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Models of quantum space

Why to build a model of quantum space?

® |t is nice and instructive in some way.

® |t a step towards phenomenological consequences or testable
predictions.

Connecting theory with observations

Regular black holes as dark matter (Nicolini: 0807.1939), vacuum
dispersion effect and modification of GZK limit (Amelino-Camelia:
0012238, 0107086, Review: 2111.05659), cosmology from matrix
models (Kim, Nishimura, Tsuchiya: 1108.1540; Steinacker:
1710.11495; Brahma, Brandenberger, Laliberte: 2107.11512), ...
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R} space

An example of a model of 3D quantum space:

[xi, x| = 2i Xej Xk,
[aa,aTﬂ] = ups [Aasap] = [aL,ag] =0,

aT ny aT n
]::|n1,n2> == M |O>

n1!n2!

NC coordinates defined using Pauli matrices as x’ = \ao’a.
Sequence of fuzzy spheres of increasing radia, x> = r> — \2.
r=A(N+ 1) is quantized (N is the number operator on F).

Other realisations of R} more suited for QFT (vitale, Wallet:
1212.5131)
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R} space

The free Hamiltonian is defined as
HoV = —[a s [aa, V).

And we can define and solve physical problems, for example

(Ho— Or‘)w: EV.

A discrete spectrum with A-correction has been obtained (Galikovs, SK,
Presnajder: 1309.4614).

1

l
E)\n: )\2

(1 -1+ (a)\/n)2) ,

2

I
Ey,= 2 E)\

n°

(c.f. Nicolini: 2208.05390)
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The fuzzy sphere S?

. 2r
[xi, x| = ’5ijkﬁxk>
2
x° = r27 X; = d L;
N2 —1
-1
¢ = Z Clmylma

/=0 m=—1

[Li7 [Li7 Wm]] — l(/ + l)Ylm7 [L37 Wm] — m\//m'
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The fuzzy sphere S?

1Bl = (2.63 £ 0.19) £ + (0.0023 + 0.0023)
osf  |b|=(4.35+0.26) ¢ + (-0.035 £ 0.009)
b = (0.32 £ 0.91) & + (0.044 £ 0.029

non-uniform I -
02 uniform -

Figure: Phase diagram of the scalar field theory on 52 (O’Connor, SK: 1805.08111)

Sn[®] = Tr (a ®K® 4 b &2 + ¢ &*).
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The fuzzy sphere S?

-0.182241
-0.356949-0.0169752 i
0.0260558 - 0.055678 i

| -0.0418167 + 0.358403 i

-0.356949 +0.0169752 i
0.723061
-0.266625+0.323709 1
-0.209613 + 0.2508251

(0]

[Li, [Li, Yim]] = I(/

0.0260558 + 0.0556781i -0.0418167 - 0.358403 i
-0.266625-0.3237091i -0.209613-0.2508251

0.93628 0.115833 +0.0969497 i
0.115833 -0.0969497 i 0.30945

N—

[y

/

Z Cim \/Ima

1=0 m=-—1

+ 1)Wm7 [L3> Wm] - me'
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The fuzzy sphere S?

-0.906971 -0.243605 + 0.178959 i
-0.243605 - 0.178959 i 0.50394
0.354273 -0.0108495 - 0.165916 i 0.102162 - 0.640258 i
[ -0.0108495 + 0.165916 i 0.428309 -0.125031 + 0.00326721 i
0.102162 + 0.6402581 -0.125031-0.00326721 1 0.517689

-0.182241 -0.356949 + 0.0169752i 0.0260558 + 0.0556781i -0.0418167 - 0.358403 i
-0.356949 - 0.0169752 i 0.723061 -0.266625-0.323709i -0.209613-0.2508251i
0.0260558 - 0.055678i -0.266625+ 0.323709 i 0.93628 0.115833 + 0.0969497 i

-0.0418167 + 0.358403i -0.209613 +0.250825i 0.115833 -0.0969497 i 0.30945
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The fuzzy sphere S?

-0.366637 -0.389114 + 0.530756 i
-0.389114 - 0.530756 1 -0.773059

-0.320966 + 0. i -0.336983 + 0.459649 1 0. +0.1
-0.336983 - 0.459649 1 -0.569848 + 0. i -0.336983 + 0.459649 1
0. +0.1 -0.336983 - 0.459649 1 -0.81873 +0. i
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The fuzzy onion 03
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The fuzzy onion 03
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The fuzzy onion 03
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Scalar field theory on O3

»)
»(?)

It is easy* to define a potential
V(W) =Tr (bW2+cw?),
and the angular part of the Laplace operator

KO 1)
K@ ¢

KV = K3 pG) — Tr VK, V.
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Scalar field theory on O3

So far it is just a theory of disconnected fuzzy spheres. But since we
have the I/ and D operators, we can compare neighbouring spheres:

DNt 4 Y p(N-1) 2¢(N)
A2

o) =

This can in turn be used to define the radial part of the kinetic term

(n+ 1) 4 (n— 1) — 2nc”

4n )2

Tr VKRV = 3 ()

n,l,m

S =Tr (a WKW +b W24 c W), K=Kp+Ke

14/16 5 vac



Scalar field theory on O3
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Figure: Monte Carlo simulation of S[W] with a=1,b = —13,¢c = 16.
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Outlook (work in progress)

Do a proper HMC study.
Think about a better way to define V/ (V).

Study a quantum mechanical model.

Analytical understanding of the Fourier picture.

Use it to understand some aspects of quantum space
phenomenology (vacuum dispersion, microscopic black holes,
expansion of space).
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