®DYE 14 AKAA. ETOZ 2007-2008
1" EPTAZIA
Huepounvia napadoong: 12 NospBpiov 2007
(OAec oL aoknoelg BabBuoloyouvral LOOTIUWE He 10 povadeg n Kabe pia)
Aoknon 1
o) Na urtoAoyLaBei n tpoPoAr] Tou §=d+ 2,[’;" - }'} TAvVw oTo Slavuoua

= (_1, _1.1 2} otav:
=(2,0,-1), f=(-1,3,2), 7 =i(d- B) + k(i-a).

g
4
o
B)Na BpeBouv oL cuvteTayUEVESG TOU SLOVUGHOTOG
5-(axf) 1(Fx7)-1+(Fxi)@ B +1d - Fx NGB
oravd=(1,-1,2), f=(-1,01), 7=(3,21)

Ta 1,7, k, elval ta povadiaia Staviopara.

I:
c-
Q

o z o A 2 , .
a) Q¢ yvwotov n ripoBolr tou & oto £ givat: § + £ drou £ to povadiaio Stdvuopa tou g, SnA.

|

L 1

o

Me Baon ta dedopéva EXOUE:

s=u+26—-y=(20-1)+2(-132) —(a-B0i-a)
=(2,0,-1) +(-2,6,4) —[(-2+0—2),0,(2 + 0+ 0]
=(2,0,—-1) +(-2,6,4) — (—4,0,2)
=24 (—2)—(—4),(0+6—10),(-1+4—-2)=(2—-2 +4,6,1)

=({4,61)
Onote
-1,-1,2 -1 -1 2 -4 i—f 2
5'52 (455, 1}'(——}: 1:4', ﬁg'l} '(—_,—_,—_) = (—_+(—_) +—_)
Y1+1+4 VB B 6 46 6
_ —4 6 2 _ a3
V& V& VB 16
B) Exoupe
IR I S B
axf=|1 -1 2
-1 0 1



i(—1)-1—-2-001+j2- (-0 —1-D+k[1-0—(-1)(-1) =
Gxf=—i—-3—k=(-1-3-1)

N A A
Bxy=|-1 0 1|=
3 2 1

=i0-1-1-2)+j1-3-(-1)- 1) +k((-1)-2-0-3)
=—2i+4f -2k =(-2,4-2)

a-f=1-(-1)+(-1)-0+2.-1=-1+2=1

- -1 0 1
BxpP)-i=|3 2 1|=(-1D0+0+1-(0-2)=0+0-2=-2
1 0 0

¥-k=(321)-(001)=0+0+1=1

(f-k)y=1-(321) =(3,21)

1 -1 2
-1 0 1
3 2 1
=—2-4—4=-10

a-(Fx7)= =10-2) +(-DB+ 1) +2(-2-10)

Onote

g = (-1,-3,-1)-(-2)+(—24-2)-1+(-10)-(3,2,1)
=(262)+(-24,-2) +(-30,-20,—10) = (—30,-10,—10)

q8 = —301—10j— 10k

Acknon 2

Av O, A, B, I elval Téoogpa onpeia tou xwpou, va deLxBel otL:
ABx AI'— OB x OI eivau kd6eto oto OA

Nuon

Apkei va Seifoupe ot (ABx AT —OB x OI) .OA=0

Ouwg

AB = OB -0A Kat ATl = Ol - OA



omnote
2B x AF— 0B x OF = (0B — 04) x (O — 04) — 0B x OF =
OB x OF — OB x 0OA— OA xOF +0A x 0OA— OB x Ol =

—0B x 0A—0A x OF = 0A x OB —0A xOI = 0A x(0B—0T')=0A xTB

Kat teAka

_— — — @ —— @ —

e —
SLOTL TO SLAVUCHA TIOU TIPOKUTITEL A0 TO €EWTEPLKO Ywvopevo JA x I'E  elval kdBeto oto

_. -
Sudvuopa 04, onote n ywvia petagd autol kot tou OA eivat 90° Kat To ECWTEPLKO TOUG

ywopevo sivat undev (cos90°=0).

Aoknon 3
A) i) Aei&te otL A. (E§>< A) glval undév yla oAa ta Staviopoata A xai B.

ii) Me TL LoouTaL To Ax (E§>< A) av ot SleuBuvoeLg Twy A xou B oxnuatifouv ywvia 6;

7 ] =+ v 1
B) Acifte 6t av a # 0 kat toxUouv oL oxéoelg:

1 - _} 1 1 1 I I I U ] ] - _}
tote [ =¥ . Av loxUeL uovo n pia amo tig 8o, tote Sev LOYVUEL TAVTOTE OTL T =¥ .




A)

i) Emeldn 10 €€wtePKO ywopevo duo Slavuopdtwy elval kaBeto oto kaBéva amd autd,

énetat 6t to Stdvuopa C = (Bx A) elvat kdOeto oto A . Téte Spwg
C-A=CAcos90° =0 &4 Ax(BxA)=0

ii)To C = (E§>< A) elval K4OeTo 0To A Kat £xeL pétpo BAsind.

Eopévwg ‘Ax (B x A)\ = A(BAsin 9)sin90° = A?Bsin 9

H ¢dopd autou tou Slavuopatog BplokeTal Pe Tov Kavova TG Se€LAG xelpog Kat ival autn
TIoU SElXVETAL OTO OX M.

B) Arto tnv (1) mpokUmTeL Ot
i 3 ¥ w123
@-(B—7¥)=0 = |dl|f—¥|coss =0 (3)

AT TNV (2) éxoupe: & X {E—'}?}= 0= |§||E—f|31’nﬁ= 04

Tuvduadlovtag, T (3) kat (4), adou a=0 ka adou f To nuitovo i To ouvnuitovo tng
ywviag 6 propet va eivat pundgv aA\d oxt kat ta §Uo TauToXpOVWE, TPOKUTITEL OTL:

|§—]?|:[]Katdpa E:]}}

Av LoYUEL povo n pia and tic dvo, £éotw n (1), Tote amod v (3) mpokUmTel OTL £xoupe dUo
ETUAOYEG:

WE=7

i cosB = 0, dnAad Q. k&Beto oto (B—ﬂ), OMOTE 0TNV MepimTwon autr, To Stdvuoua g
glval lagpopo tou Slavuopatog ¥.

Acknon 4

A) Na urtoAoylotoUv oL ivakeg A + 2B kat A — 3T, otav

1 0 2 4 -1 3 1 0 0y, . , .
A—(3 -1 {])’B_(i 0 5),1_'— 1 2 3),ortoulnpavuankoqapleuoq.

B) Na umoAoylotei o mivakag A B—T, étav:

1 -1 -1
a=(o T)he=( 3 Hr- (G
0 0 2 2

Nuon

0 =
= O
R



wa+2s=(3 % 0)+2(f 5 =G 5 9+ G

(5 :i 6+ 21)-

A3r(3 1 31)3122) (3 1 'ﬁ')_égg) (n —? —9)

Kat

1 -1 11 0
B)AB—F=({] 1)2 é 1) (1 0 1)=

2 0 o 2 2

1-0-1-1 1-1-1:0 1-1-1-1 -1 1 0
o-0+1-1 0-1+1-0 0-14+1-1)—-011 0 1|=

2-0+0-1 2-1+40-0 2-1+0-1 0 2 2z
-1 1 0 -1 1 0 0 00
1 0 1)—-{1 0 1)={0 0 0
o 2 2 o 2 2z 0 0 0

Aoknon 5

01 0
A) No urtohoyLotoUv ot tivakes A A" kot A A dtav A = (I:] 0 1).
00 0

B) Na urtoAoyLotoUv ot tivakes A A kat A' A étav A = @ _21 2)

Nuon

A) Edapuolovtag Tov Kavova TOAAATTAAGLOGOU TWV TILVAKWY, £XOULE:

0 1 0v/0 0 O 10 0
AAT=({]{]1)(1{]{])=({]1G)KOLL
0 0 0/ 1 0 00 0
0 1 0O 1 O 0 0 1
A.»i:(ﬂ{]‘l)(ﬂ{]i):(ﬂﬂﬂ).
0 0 0/ 0 O 0 0 0

B) O avdaotpodog nivakag eivat:

1 3
AT=12 -1 ondre:
0o 4

10)=



AAT—(i 2 ﬂ) é _31 _( 1-1+2-240-0  1-3+2-(-1)+0-4 )
A3 -1 4 0 4 A3l +(-1)-2+4-0 3-34+(—1)-(-1)+4-4
=(3 26
ML 26
1 3
1 2 0
ATA:(: —1)( )
0 4 3 1 4
1-1+3-3 1.243-(—-1) 1-0+3.4
=12-14(-1)-3 2-24+(-1)-(—-1) 2-0+(-1)-4
0-1+4-3 0-24+4-(—1) 0-0+4-4
0 -1 12
={-1 5 —4|
12 —4 1k
Acknon 6
A) Noa urtoloyloeTe TLG TIHEG TOU £, yLa TIG omoleg undeviletal n opilouoa Tou mivaka
k k)
4 2k5

B) Na umoAoyioete TiG opilouoeg Twv akoAoUBwWV TIVAKWY

1 2 3 2 0 1 2 0 1 1 0 0 a—b a
¢+ 2 342 =33 2 =3[z 2 —a),(*° _¥,)
2 5 -1 5 3 1 -1 -3 & 4 1 3

Nuon

A)H opiZovoa eivat: | = 2k? — 4k = 2k(k — 2) = 0. Apa n opilouca pndeviletal

|Ic k
4 2k
yia k=0 ka k=2.

B)

1 2 3
4 -2 3|=
2 5 -1

1|—52 _31|_g|§ _31|+3|§ _52|=1(2—15}—2(—4—5}+3(2{1+4}=?9

20 10 2 o34 -3, L4 2]
gg 13 2|3 1| ﬂ|5 1|+1|5 3| 24
2 0 1

3 2 —3=2(10—-9)+1(-9+2)= -5

1 -3 5




1 0 0

3 2 —4|=1(6+4) =10

4 1 3

a—b a |_ 2
| a a4 b|—(a-b)(a+b)-aa—-b
Acknon 7

A) Na amobelyBel 0TL TO MAPAKATW cUCSTNMA €XEL akPLBWE pia AVon Kal va BpeBel auth.
3x-y+2z=10

x+y-4z=-10

2x-4y+5z=24

B) Ocwpeiote T MOPOAKATW CUOTA AT

X+y+az=1 X+2y+2z=1
a) X+ay+z=4 B) x+ay+3z=3
ax+y+z=>b X+1ly+az=»hb

Mo TIoLEG TIUEG TWV @, b €XEL TO KaBEva cUoTnUa pLa povadikn AUon; H povadikdtnta tng
AUong e€aptatal and to b; Mati;

Mo TIOLEG TIUEC TWV @, b £XEL TO KABEVA CUOTN O TIEPLOCOTEPEC MO [La AUCELG;

Nuon
A) Av kaAéooupe A tnv opilouoa Tou TivoKa TOU CUCTAUATOC TOTE

s -1 2 1 -4 1 1 1
A=l 1 —4]=3 A _5‘-(-1)2 _5 2| 4‘:
2 -4 5 B B

=3 (5-16) + 1 (5+8)+2(-4-2)=-32%0
JUVETWG TO cUCTNMA EXEL LA LOVO AUan Tou T Bplokou e e TOV Kavova

Tou Cramer. Exoupe OtL

100 -1 2 1 ) 1 2
‘Aﬂ)‘ =-10 1 -4=10 Cl+10] +24_1 4‘:-32
24 -4 5| - B



3 10 2 3 -1 10
‘A(Z)‘= 1 -10 —4=96 ‘A(3)‘ =1 1 -10/=-64
2 24 5 2 -4 24

A(Z)‘

AT TR

B)

1 1 a
1 ? izqﬁ i}{@(: ﬂ+a[i i}%a—b—a—m+aa—a6:—£+ﬁa—2
a

—a*+3a-2=-a’+a+2a-2=-a(@* -1 +2(a-1)=-ala-1(a+1)+2(a-1)
=(a-D[-a(a+)+2]=(a-(-a’-a+2)=(a-1)(-a’+a-2a+2) =
(a-Dl(-a(@-1)-2(a-1]=—(a-1)*(a+2)

ANosica=1kata=-2

JUVETWG UTIAPXEL Lovadikn AUon yla a #1 a #-2 ave€apTATWE TN TLUNG TG otaBepdc b.
MNa a=1 to cloTnUA YiveTaL:

X+y+z=1
X+y+z=4
X+y+z=Db

omorte eival advvaro.
MNa a=-2 to cuoTnua yivetal:

X+y-2z=1 X=2+2
X=2y+z2=4 dnradn y=-1+z
—2X+y+z=Db —2X+y+z2=D

ondte pe avikotdotaon otnv 3" npokurtel b=-5

Apa yia ta Levyos (a,b) (-2,-5) €xoupe MepLOCOTEPEC Ao pia AUOELS .



b)

a 3 13 1 a , ,
2 2:1(11 a]—(Z)(l aJ+2(1 llj:(a -33)-(2)(a-3)+2(11-a)=a"-4a-5

a’—4a-5=a’-5a+a-5=-a(a-5)+(a-5)=(a-5)(a+1)
AOoelc a = 5 kat a = -1 kat
JUVETWG UTIAPXEL Lovadikn AUon yla a #5 a #-1 ave€apTATwE TN TLUNG TNG otabepdg b.

Ma va Bpoupe yia mota {evyn a,b €XEL TEPLOCOTEPEG ATO [La AUCH, TTPOXWPOUE oTn AUon,
€toL:

X+2y+2z=1 > E,
Xx+ay+3z=3 - E,
ax+1ly+az=b— E,

E,-E,—»>y@-2)+z=2 - E, ¢
al
E,-E —>9y+z(a-2)=b-1 —» E,

E,,—(@a-2)E,, >9y+z(a-2)--y(a-2)*-z(a-2)=b-1-2(a-2)
y[9-(a—2)°’]=b-2a+3

yaa=5 b-10+3=0—>b=7,

yaa=-1 b-2(-)+3=0—>b=-5,

Apa yia ta Levyn (a,b), (5,7) kat (-1,-5) £XOUE MEPLOCOTEPEC ATO ML AUCELG.

H povadikotnta twv Avoswv dev e€aptatal amno to b adol auTto Sev UTIELCEPXETAL OTNV
opilouoa TwV ayvVwWoTwv.

Acknon 8

A) Eotw n ouvaptnon f(x) yla tnv omoia LoxVeL:

ef® 123 (x)-x+1=0 ya xe R
Na deitete ot n f elvar 1-1
Na Bpeite tnv avtiotpodn tng f

B)



AX+1

a. Na Bpebolv 6ha ta A kat p yia ta oroia n ouvaptnon f(X) =
TavuTtiletal pe TNV avtiotpodn tne.
b. Na Bpebei kat to medio oplopol Twv f kaL f yia k&b A Kat L.
Yndpxouv onpeia touAgtwy f kat flyia A=0, u=1;
Na BpeBei n oxéon petasy A Kot p wote ot f kat f va €xouv éva Kot
HOVASLKO ONUELO TOWUNG.
(Yroonpeiwon: AteukpuviZetat ot £(x) = (f(x))? kot oxt £(x) =fofo f.)
Auon
A)
a) H f éxeL mebio oplopol aAAd kot medio Tipwv o K.
Ma kabe X € R €xoupe:

ef 123 (x)—-x+1=0=e™ 1 2f3(x) +1=x

Eotw X;, X, € R pe f(x) = f(x,)

1 —ef e vai f* x =f° x,

Tote LloxUoUV Kal oL OXECELS: €
onote: ef) 1 2F3(x)+1=ef) 1 2F3(x,)+1 = x, = x,

Emopévwg n ouvaptnon f(x) etvat 1-1.

bfctwy=f x ©&x=f" x

Onodte n 6oBeioa LooTNTA YiveTal:

e +2y’—fly +1=0f'y =e" +2y*+1

ZuvnBileTal va XpnOLUOTIOLOULE WG LETABANTH TO X ETMOUEVWG EXOULE:

flx =eX+2x° +1

B)

y+1 Sfl oy = X+1
Hy—A MUX—A

a. f(x):M:y:yxy—y:lx+1:>x:
uxX—=1

10



Nedio oplopol TNG f(x) eivat dAa Ta x yia ta omota toyUeL X # 1/p kot Tne f1(x) ekeiva yia

Ta omola LoyVeL x = A/

Mo va tautilovrat ot f(x) kat £1(x), Ba mpémet A=1 kot x # 1/p.

1 A
b. Bdoet twv mponyoupévwy Ba ipénel X # — yatnv T kat X # — yaatqv 1.
U

c. Exoupe L=X—+1:>X2—X—1=O pe Avon X=£i£= f(x)=f(X) ka
x-1 X 2 2

EMOMEVWG UTIAPYOUV U0 onpeia TOUNG ‘Tdvw otnv gubela Y = X.

AX+1  x+1
ux=1  ux-A4

d. Exoupe =u A-1x*+ 1-1% x+ 1-1 =0 .o va éxoupe

uia AVon Ba mpénetya p#1 X #1 n Sakpivouoa va gival undév mou obnyel oe
122N T4 4uL-N)? =0 = (1-\)? [(@+X)° +41]=0 SnAasdr (1+X\)* +4=0

Tou eival n {ntoupevn oxéon.
Aoknon 9

A) Aivetai to tpivupo (A% —1)x? + (A +1)X +1. Na BpeBolv oL TG ToU A WOTE:
o) va €XeL 2 apVNTLKES PLTEC KoL

B) va €xel 2 avtiotpodeg pilec.

B)
Aivetau n ouvaptnon f(X) = AX?+ Ax+1. No Bpebei yLo moteg Tiég Tou A n ypadikr) Tne
napaotoon:

o) epamntetal otov afova xx’

B) €xel G€ova cuppEeTplog TOV Yy KoL

V) €xeL kopudn éva onpelo pe TeTaypévn 4.

Nuon
A) lNna va eival n ékdpaon (A% —1)x* + (1 +1) X +1 TpLdvupo, Ba mpénel
AM-1#00ndteA\=+1 (1)
Apa:

o) Mo va €xet 8V0 pileg pémel n Slakpivouoa Tou TPLWVUROU va gival peyaAUTtepn n ton Tou

undevoc. Apa (A+1)° —4(A° -1)>0=-31*+21+5>0.

11



Mo va LoXUEL OPWG N TIPONYOULEVN QVLOOTNTA TIPETIEL TO A va Ttaipvel TIHEG PeTady Twv priwv Aq

=-1katdy = % ToU TpwvUpou —34% +24+5. Apa 1< A < % (2)

Ma va elval apvnTKEC TPEMEL TO ABpolopa Twv pL{wV va eival apvnTKO aAAA KoL TO YIVOUEVO
Touc va lval BeTIkO.
Emopévwg LoyLeL:

B A+1

—=<0=>-——<0=>1#-1 xa1 <0=>A1#1 xkar A>1. (3)
o A°-1 A-

AMG Kot

1>0:>/12 0= 22 -1>0=>A>15 A<-1 (a)

a J—
To SLdotnua oTo omolo LKavomoLoUVTAL TO CUVOAO TwV avicotntwy (1), (2) kat (3) kat (4) eivad
<A< E

6

B) Mo va €xeL dUo avtiotpodeg pilec mpemnel

VAPV N =1=>1°-2=0=> A= \/E, A, = -2 Ene1dn dpwc mpénel va LoyVEL Kat N

o (A2 -1
(2) elvou 6ektr) povo n Tpn TG Aq.

B) Omnwg Kkat 6To mPoNyoUHEVO EPLITNHA, TO TPLWVULO opileTal ed’ doov A # 0.
o) Mo va edpantetal otov afova xx' TMPEMEeL va €xel SutAn pila. Eival emopévwg A=0=
NM—4A=0 = A=0/A=4
Ao TIg 800 autég AUoeLg Sektn gival n A=4, adou to TpLwvupo opiletal ed’ 6oov A # 0.

B) Mo va €xel d€ova cUPUETPLlag ToV Yy TIPEMEL

f(X)=f(=X) A+ AX+1=AX* = AIX+1=2Ax=0=>1=0.

ANG ya A = 0, n ouvdptnon ekduliletal adol neplopiletat oe pia otabepd ( F(X) =1) Snhadn

elval euBeia kal wg ek TovTou €xel afova cuppeTpiag tov yy' (aAa@ n Abon gival ekduAiopévn).

12



v) H kopudn tou tpltwvipou ival to onueio

L X
2x 2a 22 22 2 2
M(—l £—£+1j:>£—i+1=4:>/1=—12.

2 4 2 2
Aoknon 10
A)

a) Na eupeBei to A € R wote nouvdptnon fue f X = In[/\xz + A-3 x+ l] va £xeL medio

oplopol to ‘R.

B)Eav fog x = x% +x—12 kat g X =X—3, vaeupebei o TUMOG TG cuvaptnong f

v) H ouvaptnon f eivat 1-1 kat n ypadikn tng napdotacn SiEpxetal ano ta onpeia A(3, 2006)
kat B(4,2007). Na AuBsi n efiowon [—1 +f x?-12 } =3

B)

Albetat

n

ouvaptnon

f X =\/1—2X2. Aldetal  emiong n  ouvaptnon

g X =SIiN X pe nedio opopott 0,2k7w  pe K e€Z .Na sfetdoete av umdpyet n

ocuvaptnon fog kat av vali, Bpeite to medio oplopol TN Kat Tov TUTo TG Na emavaAdpete

yla tnv ouvBetn cuvaptnon gof.

Adon
A)

a) Koatapxnv yta Na opiletat n ouvaptnon f X =In[Ax2 + A-3 x+1] Ba mpémel va

woyver: AX? + A=3 x+1>0 yakdde X € R.
Autd eivon oAnBéc podvov gav oxtouv: A <O kat A>0
onére: A<O= A-3°-4A<0=>RK -10A+9<0

AUvovtog T aviowon Sarmotwvoupe otL oxVetyla 1 <A < 9.

B)Exoupe: fog X =x+x-12=>fgx =x"+x-12=f x-3 =x*+x-12

Ottovpe X —3 =Yy < X =Y + 3 Enopévwg:

13



fy=y+3°+y+3 —12=y?+6y+9+y+3-12=y>+7y

ANGZovtac tnv petaPAnth éxoupe: £ X = X% +7x

v) H ypadikn mapdotacn tng f Siépxetal and ta onuela A(3, 2006) kat B(4,2007). Eniong n
ouvaptnon f(x) eivat 1-1. EMOpéVWE EXOUE:

f 3 =2006
f 4 =2007
f! 2006 =3
f1 2007 =4

Apa

f‘l[—1+f x? ~12 ]:3@f-1[-1+f X2 ~12 }:f‘l 2006 <
“1+f x*-12 =2006 = f x*-12 =2007 = f x*-12 =f 4 <
xX*-12=4=x*=16=>x=+4

B)

Exoupe v ouvéptnon T X =+/1-— 2X° . oa Bpoupe katapxnv to medio oplopou NG

ouvaptnong autnc. Mpémnet:

\/_S

1—2x220<:>2xzsl<:>xzs% 5

< 7 Enopévwg 10 nedio

oplopov tng¢ f(x) elvarto | ——,—

Mo v ouvdptnon g(x) to nedio optopot e eivatto  0,2K7Z  ev to medio tudv g

elvatto —1,1 yuari o sinx maipvet Tipuég avapeoa oto -1 kat oto 1.

MapatnpoUu e OtL to medio TIHwV TG g(x) dev eivatl umtocUvolo tou nediov oplopou tng f(x).

Emopévwe yla va UTtapxeLl n ouvaptnon fog mpénel to medio Twwwv T g(x) va eival to

V2 2

22

14



Téte woyVeL: —QSSinXSQS Xe |<7£'—£,k7£‘+E
2 2 4 4

AuTO elval To medio opLopol ¢ ocuvaptnong fog.

/4 T
Emopévwgeav X € |:k7[ — Z kz+ Z] TOTE UTIAPXEL N cuvaptnon fog pe tumo:

fog=f g X =\/1—23in2x =\/COSZX kat TeSio oplopol TNV €vwon Twv

T T
OCUVOAWVY, [kﬁ R KT+ Z} yla 6Aou¢ Toug akepaioug aptduoug k.

Me avaAoyo Tpomo £pyalopaote yla TV cuvdptnon gof. MpokumteL:

gof =sin V1-2x* pe Xe —QQ .

2 2
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