÔn (taqÔthta mhdèn), �ra h
olik  orm  tou sust matoc eÐnai mhdèn. Met� thn ekpursokrìthsh h sfaÐra kineÐtai me vb kai èqei orm  mbvb. To

ghhg )vm(m +

bbvm

bbvm

ggvm
(α)

(β)

ìplo ja kinhjeÐ sthn antÐjeth for� me taqÔthta vg kai ja èqei orm  mgvg. Apì thn arq  diat rhshc thc orm c
èqoume

mbvb = mgvg ⇒ vg =
mbvb

mg

Sthn deÔterh perÐptwsh h sunolik  m�za pou ja kinhjeÐ den eÐnai mìno h m�za tou ìplou all� h m�za thn dik 
mac sun thn m�za tou ìplou (mg + mh). P�li apì thn arq  diat rhshc thc orm c èqoume:

mbvb = (mg + mh)vgh ⇒ vgh =
mbvb

mg + mh

ìpou vgh eÐnai h taqÔthta pou ja kinhjeÐ to sÔsthma ìplou-anjr¸pou. EÐnai profanèc ìti vgh < vg kai gi' autì
parathroÔme ìti ìtan puroboloÔme m' èna ìplo ìtan to krat�me makri� apì ton ¸mo mac lème ìti "klwts�ei� (ktup�ei
proc ta pÐsw) perissìtero apì ìtan to krat�me se epaf  me ton ¸mo mac.

3

P�nw se mia leÐa orizìntia epif�neia, h m�za A (3,00 kg) kineÐtai proc th m�za B (5,00 kg), h opoÐa
eÐnai arqik� akÐnhth. Met� th sÔgkroush, h m�za A èqei taqÔthta 1,20 m/s proc t' arister� kai h
B 6,50 m/s proc ta dexi�. a) Poia  tan h taqÔthta thc A arqik�? b) UpologÐste th metabol  sthn
olik  kinhtik  enèrgeia tou sust matoc pou sumbaÐnei kat� th sÔgkroush.

LÔsh:
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a)
H telik  orm  tou sust matoc ja eÐnai jetik  proc ta dexi� kai ja eÐnai:

P = (3Kg)(−1, 2m/s) + (5Kg)(6, 5m/s) = 28, 9Kgm/s

To B s¸ma eÐnai se hremÐa prin apì thn kroÔsh, epomènwc apì thn diat rhsh thc orm c gia thn arqik  taqÔthta
tou A s¸matoc ja eÐnai:

mAvA1 = P ⇒ vA1 =
P

mA
= 9, 633m/s

ìpou o deÐkth 1 kai 2, anafèretai sthn arqik  kai telik  kat�stash twn duo swmatidÐwn antistoÐqwc.
b)
H metabol  thc kinhtik c enèrgeiac eÐnai:

∆K = K2 −K1 =
1
2
mAv2

A2 +
1
2
mBv2

B2 −
1
2
mAv2

A1 = −31, 4J.

ìpou vA2 = −1, 2m/s, vB2 = 6, 5m/s kai vA1 = 9, 633m/s.

4

'Ena s¸ma m�zac m1 kineÐtai ston �xona x me taqÔthta ~v1, sugkroÔetai me akÐnhto s¸ma tou opoÐou
h m�za m2 den eÐnai gnwst . Met� thn kroÔsh, to s¸ma pou èqei m�za m1 parekklÐnei apì thn
poreÐa tou proc ta ep�nw kat� 30o, en¸ to deÔtero s¸ma kineÐtai upì gwnÐa 30o k�tw �pì ton �xona
x, ìpwc deÐqnei to sq ma. H kroÔsh eÐnai elastik .

(a) Na breÐte th m�za m2 sunart sei thc m1 kaj¸c kai tic telikèc taqÔthtec ~v′1, ~v′2.
(b) Na breÐte tic taqÔthtec twn duo swmatidÐwn prin kai met� thn kroÔsh sto sÔsthma anafor�c

kèntrou m�zac.

1 2

1

2

1

1

30o

30o

LÔsh:
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(a)
Apì thn arq  diat rhshc thc orm c èqoume :
ston �xona twn x:

m1v1 = m1v
′
1 cos 30o + m2v

′
2 cos 30o ⇒ m1v1 =

√
3

2
(m1v

′
1 + m2v

′
2) (1)

ston �xona twn y:

0 = m1v
′
1 sin 30o −m2v

′
2 sin 30o ⇒ m1v

′
1

2
=

m2v
′
2

2
⇒ v′2 =

m1

m2
v′1 (2)

Qrhsimopoi¸ntac thn (2) apì thn (1) brÐskoume:

m1v1 =
√

3m1v
′
1 ⇒ v′1 =

v1√
3

(3)

Apì thn diat rhsh thc kinhtik c enèrgeiac èqoume:

1
2
m1v

2
1 =

1
2
m1v

′2
1 +

1
2
m2v

′2
2 (4)

Qrhsimopoi¸ntac thn (3) apì thn (4) brÐskoume:

m1v
2
1 =

m1v
2
1

3
+ m2

m12

m2
2

v2
1

3
⇒ m2 =

m1

2
(5)

Antikajist¸ntac sthn (2) brÐskoume :

v′2 = 2v′1 =
2√
3
v1 (6)

Sunep¸c èqoume:

~v′1 =
v1√
3
(
√

3
2

x̂ +
1
2
ŷ) (7)

~v′2 =
2v1√

3
(
√

3
2

x̂− 1
2
ŷ) (8)
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(b)
Apì thn arq  diat rhshc thc orm c mporoÔme na broÔme thn taqÔthta tou kèntrou m�zac tou sust matoc.

m1 ~v1 + 0 = (m1 + m2)~vKM ⇒ ~vKM =
m1

m1 + m2
~v1

(5)⇒ ~vKM =
2
3

~v1 (9)

Sto sÔsthma anafor�c tou kèntrou m�zac tou sust matoc èqoume:

prin thn kroÔsh :

{
~u1 = ~v1 − ~vKM = ~v1 − 2

3 ~v1 = v1
3 x̂

~u2 = ~v2 − ~vKM = 0− 2
3 ~v1 = −2v1

3 x̂
(10)

met� thn kroÔsh :

{
~u′1 = ~v′1 − ~vKM = (v1

2 x̂ + v1

2
√

3
ŷ)− 2

3v1x̂ = −v1
6 x̂ + v1

2
√

3
ŷ

~u′2 = ~v′2 − ~vKM = (v1x̂− v1√
3
ŷ)− 2v1

3 x̂ = v1
3 x̂− v1√

3
ŷ

(11)

Gia na broÔme thn gwnÐa metaxÔ twn taqut twn met� thn kroÔsh paÐrnoume to eswterikì ginìmeno twn dianu-
sm�twn :

~u′1 · ~u′2 = u′1xu′2x + u′1yu
′
2y = | ~u′1|| ~u′2| cos ( ~u′1,

~u′2) (12)

Antikajist¸ntac brÐskoume ìti :

cos ( ~u′1,
~u′2)0 = −1 ⇒ ~u′2 //− ~u′1 (13)

H gwnÐa sto kèntro m�zac eÐnai:

tanφ =
u′2y

u′2x

= −
√

3 ⇒ φ = −60o (14)

5

Mia krotÐda ekr gnutai mèsa se mÐa karÔda pou sp�ei se 3 komm�tia ìpwc faÐnetai sto sq ma.
Aut� ta komm�tia kinoÔntai qwrÐc trib  p�nw se mÐa epif�neia. To komm�ti C èqei m�za mC = 0.3M
kai taqÔthta vC = 5m/s. To komm�ti B èqei m�za mB = 0.2M . UpologÐste thn taqÔthta twn
tmhm�twn A kai B.

LÔsh:
JewroÔme to sÔsthma suntetagmènwn ètsi ¸ste h kateÔjunsh tou kommatioÔ A na eÐnai kat� thn arnhtik  for�

tou �xona twn x. Oi suntetagmènec twn orm¸n twn tri¸n kommati¸n ston �xona twn y eÐnai :

py
A = 0 (15)

py
B = −0.2Mvy

B = −0.2MvB sin 50o (16)

py
C = 0.3Mvy

C = 0.3MvC sin 80o (17)
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'Otan h karÔda  tan se akinhsÐa eÐqame:
py

A + py
B + py

C = 0 (18)

Qrhsimopoi¸ntac ìti vC = 5m/s brÐskoume:
vB = 9.64m/s (19)

Oi suntetagmènec twn orm¸n twn tri¸n kommati¸n ston �xona twn x eÐnai :

px
A = −0.5MvA (20)

px
B = −0.2Mvx

B = −0.2MvB cos 50o (21)

px
C = 0.3Mvx

C = 0.3MvC cos 80o (22)

'Otan h karÔda  tan se akinhsÐa eÐqame:
px

A + px
B + px

C = 0 (23)

Antikajist¸ntac thn vC kai vB brÐskoume:
vA = 3m/s (24)

6

H taqÔthta diafug c enìc swmatidÐou, vδ apì thn epif�neia thc Ghc eÐnai h el�qisth taqÔthta pou
qrei�zetai na èqei to swmatÐdio gia na diafÔgei apì to baruntikì pedÐo thc Ghc. ParaleÐyete thn
antÐstash tou aèra.

DeÐxte ìti h taqÔthta diafug c eÐnai: vδ = 11.2Km/sec.
LÔsh:
H olik  enèrgeia tou m�zac, m sthn epif�neia thc Ghc, eÐnai:

E1 = T1 + V1 =
1
2
mv2

1 −G
Mm

R

ìpou G eÐnai h stajer� thc barÔthtac, kai M,R eÐnai h m�za kai h aktÐna thc Ghc antÐstoiqa. H olik  enèrgeia
tou m�zac, m se èna tuqaÐo shmeÐo sto q¸ro se apìstash r2 apì to kèntro thc Ghc, eÐnai:
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E2 = T2 + V2 =
1
2
mv2

2 −G
Mm

r2

H taqÔthta diafug c v1 = vδ sthn epif�neia thc Ghc antistoiqeÐ sthn kat�stash ìpou h taqÔthta v2 = 0 kai h
antÐstoiqh jèsh tou swmatidÐou ja eÐnai sto �peiro, r2 = ∞.

Lìgw diat rhshc thc enèrgeiac, èqoume:

vδ =
√

2GM/R =
√

2gR

ìpou g = 9, 81m/s2 eÐnai h epit�qunsh thc barÔthtac kai GM = gR2 pou prokÔptei apì thn isorropÐa dun�mewn
enìc s¸matoc m�zac m sthn epif�neia thc ghc (dÔnamh b�rouc = dÔnamh Newton):

mg = G
Mm

R2
⇒ GM = gR2

H aktÐna thc Ghc eÐnai R = 6400Km, epomènwc h taqÔthta diafug c eÐnai:

vδ = 11, 2Km/s

7

BreÐte to èrgo thc dÔnamhc ~F = −k~r gia thn metakÐnhsh swmatidÐou apì thn jèsh ~r0 sth jèsh ~r1.

LÔsh:

To èrgo, W (~r0 → ~r1) gia thn metakÐnhsh swmatidÐou apì thn jèsh ~r0 sth jèsh ~r1 eÐnai:

W (~r0 → ~r1) =
∫ ~r1

~r0

~F · d~r = −k

∫ ~r1

~r0

~r · d~r

all� ~r · d~r = rdr = (1/2)dr2, �ra to èrgo mporeÐ na ekfrasteÐ wc:

W (~r0 → ~r1) = −1
2
k

∫ r1

r0

d(r2) = −1
2
k(r2

1 − r2
0).
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Bl ma ektoxeÔetai me taqÔthta v0 pou k�nei gwnÐa φ me thn orizìntia. H kÐnhsh gÐnetai kont� sthn
epif�neia thc Ghc: jewr ste thn epit�qunsh thc barÔthtac g stajer�. BreÐte, k�nontac efarmog 
thc arq c thc diat rhshc thc enèrgeiac, thn katakìrufo sunist¸sa thc taqÔthtac ìtan to bl ma
eurÐsketai sto misì tou megÐstou Ôyouc thc troqi�c tou

LÔsh:
'Otan to swmatÐdio brÐsketai sto misì tou megÐstou Ôyouc tou (h/2), h olik  enèrgeia tou eÐnai to �jroisma thc

kinhtik c, T = (1/2)mv2 = (1/2)m(v2
x + v2

y) kai dunamik c, U = mgh/2:

E(
h

2
) =

1
2
m(v2

x + v2
y) + mg

h

2

ìpou h sunist¸sa vx thc taqÔthtac tou swmatidÐou eÐnai Ðsh me thn x-sunist¸sa thc arqik  taqÔthta, vx = v0 cos φ
(den up�rqei dÔnamh kat� thn dieÔjunsh tou �xona x). To vy eÐnai h y−sunist¸sa thc taqÔthtac sto h/2.

H olik  enèrgeia tou swmatidÐou sto mègisto Ôyoc, h ja eÐnai:

E(h) =
1
2
mv2

x + mgh

diìti h sunist¸sa thc taqÔthtac sto �xona tou y eÐnai mhdèn.
Lìgw thc diat rhshc thc enèrgeiac ja èqoume:

E(
h

2
) = E(h) ⇒

vy = (gh)1/2

ìpou to mègisto Ôyoc sto prìblhma thc bol c eÐnai:

h =
v2
0 sin2 φ

2g

'Ara h vy sto misì tou megÐstou Ôyouc thc troqi�c ja eÐnai:

vy =
v0 sinφ√

2

9

Gia na upologÐsoume thn taqÔthta enìc bl matoc (m1 = 12g), to puroboloÔme se èna kremasmèno
koutÐ me �mmo (m2 = 20kg), l = 1m pou mporeÐ na talant¸netai. ExaitÐac tou purobolismoÔ to
koutÐ metakineÐtai kat� mÐa gwnÐa α = 10o.

a) Pìsh eÐnai h kinhtik  enèrgeia met� thn bol  san sun�rthsh thc arqik c kinhtik c enèrgeiac?

8
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b) Poia eÐnai h taqÔthta thc sfaÐrac?

LÔsh:
a)
Prin thn kroÔsh èqoume :

Eprin
kin =

m1v
2

2
, pprinkin = m1v (25)

Met� thn kroÔsh èqoume :

Emeta
kin =

(m1 + m2)u2

2
, pmetakin = (m1 + m2)u (26)

Apì thn diat rhsh thc orm c brÐskoume:

u =
m1

m1 + m2
v (27)

Antikajist¸ntac sthn èkfrash thc kinhtik c enèrgeiac èqoume:

Emeta
kin =

(m1 + m2)
2

(
m1v

m1 + m2

)2

=
m1v

2

2
× m1

m1 + m2
= Eprin

kin × 6× 10−4 (28)

Blèpoume ìti mìno èna polÔ mikrì thc kinhtik c enèrgeiac tou bl matoc metafèretai sto koutÐ san kinhtik 
enèrgeia. To upìloipo metatrèpetai se jermik  enèrgeia.

b)
Met� to ktÔphma apì to bl ma to koutÐ ja anèbei èna Ôyoc

h = l(1− cos α) = 0.0152m

Apì thn diat rhsh thc enèrgeiac èqoume:

Emeta
kin = Edun ⇒ (m1 + m2)u2

2
= mgh ⇒ u =

√
2gh (29)

Qrhsimopoi¸ntac thn (27) brÐskoume thn zhtoÔmenh taqÔthta tou bl matoc:

v =
m1 + m2

m1

√
2gh =

m1 + m2

m1

√
2gl(1− cos α) = 910.7m/s
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Treic elastikèc sfaÐrec twn opoÐwn oi m�zec èqoun analogÐa 1 : 1
2 : 1

4 eÐnai kremasmènec ¸ste na
ef�ptontai metaxÔ touc ìpwc faÐnetai sto sq ma. ApomakrÔnoume thn mÐa sfaÐra kai thn af noume
eleÔjerh ¸ste ktup� tic �llec dÔo sfaÐrec me mÐa taqÔthta v1. Gia poia taqÔthta petuqaÐnoume
thn apom�krunsh thc teleutaÐac sfaÐrac?

m3m
m

1

2

3v

LÔsh:
H pr¸th sfaÐra afoÔ ktup sei thn deÔterh sfaÐra ja kinhjeÐ me taqÔthta u1 en¸ h deÔterh ja kinhjeÐ me

taqÔthta u2. Apì thn diat rhsh thc orm c èqoume:

m1v1 = m1u1 + m2u2 (30)

Apì thn diat rhsh thc enèrgeiac èqoume:

m1v
2
1

2
=

m1u
2
1

2
+

m2u
2
2

2
(31)

Apì tic (30) kai (31) brÐskoume:

u1 =
m1 −m2

m1 + m2
v1, u2 =

2m1

m1 + m2
v1 (32)

antikajist¸ntac to dedomèno ìti m1 = 2m2 brÐskoume:

u2 =
4v1

3
(33)

Sthn sunèqeia up�rqei h kroÔsh me thn trÐth sfaÐra. OmoÐwc ìpwc me thn deÔterh sfaÐra brÐskoume :

v3 =
2m2

m2 + m3
u2 (34)

Qrhsimopoi¸ntac to dedomèno m2 = 2m3 kai en suneqeÐa thn (33) brÐskoume:

v3 =
2m2

m2 + m2
2

u2 =
4u2

3
=

16v1

9
(35)
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Skièr xekin�ei apì ton lìfo H kai kateujÔnetai proc ton lìfo K o opoÐoc perigr�fetai apì èna
kÔklo aktÐnac R.

a) UpologÐste thn taqÔthta v(θ) tou skièr san sun�rthsh thc gwnÐac θ.

b) Se poia gwnÐa egkataleÐpei o skièr thn pÐsta?

g) Pìso meg�lo prèpei na eÐnai toul�qisto to Ôyoc h0 ¸ste o skièr na egkataleÐyei thn pÐsta
gia θ = 0o?

d) Pìso meg�lo prèpei na eÐnai toul�qisto to Ôyoc h0 ¸ste o skièr na ft�sei mèqri to pio yhlì
shmeÐo thc koruf c? Ti mporeÐte na peÐte gia ta pijan� shmeÐa θ pou egkataleÐpei o skièr thn
pÐsta?

h0

H

K

R
θ

LÔsh:
(a)
'Estw ìti o skièr brÐsketai p�nw ston lìfo kai brÐsketai se èna Ôyoc h = R cos θ. Apì thn diat rhsh thc

enèrgeiac èqoume:

mgR cos θ +
1
2
mv(θ)2 = mgh0 (36)

apì thn 36 èqoume:

v(θ) =
√

2g(h0 −R cos θ) (37)

(b)
'Oso o skièr eÐnai p�nw ston lìfo h dÔnamh pou ton krat� p�nw sthn pÐsta eÐnai:

FN = mg cos θ − mv(θ)2

R
(38)

Thn stigm  pou egkataleÐpei thn pÐsta h dÔnamh FN mhdenÐzetai. 'Ara h 38 gÐnetai:

g cos θ =
v(θ)2

R
(39)

antikajist¸ntac thn taqÔthta apì thn sqèsh 37 èqoume:

g cos θ =
2g(h0 −R cos θ)

R
⇒ cos θ =

2h0

3R
(40)
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(g)
Gia θ = 0o ⇒ cos θ = 1 �ra apì thn 40 brÐskoume:

h0 =
3R

2
(41)

(d)
gia na ft�sei o skièr sthn koruf  ja prèpei h0 > R �ra cos θ ≥ 2/3 dhlad  ja mporoÔse na egkataleÐyei thn

pÐsta gia θ ≤ 48.2o
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