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Introduction

e Celestial holography offers an exciting new perspective on scattering amplitudes.
e Exciting insights and developments by studying the “holomorphic sector”.
e Problems in non trivially including dynamics for both helicities.

e Deformations by higher dimension operators forces us to deal with negative
helicity particles.
e Associativity of Celestial OPEs in such theories imposes constraints on the theory.

e Plan for the talk:
OPE associativity in the soft sector - Analysis using symmetry algebras
OPE associativity in the hard sector - Analysis using scattering amplitudes.



Celestial amplitudes

e We can embed the celestial sphere in the light cone via the parametrization

o

pl=wiei{l+zz, z+2zi(zi—z),1-zZz}

e Celestial amplitudes involving massless external particles are Mellin transforms
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e It transforms as a correlation function of primaries
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Pasterski, Shao, Strominger

e We can identify
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Collinear limits and OPEs

e In this parametrization,

e The Lorentz invariants are

(if) = det (\i))) [ij] = det (5\,-5\1-)

2p,' C P = —<IJ> [Ij] = ZE;EJ'LU,'WJ' Zjj f,j

e As zj — z;, the insertions Ohh’—’j (zi,z), (’)hj’,-,j (2, 2;) approach each other.

e OPE is controlled by the collinear limit.



Collinear limits of scattering amplitudes

e Amplitudes factorize on poles >, pj — 0
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e This determines the leading singular behavior of the OPE



OPE from collinear limits

e Three point amplitudes involving massless particles are completely fixed by
Poincaré invariance.

e If s + 55 + s3 > 0, “anti-holomorphic”
.A3 (151 , 2527 353) — HSl.SQ o [12]51+52—53 [231521»53—51 [31153+51—52 .
e If 51 + s + s3 < 0, “holomorphic”
As (151 , 2% , 353) = a5 <12>53*51*52 <23>51*52*53 <31>52*51*53'

e A three point amplitude with s; + s —s; = p 4+ 1 yields a term
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- - Z15 2 -
O/HJ_H (21721)(9,,2_’,-,2 (z0,22) ~ ZCP (h17 h2) Oh1+h2—1,711+772+p (z2,22) + - ..

Cp (7717 52) = Ksp,s5,—s; B (AI —s1+p,Ar—s+ P)
= Ksy,s,—5 B (251 + p, 2’_72 + P)

Adamo, Bu, Casali, Fan, Fotopoulos, Himwich, Jiang, Pate, Raclariu, Sharma, Singh, Strominger, Taylor, Yuan



OPE of gravitons

e OPE of two positive helicity gravitons
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Some features of the OPE coefficients

_ _ 1 _ _
OK? (Zl,Zl) Ozi (227 22) ~ 2—12 [52.’2,_28 (Al —1,A — 1) 212(9X3+A2 (22,22) + ...
72,208 (A1 + 1,80 + 1) 2500 p, 12 (22,22) + -

k2,228 (A1 +3, 82 +3) 25032 4 (2, 22) + .|

Each 3 point amplitude contributes one term to the OPE

e We are assuming that there are no massless higher spins

e There are only a finite number of interactions which produce singularities in the
OPE

e The OPE coefficients have poles in A1, Ay which has a natural interpretation in

terms of soft limits.



Conformally soft limits

e The criterion for the convergence of Mellin integrals is known.  nNilsson, Passare
In particular,

o) oo
An(l,z,.un):/ L1013 wp A
0

w1 =

has poles as A; =1,0,—1,—-2,....

e A compact contour in w; space computes the residues at these poles

lim (A; — k).AI,, = %dwlwfflfln

Ay —k

Ak =1,0-1,-2...

Donnay, Puhm, Strominger

e Celestial amplitudes have an infinite number of poles as A; — k for
k=1,0,—1,—2,.... These are the conformally soft limits.



Comparison with energetically soft limits

1
(f)zf (21721)0Z3 (22,22) ~ 712 {5272,_28(A1 —1,A — 1) EIQOXT'FAQ (22,22) + ...
/{272’03 (Al +1,A, + 1) 2320%1+A2+2 (ZQ7 22) —+ ...

k2228 (A1 + 3,05 + 3) 21520&12+A2+4 (&) 7 o ]

e B(x,y) has poles at x,y =0,—1,-2,...

e The ko > term starts contributing from Aj, Ay =1, k220 from Ay, Ay = —1
and k32 from A1, A> = -3

e The OPE of two subleading soft currents is not modified by the k25 _> term.

e This hierarchy is consistent with expectations from the study of modifications to
energetically soft theorems

Elvang, Jones, Naculich



Soft current OPEs

e We can define single soft currents by take residues on the poles

H** (z,2) = 6IiLnoe O (2,2)

@ 3__

1++

e For pure Einstein gravity

2712 (—2hy —2hy — 2
Hk:2 (z1,71) Hk2:2 (22, 22) ~ _ hk2.2,-2 Z12 1—<m Hitke2 4
2 Z12 —2hy, — 1



OPEs to algebras - Einstein gravity

HA2 (21, 2) H2? (2, 2y) ~ — 2272 22 ~2m 2k = 2) a2 FFooc
2 7 2k, — 1

k,2
e The modes HZ“ (z) form a symmetry algebra. Guevara, Himwich, Pate, Strominger

_h -

1 dz _- .z

HE2 = S i HE2 (2) HY2 (2) = 7{ ;ziferhlekQ(z’ 2).
m=h |z]=€

The resulting algebra is simpler in terms of the rescaled currents

WE?(2) = (—m+q — 1) (M + q — 1) Hy 27% (2) o< L [H* 7292 (2, 2))

e Moreover h< m< —h = g—1<m<1-—gq

The commutator of these currents is

K2,2,-2 Wc_11+q272,2

)2 12 = _
[, wg?] = - [ (@2 — 1) = o (a1 — D] WS,

Penrose, Strominger

e This is the wedge subalgebra of the loop algebra of wy . Bakas



OPEs to algebras - deformed gravity

HK2 (70 7)) H2 V2 (25, 75) ~ — k22,22 212 (=2h — 2 =2 Hhatke2 4
2 z12 —2hy —1

k200 %, (—2m - 2hy — 6 Hlathke+2,0 4
2 oz —2hy —3 o

_ K222 2 (—2h =2k =10\ L iipre 2
2z —2h, — 5 o

e Define the rescaled currents

WS (2,2) o L [H5+2(1_‘7)’5 (z, z)}

o W92 W90 W92 are the contributions from the positive helicity graviton,
scalar and negative helicity graviton respectively.



Frame Title

e The commutator of these currents is

q1,2 2,2 _ K2,2,p—3 = = q1+q—p—1,3—p
[Wﬁ,l s Wﬁ-,z ] = — E 5 N (CIL q2, my, my, P) Wfﬁl+ﬁ12
p=1,3,5

Mago, Ren, AY, Volovich

where

p
N (q1, g2, m1, Mo, p) = Z(—l)pﬂ( (Z) [M1+ g1 — 1p—x[—m1 + g1 — 1]x

x=0

X [’772 + g — 1]><[_ﬁ72 +q — 1]p7><~

[aln:=a(a—1)---(a—n+1)
e This is the algebra of single soft currents. Other orders might define other
structures/algebras Ball talk
e This commutator is defined to be sensitive only to the holomorphic poles.

e Restricting to p = 1 gives the wj o, loop algebra of the previous slide. In
general, this must correspond to a deformation of wj .



A family of W algebras

® Wiioo has a one parameter deformation (u).

oo
[Wc_h W,%zz] — Z q2pf2¢2qz (P, mn, 1) watae—2p—2 Cqy (1) q2(q1—2)5q17q25,ﬁ1+n_12

my? my+myp
p=0

Pope, Romans, Shen

22973q!(q + 2)! N2 (5 = 1 9192 = =
= T TG ™) = o 6 M g e 20,

“a 2(2p +1)!

¢q1q2()71: ,1,2 §+2 — ,l, %, §, L ,Efz 1
2p M) =4P3 > M,2 My —P > P > Q172 q2;q1 T q2 5 P

e The zeroes of d)?éqz ensure that the sum in the commutator truncates.

o (-3 =1



A family of W algebras

e Let us compare W (—%) with the soft current algebra of gravitons.

q1,2 q2,2] _ K2,2,p—3 — o q1+q2—p—1,3—p
|:W,7,1 s VV,;,2 } = = § TN(qlanmlvaP) an1+ﬁ,2
p=1,3,5
) 2
q*°

4 @2 = T q1+a2—2p—2
|:Wﬁ711’ Wn‘vz] - 7; mN(q17Q2,m1,mz,2p)Wﬁ,§+m2

e No central charge in the soft current algebra

There is only one free parameter q in W (f%) while the soft current algebra has
three k22 —2,K22,0,K2,2,2-
e The sum doesn't truncate for W (7%) If we allow for massless higher even spins

in the soft current algebra, this difference is eliminated.

Remarkably, within the wedge , all algebras in the family W (u) are equivalent.

Fairlie, Nuyts; Also see Bu, Heuveline, Skinner



W~ and beyond

e Jacobi identity fails for generic values of the ks, s,,s;-
2 2 2 ;
HW%’ , W,‘%é ] , W,g% ] + cyclic # 0

e This implies that the OPE of soft currents derived before is not associative.

e This imposes constraints on the spectrum and the couplings.

2++ 2++ 2++ 2¢
1++ 1t+ 1t+ 1++
(k=2,2,2 — K0,0,2) k0,22 =0 3’-”»%,2,2 =10k_222 K222

Mago, Ren, AY, Volovich



Analysis of constraints

e Graviton - Scalar sector
(k—=2,2,2 — K0,0,2) k0,22 =0 (k—=2,2,2 — K0,0,2) k0,02 =0

2
3Kkp2,20 =10Kk_222 K222 -

e Gluon-Scalar sector

(k-1,1,1 — K0,0,1) K0,0,1 = O (k-1,1,1 — K0,0,1) k0,1,1 = 0

2
K011 = 2K—1,1,1 K1,1,1 -

e Equations in red are consequences of gauge invariance and the equivalence
principle.
e The role of the remaining constraints is less obvious.

e We can understand it better by computing amplitudes.



Amplitudes

e The simplest amplitude is the all-plus amplitude which vanishes in Einstein

gravity.
2++ 3t+
A4 (1++ 2++ 3++ 4++) — ++ T+

1++ 4++
2++ 3t+

N @ ¢
1t+ 4++

+ cyclic

[12][23][34][41]

Ag (THH,24F, 374 44H) = (10k_222k2,0,2 — 383 55) 12513523 (12)(23) (38 (1)

=0

Ren, Spradlin, AY, Volovich



More amplitudes

2 [12][23][31]

A (].JFJF7 2++, 3++7477) = K272,2f€_27_2,2((14>[13]<34>) m

A (1++727773**74++) = M

(sz,z,z K—2,-2,2512 513 — K2,2,0 K—2,-2,0
S14

1
+ K22 -—2K—2-22 )
512 513

Ay (1++72++73++74¢> -0

e All non vanishing amplitudes involve both holomorphic (3~;s; > 0) and
anti-holomorphic couplings.

e What is the connection between vanishing amplitudes and OPE associativity?



Associativity of the hard OPE

e We begin with a statement that is guaranteed to be true by associativity

An (Z]7 . Z,,) 0= <OA1 (Z;[7 21) . OAn(z,,, Zn)>

Tz, /] +
31, \ zl %2‘ Z\

7{(121 ?{dzg— %dzz %dzl— %dzg ?{dzl An(zl,...zn):O

|z13]=2 |z23]=1 |z23]=2 |z13]=1 |z23|=2 |z12|=1

== {Res Res — Res Res + Res Res}ﬂn(zl,...z,,):o.

Zp—>273 21— 22 21—23 22— 273 Zp—23 21— 273

e Residues in z; are independent of w;

{Res Res — Res Res + Res Res] A =10

Z0—273 212 7173 20— 23 zp—73 21273

20



Associativity of the hard OPE

e Let us unpack the expression

[Res Res — Res Res + Res Res} An ({)\1,5\1}51,{/\2,5\2}52,...,{An,S\n}sn>

20—73 212 z1—23 20— 273 Z0—273 2123

by starting with

oy 0= s (3038577 g A (Do A o))

where
— Ry (-
w1 +w2 w1 + w2
= \/ )\1 + \/ 2 5\2 .
w1 + w2 w1 + w2

e Only anti-holomorphic three point amplitudes are non vanishing since
AL X A X Af

21



Associativity of the hard OPE

e The double residue

~ 1
51 52 —S/
Res ey An =205 (3038 57) 3

oA (rh) o k)

@ 1
_ )\51 )\52 -S|
ZA3 ( ) 2 /orws [12]
S Rs3 XS
X — A3 (A, A3,0, 2
%2\/%&3 [h3] ( h273°%h )

X Ap—2 ({)‘127 5\/2}5/2 EREER} {/\n, ;\n}sn>

e The other two terms give cyclic permutations of this.

22



Vanishing amplitudes

e The correct statement is the part of amplitudes that can be constructed solely
out of anti-holomorphic vertices vanish
e This can be proven rigorously using all line shift recursion relations

e When applied to four point amplitudes,

PRCEENARIEAENFNEN N RN

22 353
Py Py
= +  cyclic
1% 454
[34] 351 355 35 1 TS s g
= — Az (AT 2,0 ) ———=Az (N, A3, 0
<12> Z 3 ( 1 2 ! ) [12] [34] 3 ( ) g 4 )
s/
~ ~ a_ 1 2 ~ ~
S1\S3 sy - S| Y2 YSs
+4s (37, 59,507) G124 (.58, 5%)

~ ~ a_ 1 2 ~ ~
s1 XS4 si SIxs3 )| —
+As (X3, %5, %) T (3,58, % )} 0

Ren, Spradlin, AY, Volovich
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Four point amplitudes

e \We can better understand the non zero amplitudes by looking at the contributing
factorization channels

S = e
O S
N -

24



Higher point amplitudes

e Beyond four points, there are no amplitudes that can be constructed only from
anti-holomorphic three point amplitudes

e Thus, they are generically non vanishing

e OPE associativity can be easily checked at tree-level by computing the four point
amplitude of all positive helicity gravitons

o If we set ks 55,53 =0, Vs1 4 s+ s3 <0, then all tree-level amplitudes vanish.

25



Some speculations and conclusions

e The soft current algebra obtained by deforming Einstein gravity with higher
derivative operators is remarkably similar to W and is identical to it (within the
wedge) if we include contributions from massless higher spins

e In this case, the constraints on the couplings are
(/P)51+52+5371

- si+s+s3>0
M(s1 + s2 + s3) !

Ksy,sp,83 ™

e These constraints are known in the higher spin theory literature. They arise as
consistency conditions on higher spin vertices Metsaev, Ponomarev, Skvortosov

e This algebra is also identical to the algebra obtained for Moyal deformed self dual

gravity Monteiro; Bu, Heuveline, Skinner

26



Some speculations and conclusions

e The lack of associativity of the deformed OPE can also be stated as the failure of
structure constants of the Kinematic algebra of the deformed theory to satisfy the
Jacobi identity. Monteiro; Guevara

e We showed that on decoupling the holomorphic sector, all tree-level amplitudes
vanish in theories with an associative celestial OPE. Is this a generalization of
self-dual gravity/YM? How is it related to Moyal deformed SD gravity?

e One-loop corrections involving negative helicity gluons make the soft OPE non

associative Costello, Paquette

e What is the effect of loop corrections in these theories?

27



Thank you for your attention!



All line shift recursion relations

BCFW recursion fails in the presence of R3.

e All line holomorphic shift works.

n
5\,':>\,'+(1W,‘X i=1,...,n with ZW,S\,:O

X is an arbitrary reference spinor which drops out in the end.

The large o behavior is

n
An(a) = o? 2.3:4—n—c—Zs,-7

e c is the mass dimension of the product of couplings in the amplitude.

An(a:o):}{—An ZaRe(f E }
a=0

No residue at infinity as longas 4 —n—c—3. "7 ;5 <0
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