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Avoerg
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lim X TX~2 _lim& XD m2XF3.
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Aoxnon 21

2-1. Yrnoloyiote TV mopdy®yo TV KOTOTEP® GLVOPTNCEDV:

o) y=x"
B) y=In[cos(1/x)]
v) y=In[sin(1-2x)]

8) y=x%" sin3x
2

2-2. Yrohoyiote v 1" xon 2" mapdywyo ( dnradn %, d f avticTorya) ov:
X dx
X*- y*+ x- 2y+1=0
Avoerg
2-1.
o)
y=x

Iny=xInx=1Iny =(xlnx)':>ly' =lnx+1=

y =x*(Inx +1)

B)
y = In[cos(1/x)]
Y = T s T =y = @-[—sina/xn (1/%)
' :%.%: y :%tan(l/x)
Y)



y =In[sin(1-2x)] =

sin(1-2x) =y = cos(l=2x)

= 1-2x) =y =-2cot(l-2x
sin(1-2x) sin(1—-2x) ( )=y ( )

y
5)
y =x%e" sin3x
y = (X26X2 ) sin3x + xe (sin3x) 1)
‘Eoto om

2

z=x’e"
2
Inz=Inx’+Ine* =

Inz=x*+Inx’

[Mopaywyilovpe ) oYM AVTH OTOTE EYOVLE:
lz' =(x*) +In(x*) =
z
lz' =2x+ LZZX =
z X

z =2z(x + l)
X

Apa n oyéon (1) yivetoun:
y = ()(26Xz ) sin3x + x%e* (sin3x)
y =2x%" (x+ l) sin3x +3x%e" (cos 3x)
X

Inueiowon: H doxnon 2-1 §) Advetal Kot LE TOV KOvOVa, TOPOYDYIONG YIVOUEVOD
GLUVAPTNCEDV

2-2.
[Mopaymyilovpe ©¢ TPOG X TNV £KPPOCT TOV HIVETAL KO TPOKVITEL:

2x—2yﬂ+1—2ﬂ+0=0:2d—y(y+1)=2X+1=>Q= chd VY F =
dx dx dx dx 2(y+1)

Me nopaydyion e avatépm oyéong katainyovue oty 2" mapdymyo:

dy dy 4] 2x+1
cﬁyZZJKy+D—Qx+D€Lg;: i _Qx+D;§: 1 _(x )20H4):
dx’ 4(y+1) y+1  2(y+1)° y+l1 2(y+1)°
1 Qx+1)?
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Aoxknon 3n

Aidovtot 01 KATOTEP® OLOVUCUATIKEG GUVAPTNCELS:

u="5t—j+1%k xav v =sinti +costk .
Ymoloyiote:

d - - d - - d - - d - -
) E(u+v), B) E(u"’), Y) E(Hxv)a d) E(”’”)

Avoerg

o)

%(& +y) = %[(SI +sint)i — j+ (2 +cost)k] = (5+cost)i + 0] + (2¢ —sin )k =

= (5+cost)i + (2¢ —sin t)l€

P)

di(ﬁo;)=di(5tsint+(—1)(0)+t2 cost) =5sint+5tcost+2tcost—t sint =
t t

=—’sint+7tcost+5sint =sin#(5—1")+ Tt cost

V)

d d; ok d
E(&x?):— 560 -1 £ :E[(—cost—tz-O)f—(Stcost—tzsint)j'+(51-0+sint)l€]:
sint 0 cost

= (sint)i — (5cost—5tsint —2¢sint — 1> cost) j + (cost)k = (sint)i + (> cost + Ttsint — 5c0s1) j

+(cos t)/g

)

i(& ) =i[5t-51+(—1)(—1)+t2 )= 1(2512 +1+t4) =50t + 41
dt dt dt

Inueiwon: H doknon pmopel va AvBel Kot pe Tn gpnomn TovV KOvOVOV Topaydyiong
afpoicpatog, ecmTEPKOD KOl EEMTEPIKOD YIVOUEVOD SLOVUGLOTIKMV GUVAPTGEDY.
Acknon 4"

No vroroyiotovv ta Kdtwbt orokinpopata ( 6nov o € R):

dx 3 x
)Im S)Ixedx

o) J'XL B) IL



Avoegig

o) Xpnoomotovpe T péEB0d0 TG OAOKANPOONG LE OVTIKOTACTOON.

. . du ,
@étovue u=a’ +x°,0mére du =2xdx = xdx = ~ Kot moipvovpe

du lu”2 1 1

IX dx :J J =— tc=——F=+c=——F—=+cC
\/m 2\/_ 27w ( f) Ju a’+x’
2

B) ®étovpe
t2_a2 t2_a2
N +x =t—x=ad +X = +xX" - 2xt => x = =S>ANa+x =t- =
2t 2t
2-t+a’ r+d
2t 2t
2t-2t-2(¢* —a’ r*+a*

Kot dx = (2 )dt:dx=—2dt

4t 2t
omoTE

£’ +a’

2t dt 2, 2
| _— st =[==In|t|+c=In|x+Va’ +x* | +c

2
v) Xpnoyomolovpe v HEB0d0 avaivong o€ KAAGHOTO

21 :4 B)§+C . Ta A, B, C &ivon mpog mpocdiopiopo.
x(x*+1) x  x"+1

Kavovtag amaioipn Tapavolastdv Tpokuntel | eElocmaon
l=Ax* + A+BxX" +Cx=1=(A+B)x> +Cx+ 4

2VyKpivovTog TOVG CLUVTEAESTEG TV OHOBOOUI®Y 0PV TOL X TPOKVTTEL TO GVCTNUA

A+B=0
C=0
A=1

ka1 evpiokovpe A=1, B=-1, C=0, ondte

2
[——=[=- vy :j@—ljwzlmﬂ—lln(ﬁ+1)+c
x(x”+1) X x"+1 x 29 x"+1 2



d) Oa epaprdcovpLe dadoykd TNV LEB0GO OAOKANPWOONG KOTE TOPAYOVTES.
Ix3exdx =x'e — j e'd(x’)=x'e" - 3.[ x’e'dx (1)

211 GUVEXELD £YOVLLE

Ixzexdx =x"e" - j e'd(x*)=x’e" — 2.[ xedx (2)

Kot TEAOG

Ixe"dx = xe" —je"dx =xe' —e +c 3)

Avtikabiotovtag v (3) oy (2) kot v (2) oty (1) Tpokdntel

.[x3exdx =x'e" —3[x’e" —2(xe" —e" +c)]=

=xe" —3x’e" +6xe" -6 +C=e"(x =3x" +6x-6)+C

Aocknon 5"

Noa aroderyBodv o1 oyéoelg

cos” ! xsinx m -1 J-

o) J-cos’" xdx = cos”? xdx

m m
s om—1
. sin”" xcosx m-—-1¢ .

B) Ism’" xdx = — + jsm’” ? xdx

m m
Avoerg
a)

!
J.cos’" xdx = Jicos"’"l Xcosxdx = _[cos”’"1 x(sm x) dx
=sinxcos" ' x— I(cos s1n xdx
. — ! .

=sin x cos” 1x—J.(m 1)cos™™ x(cosx) sin xdx =

=sinxcos"™ x+(m—-1 Icos’"'2 xsin® xdx
Icos (1 cos? x ) dx

. -1 -2 2
=sin x cos” x+(m—1 co xXcos” xdx

m—2

)
=sinxcos™ " x+ (m - 1)
)
=sinxcos"™ x+(m— l)jcos xdx —(m—1

cos™ " xdx — I)I
)Icos xdx
:>Icos xdx +(m— I)Icos xdx—s1nxcos'”1x+(m I)J.cos’”*2 xdx

m

= m_[cos xdx =sinxcos”™ x+(m —I)Icos”’ % xdx

cos™ 2 xdx

” sinxcos”'x m-1
= jcos xdx = + I
m m



B)

. . — . . — '
J.sm’" xdx=Ismm " xsin xa’x=_[sm"’ 1x(—cosx) dx
. —1 . -1 !
=—cosxsin” x+j(sm’" x) cos xdx

. — . — . 4
=—cos xsin” 1x+J- m—1)sin"™ x(sinx) cosxdx

=—cosxsin"™ x+(m— I)Is * xcos® xdx

=—cosxsin"™ x+(m— I)Is —sin x)

=—cosxsin” " x (m I)J.sm * xdx — J. 2 xsin® xdx
:—cosxsinm"x+(m—l)jsm * xdx — J sin” xdx

:>Ism xdx +(m— I)J‘sm xdx =—cosxsin"" x+(m— I)J‘sin’”*zxdx

= mJ.sm’" xdx = —cos xsin™” x+(m—1)'[51n 2 xdx
cosxsin”'x m—1
= jsin’” xdx =— + J. sin™? xdx
m m
Acknon 6"

Atveton ) ovvaptnon fx) pe tomo f(x) = ln(x /x4 1)
o) Bpeite 1o medio opiopov g f.
B) Bpeite to 6po  lim —— Sx)
X—>+0 lnx
v) Na pelemoete v f(x) ®¢ mpog TV Hovotovia.
0) Na dei&ete 6t n flx) aviiotpépeton Kot va Bpeite TOV TOTO THG AVTIIGTPOPNS TNG.
€) Na Bpeite to euPfaddv Tov ywpiov Tov mepikieietar amd TV avTicTpoen.
cuvaptnon £ (x), Tov GEova x x kot TNV gvdeio x=1

Avoegrg

() IT.0. = (~ o0,+00)



B
_1
L+ 1 (" +1) 22x
f(x) . Inlx++x* +1 _ (ln(x+\/x2+1)) ' x+vx?+1
lim = lim = lim 7 = lim
x—+o INX X—>+o0 Inx X+ (11’1 X) Yt l
X
1
2 1
lim 1 L lim . =1
X - X—>+ 1+72
X X

| L2\ H
0 f -l A1

Enopévaoc n fix) etvan yvnoiog avéovca oto R

(0) ®¢touvpe y=f(x) ka1 Egovpe

yzln(xvt\/x2 +1)© e’ =x+Vx’+lo e’ —x=+x"+1 <:>(ey —x)2 =x’+le

2y_1
e —2xe’ +x* =x*+1 < e? —2xe” :1<:>JC=e2 5
o
2x
S|
Emopévag f'(x)= ¢
2e”

(e) T x>0 éyovpe e>* >1xon f"l(x)z 0

Enopévaog

1 L oox 1 2
E:.!'fl(x)dxz-([ezex ldx:%-([(ex —e")dxz% e’ +e”‘]:) _¢ Teer’ 22ee+1

Aocxknon

Aivetor 1 ovveyng ovvapton f: R —> Rpue

- 1
0=l m G

o) Na deiete 0TL 1 f avTioTpépeTon

B) Na Bpebei o tomog tng avtiotpoeng cuvéptnons f~ (x).

v) Na vohoytodei To epfaddv tov ywpiov mov mepticheieton omd v £ (x), Tovg
aEoveg x 'x, ¥y ko v gvbeio x=3.



Avoegig
1
(@) f'(x)==———=>0 70 k&0ex € Rkatd cvvéneia n f eivar povotoviki| dpa
3f°(x)+2
OVTIOTPEPETOL.

) 3/ @+ 2, @) =12 (0 +2/() =) = 20+ 2/ () =x+e

' x=0, &govpe f(x)=0, cuvendg c=0 kot ek [ (x) +2 f(x) = x
@étoviac f(x)=y=x=f"(y),n (1) yiveton

y'+2y=x i f(y)=y'+2y, yeR

Kot adhaovrog petapnm, £ (x)=x* +2x, xeR

() I'o x>0, wyder f(x)= f (O) =0, onorte

Tax=3 épovpe y= f3) = f'(y)=3= )y +2y=3<y=1

1 ’ 1 L ;
Apa, E=Iy(y3 +2y) dy =Jy(3y2 +2)dy=f3y3dy+f2y dy =%m2
0 0 0 0

Acknon 8"

o) Na Bpebel to opBoymdvio pe péyioto epuPaddv mov givar eyyeypappévo e KOHKAO
axtivag R.

B) Na Bpebet to opboydvio pe péyioto epuPfadov mov givor €YyYEYPOUUEVO CE
opBoydvio Tpiymvo Tov omoiov pia opbn yovia coumintet pe v opb1| yovia tov
TPLYDOVOL.

Avoegrg
0)

To euPadov tov opboywviov givor £ =(AB)(BT')=xy . Ano 10 opfoydvio tpiyewvo
ABT mpoxvmtet 1t x° + y° = (ZR)2 =y =4R*—x* = y=+4R* - ¥’



10

Enopévac E = xWAR? —x* = V4R x> —x* .
2TV TR TOL X Yo TV omtoia peytoTonoleitol To epPaddv Ba mpénet

dE (4R*x" —x) 8R*x — 4y’ ¥ 2R

— =0 —==0=> =-2 =0

dx 2N4AR Y —x* V4R Y —x* 4R* - X

= x> =2R* = x=/2R
ELéyyovpe gdv to onueio avtd givar péyioto taipvovtag ) devTepn mopaymyo

2xVAR? — 3 — (X —2R?)— 2
p_ PR )

dx’ 4R* —x*
Emopévog 10 gupaddv tov opboywviov peyiotomoteitar Otav  x = V2R«
y=v4R* —x° =\2R. Apa 10 opBoydvio pe péyioto euPaddv  mov  glvan

EYYEYPOUUUEVO GE KOKAO OKTIVag R elval TETPAY®VO e TAELPA UNKOVG V2R

N omoia Yo x = V2R siva OPVNTIKT).

B)
E
\
72 X \E
Y1 . N
Al———8

To epPadov tov opboywviov eivar E =(ZE)(AZ)=x-y.

Opmg ta tpiyova I'ZE ka1 T'AB givon 0pota, emopévog woyvet

@:@jizmzx:l(ﬂ—y) omov B =(AT) xu y =(AB)

(AB) (TA) v A p

Emopévag 1o euPaddv tov ophoymviov ypheston o¢ E = %( B-y)y= %( Ly — yz)
B

T va givar to epuBaddv péytoto Oo mpémet C;—E =0=> %(,[)’ -2y)=0=y= B
)

2

= —2% <0 apa péyioro.

Eniong d >
Enopévag to opboymvio pe péyioto epfadov mov sivor eyyeypapupévo oe opBoydvio
Tplyovo éxel TAEVPEC e PAKY Y =§ Ko X :%( B-) :%, SMAadn 1o YioL TV

TAEVPADV TOV TPLYDVOU.

10
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Aocknon 9"

9-1. Na Bpebodv ot eEl0doElg TNG POTTOUEVNS KO TG KABETOV Y1aL TIG TOPAKATO
KOUTOAEG 0T oNUEiD TOV oMpELdVOVTOL EVTOC TopeVOETEWC:

o) y=x>—4x+5 (x,=1)
B) y=x"—2x° (xO:2)

T
Y) y =tanx+cotx (x():gj
Avoeig

H epamtopévn eivon g popong y—y, =4 (x — xo) OOV 0 GLVTEAEGTNG A 160VTON LLE

TNV TN THG TPATNG TOPAYDYOL TG GLVAPTNONG GTO GNUELD X, .

a) I'a x, =1 &ovpe 611 ¥, =2.

Apa 1 e&icwon g epantopévng givon y —2 = A(x—1) omov
A= f"(x,)=2x,—4=-2. Emopéveg £(0vpe TEMKA OTL
y—2:—2(x—1): y=-2x+4

H e&iomon g kabétov eivon emiong g popeng y—y, = A'(x—x,) omov A'= —%
Apa &yovue —2—l(x—1):> —lx+§

pa. &0vme y=2=- y=guts
B) T x, =2, y,=0.Eniong f'(x,)=3x; —4x, =4. Apan e&iomon g

1
epamtopévng etvan y = 4(x - 2) evo ¢ kaBétov etvan y = —Z(x - 2)

43

b Vs Vs \/§ 3
IN'o x, =—, =tan—+cot—=—+x/_=—.
V) o, =0 3 =tansotcot o= 3

1 1 1 1 4 8
AKé ! X, = — = — —— 4 —_—
i S (%) cos’x, sin’x, NE) 2 M1 3 3
2 2
: , . 4B 8( =« .
Apa 1 eélomon TG spantopévig sivan y =73 x = Ko TG KaO£ToL sfvon
4\/5 3( 72]
y-——=Ix-=
3 & 6

9-2. No vroAoyiobei to eufadov Tov ywpiov mov opiletatl amd Tig KAUTOAES:

o) x> +y =4, x*+y° =4x

11



12

B)y2:2x, yz:4x—x2
Avoegrg

a) H mpot e&icmon mapiotdvel kokAo pe kévrpo to (0,0) Kon axtiva R =2, evd 1
devtepn umopel va ypagel ot pLopoen
¥y =dx=x’ —4x+4+yz—4:0::>(x—2)2+y2 =4

Enopévmg mapiotavel koxkho pe k€vipo 1o (2,0) kot axtiva eniong R =2

R4

C
k B

My

Adyo ovppetpiog, To euPfadov Tov ympiov Tov opiletal amd T OVO KAUTOAES diveT
amd TN GYEoN

E:4j12ydx:4.[12\/4—x2dx

Kdvovtog v avtikotdotoon x =2sinf, £XOVUE \/ 4-x* = \/ 4-4sin*t =2cost, eVhd

dx=d (ZSint) =2cost. Ocov apopd ta 6pla. TG oOAoKANpwonS Yo x =1 &yovue

.1z , . V4 . , ,
t= arcsma = e EVO Yoo x =2, t =arcsinl = > Emopévog to epfadov tov ywpiov
etvan

E:16j,?cos2tdt:16jfmd =8[ﬂ il
6

2 __—j+8jgcos2zdt:8—”+4[sin2t]3,
z 2 2 6 o 3 6

:8%+4[sinﬂ—sin§}:8?ﬂ—4£: [4—”—\5)

2 3
B) H xaumoln »° = 2x mapiotével mapaPor pe kopuen 1o (0,0) evdn y° =4x —x°

Ypagetan 6t popey (x — 2)2 +y? =4, enopévog ToploTdvel KOKAO pe kévipo 1o (2,0)

Kot oktive R =2

(2

e

RN Ry ]
| £ -0

Ta onueio Topung Twv dVO KAUTOA®Y sivon Tt (2,2) ko (2,-2). Adyo ovppetpiog to
euPadov tov ywpiov gival

12



13

= 2'[02(\/4x—x2 —x/g)dx:2.[02\/4x—x2dx—2j2\/ﬂdx
:2'[02\/4x—x2—4+4dx—2\/§{)2} _2j J4—(x—2)"dx ——22
—2'[ 4 - x 2 dx——

To oloxkApopo IO \J4- x—2)2dx vroAoyifeTon KAVOVTOG TNV OVTIKATAGTOON

x—2=2sint, ondte £OVLE 4—(x—2)2 =+4—4sin’t =2cost, dx=2costdt. To

oplo ohokAgpwong yivovtar yuo x=0, t:arcsin(—l):—%, VO ywoo x=2,

t=arcsin0=0.
Enopévog &yovpe

J-Oz ,4—(x—2)2dx _ "'_‘3140052 tdt = 2J‘_O£(I+COS 2t)dt = 7T+[Sin zt]oﬂ =7
2 2 )
2

Emopévac to epfadov tov ywpilov sivor tehkd £ =27 —? = 2( g] .

Aoknon 10n
No yivet 11 LELETN Kot Ypagikn Tapdotact The cuvapmong f(x) = x’-x.
Avoegrg

H ovvaptmon €xet medio opiopod kot medio Tipumv 10 R, givon cvveyng ko mepir,
SOTL f(-x)=-f(x).

Oa Bpovpue T1g pileg TS GLVEPTNONG.
f(x):x3—x:>f(x):x(x2—1):>f(x):x(x—1)(x+1)

O pileg etvon x;=-1, x,=0, x3=1, ko ta onueia Toung g f(x) pe tov dova TV X
egivan ta -1, 0, 1.

Y1 ovvéyeto Oa vrodoyicovpe v 1" Tapdywyo g f(x).

d]; (x) =3x” —1. Ta onueia ota omoia undeviletar N TpOT TAPEY®YOC Eivon Ta

x

X4= —? ~—0.577,xs = ? =~ 0.577. Zta onpeio avtd glvar duvatd va mopovctdlet
aKpOTOTOL.

13
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Y1a Sootiuota (—oo,x4) kot (x5, +0)n 1" Tapdymyog sivon etk kot i cuvdptnon
f (x) givar yvnoing avéovoa. Zto didotmua (x4.xs) 1 1" mapdymyog eivar apvntikny
Kol 1 cuvaptnon givarl yvnoing edivovsa.

YmohoyiGovpe v 2" mapdyoyo mg f(x).

2
CIW g

dx

oo di () : : .
[Na x=x4 elvar e <0 wor m ovvapmnon f(x) mopovoidlel Tomkd HEYIOTO,
x
f(x4)=0.385.
2
lNo x=uxs elvan %>0 kot mn ovvapmnon f(x) mapovcudler TomKd
X

erdyoto, f(xs) = —0.385.

210 (—0,0) 1 2" topdywyoc eivar apynTikn ko f (x) glvat KoiAn.

Y10 (0,+00) N 2" mapdywyog givor Oetiky koun f (x) elvat kvpt.

Y10 onueio x=0 n 2" mapdyoyog undeviCeton ko o (0, f (O) =(0,0) eivon onpeio
KOG TNG YPOUPIKNG TOpAGTACNS TNG f (x) .

H f(x) 8ev éxel acvpntmres.

Mivaxag perég mg ovvapmong f(x)

X -0 -1 - ﬁ 0 ﬁ 1 +00
3 3
f ’ + 0 - 0 +
I& - 0 -
f 0 0 0
Av&ovoa Av&ovoa pBivovca @Oivovoa Av&ovoa Av&ovoa
Koila ave Koiha Gve Kkofha kdTo kofha v Kolha dvo Koiha Gve
Tomuko Xnpueio Tomwko
HEYIOTO KOG eldy1oTo

H ypagiy mopdotacn mg f(x) poivetar oto endpevo oxfipa

14




f(x)

15

f(x)=x>-x

15



