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@ Momentum space and vacuum energies



Noncommutativity 4

[%a, X6] =2 ©@ap ~ £3.

The idea was conceived in the '40s as a minimum distance could lead to the cure of ultraviolet divergencies (Snyder,
1946).




LIV vs. DSR

Lorentz invariance violation

® There is a loss of the relativity principle.

® There is a privileged observer — physical laws depending on the observer.

Doubly Special Relativity (DSR)
® There is a relativity principle.

® Two fundamental constants: speed of light ¢ and Planck’s length £p.
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Snyder

anti-Snyder phase-space:

i, Il =i (6ikjjl — & Jw — Sy + 5/jl‘k) )
i, i) = i (6w — Oxbi)

i, %] = i (OS5 — %) ,

[%,p] =i (50- - [32/3;;3,-) ,

(%, %] = =Ty, [piBi] =0,

Lorentz generators (J; = Xipj — Xipr).



Snyder

Possible observable: vacuum energy
anti-Snyder phase-space: Classical vacuum Quantum vacuum
[y, Il = i (5ik-7j/ — 8 dye — Opdn + 5/jl‘k) , ™ T >
T s s . \ o
[Jij, Bk] = i (6ipj — 0jxpi) Ou° |
N Q 4
[T, %] = i (5% — Spk) ! 'y !
(%, ] = i (65 — BBiby) » | ) i \
(%, %] = —i8J, BBl =0, o < 8
Lorentz generators (.7,, = Xipj — X;Pi)- . 0
N
/ 0
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“Soft confinement” through a potential (SF and Mignemi, 2020)
Hy = p> + VH(%L — L) + VH(=%. — L).
For example, choose a realization of the algebra,

FA,,.:L Ki=i 1+[32p28

Vit o

| scalar field, time x anti-Snyder,,_,, sum over frequencies

1/8 D_»> e %)
_ Qp_a dpp
ffz(zﬂ)Dfl/o (1— p2p?)0/2-1/2 > fle) - i dnfa(p) | »
n=1

f(p) = ﬁ tanh (Bkn) P nm
" BL cosh? (Bkn) \/p? + B2 tank? (Bks) (1 — B2p2) + m2 2L

(1)
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“Soft confinement” through a potential (SF and Mignemi, 2020)
Hy = p> + VH(%L — L) + VH(=%. — L).
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® Divergences




“Soft confinement” through a potential (SF and Mignemi, 2020)

Hy = p> + VH(%L — L) + VH(=%. — L).

0,02
For example, choose a realization of the algebra, —02
?—0.4

] p

. pi . i 17} Woos m=10, 8=0.2

Pi= Xi=i\/1+p%2p%—. =1.0, =0.0

1+ 32p? Opi -0.8 e P

/ m=0,3=0.2

-1.0

) . . . 100 125 150 1.75
| scalar field, time x anti-Snyder,,_,, sum over frequencies L

/B D—2 > o °
_ Qp_a dpp
ffz(zﬂ)Dfl/o (1— p2p?)0/2-1/2 > fle) - i dnfa(p) | »
n=1

® Divergences

® Invariant under realizations
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“Soft confinement” through a potential (SF and Mignemi, 2020)

Hy = p> + VH(%L — L) + VH(=%. — L).
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® Divergences

® Invariant under realizations

kn tanh (Bkn
fo(p) = 2nh (Bk») ko = X ® Spectral geometry

BL cosh?® (Bkn) /0% + B2 tanh? (Bky) (1 — f2p2) + m2 2L

(1)




For example, the vacuum energy can be expanded as

2L 1
E=+/1+p2m? {WVOI(HD) + WVOI(HD’WZO) +-- } .



For example, the vacuum energy can be expanded as

2L 1
E=+/1+p2m? {WVOI(HD) + WVOI(HD’WZO) +-- } .



Experiments

.. . . 2 4
® Noncommutativity, see previous slide, F = 7280% - 487;84 T + o(8%).

e First graviton corrections (Donoghue et al), V(r) = —&mm (1 Slmtmy) _ 127 Gﬁ)

r

Dark scalar ¢ (Brax et al., 2021), O1 = A=3NN¢?, O = A"2Ny*Ng*id, ¢, ...): UV r=®, IR e=2mr=F8/2

® Axion a (Klimchitskaya et al., 2021) , —igz¥y5ea(x), V(r) = 2 Ki(2mar)

327r m2 r2
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® Momentum space and fermions



Kinematics in DSR

® Free particles described by a (modified) dispersion relation

k3
C(k) = k§—k2+K°+..‘ = m?.

® A (modified) conservation of total momentum holds when interaction takes place

Pp.qo
A

Total momentum = (p® q)p = Pu + qu +

® Dispersion relation and conservation law compatible with relativity principle — deformed Lorentz

transformations.
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Kinematics in DSR

S®id

H®H

H®oH

® Most known, r-Poincaré, customarily studied in the
context of Hopf algebras [Majid1994]. (x-Minkowski,
[Xo,X,'] = iX[)

- n

LN
N/

Product V = [, -], unit 5, coproduct A, counit ¢, an-
tipode S.
HoH——>~HoH

® Particular example: symmetric basis [Lukierski:1992dt]

Deformed dispersion relation

P 2
c®P(p) = (2/\sinh (ﬁ)) — PP,

Deformed conservation law

(PeQ) =P+ Q, (P®Q) = Pe®/? Qe /2



For the usual Poincaré symmetry, one introduces fermions by
Jag = Mag @ 1+ 1 ® X 4p. (3)
In the x-Poincaré setup, one can take into account the nontrivial coproduct (symmetric basis)
ALi=Li®en +e i ®L,»+%e,-jk (P,-@Mkef*i +e*%Mk®Pj), (4)

so that replacing the generators on the right side of the tensor products by a finite dimensional representation one
gets [Nowicki:1992if]

= 1
Li=L;+ eTI:D/,' — 2—e;jkijk. (5)
K

The Dirac operator is

P p2 ,
Dytops = 1° (/\sinh (WO) - ﬁ) + e~ P/2Apyi



Geometry in momentum space

Our perspective [AmelinoCamelia:2011bm, Carmona:2019fwf], see also [Kowalski-Glikman:20020yi], [Majid:1999td]:
® Dispersion relation — Squared distance from the origin to k.
® To have (modified) Poincaré invariance: translations @ (or T, ), Lorentz generators J,,,,, all acting on
momentum space — 10 isometries of the metric

— maximally symmetric momentum space (Minkowski, dS, AdS).

® Connection determined by the composition law

Op, 00, (p @ a)s| = —T4(0). (6)

q=p=0



Geometry in momentum space 17

® Consider a momentum metric

Pi

pi Pipj
2N

i — ,51.. —po/N .
&gi(p) i€ + N2

goo(p) = 1, goi(p) = gio(p) =
® Compute the composition law, defined from the translation symmetry

o(p®aq),
99,

a(p®aq),
095

g (P®q) = gpo(q)

)

(PDa)y=pP+aq., (PDq), = pie®/* + ge P/, (7)

® This metric is related to the kinematics of k-Poincaré in the symmetric basis.



Deformed relativistic wave equations 18

® Klein-Gordon equation derived from the Casimir (squared distance) (SF and J. Relancio, 2022).

(Cp — m*)p = [/\2 arccosh? (cosh (%) — 2"—/\22) — m2] P(p) =0

¢ Klein—Gordon equation derived from the Casimir (Hopf algebra) [Lukierski:1992dt]

(e~ o= [ (2nsimn ()" =57 - m] o(p) = 0

* :f(CA)



Remarks

® Different kinematics can be obtained from the same metric: same dispersion relation but different
composition laws
Example:

&uv(P) = Nuv +PMPV/A2~

Snyder kinematics [Battisti:2010sr]

ayder q? Pun*’ qu
(P® @)™ = pu | (/14 5 + 2 + qp-
A2 (1+«/1+p2/A2>

k-Poincaré in classical basis [Borowiec2010]

. [ IF PN — po/A o
(p@q)z—Pomcare = pu 14+ % + 90 +qu +ny o + da®) " P

A 1-p2/N\2 A

where n, :=(1,0,0,0).

)],



Remarks

® Action in momentum space

Ska = / d'p /=€ 6" (5) (Co(p) — ) 6(p).

® Covariance.

® [Invariance under deformed Lorentz transformations of the metric assuming the field transforms as a scalar

#'(p") = o(p),

since
Co(p) = Co(p')-



Dirac equation

® We want to find the equivalent of the Dirac equation in this framework:

“ (74P — m)th(p) = 0."



Dirac equation

® We want to find the equivalent of the Dirac equation in this framework:
(P —m)p(p) = 0.

® What is P,?
Pu = u(p) = guv(P)f(P) = = 8uv(P)



Dirac equation

® We want to find the equivalent of the Dirac equation in this framework:

“(VPu—m)p(p) = 0.

® What is P,?

Pu = fulp) = guv(p)f(p) = %guu(p)acD(P)

opy
® Qur guess is “local” Lorentz representation

= et (p)-

The gamma matrices satisfy
{77} = 2g"¥(p)1.



Choices

® There exist different tetrads that lead to the same metric; which one should we use?
The composition law identifies one and only one tetrad:

9(p@q) dpeaq),
g (P®a) = —5 “gpo (q) P
P o
so forg — 0
d(p@q), d(peq),
guv (P) = o0 L )
e q—0 9o q—0
ie.
. L 9(p®aq)
e.°(p) = o7 Tu
v q—0




Dirac equation

® For the symmetric basis we find

S p)
Dg) S L — |:2/\67?;\"/ip,' +4° (2/\2 sinh (%) - p2>} .
)
2Asinh (\/ CDAZ“’)>

® If we use instead CAS)(p)
2

D) = 40 (/\sinh (%) - %\) +e /P py,

[Nowicki:1992if].
® Our construction leads to



Dirac equation

k-Poincaré

Hopf algebra

Finite representation in the coproduct

Dirac equation

dS momentum space

Local Lorentz representation



Remarks

® Klein—Gordon equation is obtained straightforwardly

(l"ﬂ,(p) - m) (l”fy(p) + m) = Cp(p) — m".

® The Dirac equation can be obtained from the action

SDirac = /d4P V — 'l[) ( Hf p) )¢(p)

® Spinors in Snyder



Remarks

Invariant under deformed Lorentz transformations.
Covariant.

Introduce discrete symmetries

Po: = 1’707 7;7’ L= l’yolz;(po, _p)>
To: = iv'y’K, dr =iy (po, —p),
Co: = iv’K, Pe: = i*P*(—p).
Invariant under P and T,
e’a(po, —p)fu(po, —p) = —e*a(p)fu(p), a =1,2,3.
Invariant under C when A — —A,
e’s(=p)fu(—p) = —e"a(p)fu(p), a=10,1,2,3.
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© Conclusions



Conclusions

® DSR as curved momentum space.

® Vacuum energies in Snyder spaces, spectral properties.

DSR Fermions as local realizations of the Lorentz group in momentum space.



Appendix

Snyder representation [Snyder:1946qz, Lu:2011fh], is defined by the operators

pi=pi, fi=i (50' - /32P1Pj) aip-
J

acting on a Hilbert space of functions 1(p) with measure dy = % [Lu:2011fh].

A different realization was introduced in [Mignemi:2011gr]:

5 pi o _ - 0
pi=—=, Xi=i\/1+p8°p>—.
/1+ B2p2 Ipi
d°p

The measure on the Hilbert space is in this case dy = .
/1+ﬁ2p2

transformation of variables p = ——4—
V1+B2¢?

(11)



Appendix

°T Z/ (27r)qu \/Hﬁzmz(1+52q2)cosh2(ﬁkn)
Qp_ 1 1

(12)

where u = (1 + £2m?)(1 + $%q?) cosh? (Bk,). After the expansion, there exists only a finite number of divergent
terms in expression (18) for a fixed dimension D. Using an adequate regularization one can make use of Abel-Plana
formula to approximate the series with an integral plus a constant contribution, that in conjunction with the change
of variables (77) gives

QDz

—2 _ 2L 1
Z/ (27r )oT g% = (2W)Dﬁvo|(HD)+WV&(HD,WZO)_ (13)



Appendix

/8 D_2 oo .
_ Sp dpp
7= 2(27r)D—1/0 (1= B2p?)p/2-1/2 (Z fn(P)*/o dnfn(p)>7
n=1

where we have introduced the functions

kn tanh (Bkn)

fr(p) = —

BL cosh? (Bkn) \/pz T B—2tanh? (Bk,) (1 — 52p?)

+m2'

(14)

(15)



Snyder spaces

Noncommutative coordinates X,, and p,, satisfy the following commutation relations!

(R, %] = iBMu(Bp?),
[Puspv] =0, (16)
[Py, %] = —idun (BP?),

while the Lorentz generators M,,,, have the same commutation relations as in the usual case, i.e.

Myvs Mool = i(NupMvo = Mo Mup + 1w pMuo — Nuo M),
[MuuypA] = i('r/u)\pu - 77)\l/pu)7 (]-7)

[MMU7>_(>\] = i(n,uk)_(u - "7>\1/)—(pc)-

'Mignemi et al.: 2017



Appendix

Expansion of Casimir:

Q 2
o Z/ (27r)D1

u=(1+p%2m?)(1 + B?q?) cosh? (Bkn)

2\/@{



Appendix

Ty =T ,4+ch"J =

i €L, @2 o T [
(70,7 = 277+ S0, (7.7 = 5.
d3
(¢ ¥)xe = / L6t (p) — ¢ (PIv-(p)] -
P

(6:9)c, = 2/d4p —g0 (Co —m?) ©(f,) 6" (P)¥(p) ,

(20)

(21)



W (p) = SINP)Y(P)- (22)
(53487 u(p) — m) Sw(p) = (SvS™ e "s(p)f;(p') — m) v/ (p') = 0. (23)

where we have used appropriate transformations for the vielbein and the functions f#, cf. the definition (77) (all
the quantities in the new system of coordinates are denoted with a prime).
Then, since the proposed diffeomorphism is an isometry of the metric, the vielbein satisfies

e7a(p') = ¢ 5(PINA(P'), (24)
where Ab,(p’) is a (local) Lorentz transformation that may depend on the point p’. Note that this transformation
is not the deformed Lorentz transformation obtained from the isometries of the metric. Considering (24) and the

symmetry of f,, (cf. the definition (77)) we obtain

(57506} l0) = m ) /(') = 0. (25)

Of course, local Lorentz transformations near the identity can be expanded in terms of antisymmetric parameters
€ab := Nac€"p as customarily,
A°o(p) = 68+ ea(p) + - . (26)
Thus, we can also expand the matrix S in Eq. (23) for transformations around the identity; this allows us to
determine the infinitesimal form of S as a function of the Lorentz coefficients e.s(p’):
i i
S=1- ZUabéab(Pl)-F"' ,o% = > ['ya,wbjl . (27)

More cenerally for an arhitrary metric in momentiim <nace the evnreccion (77\ ic cavariant once we naoctiilatre



NC QFT

Consider the simpler situation (Moyal plane)
[Xa, %] = 2i©p.

Functions are promoted to operators by means of Weyl's transform:
Fi=Qf)(x) = /dp F(p) e*. (31)
The product of these operators

o= / dpda f(p) €”*&(q) €™

= /dTJ (/ da f(p — q)&(q) ei"e"> e,

is such that its Weyl's antitransformation is nothing but the Moyal product:

Q '(fg) = / dpda F(p — q)&(q) 7% €™ =: (f * g)(x).



NC QFT

An approach to NC QFT is to introduce the x noncommutative product (Groenewold-Moyal) to deform the algebra
of functions (coordinates are not operators anymore):

F(%)g(8) = (f % g)(x) = €% £(x) g(x)
= f(xa +i©.0%) g(x)

= f(x) g(xa — i©a0}).

The x product is NC and associative; of course

[Xa, Xp]« = 2i©p.



Snyder spaces

One can find a *-product; for two plane waves (Mignemi et al.: 2017):
efkx 4 giax — eio(k,q)4x+ic(k,q)7 (32)

where

D*(k,q) = k" +q" + 3 [k“ ($1q2 + (51 + %2) k- q) +q"s (k cq+ %2)} +0(8%), (33)

G(k,q) = —ip (sl + 22

! 52) k-q+ (9(,82).
One can show that
/ F(x)* g(x) = / f(x)g(x). (34)

The x-product is nonassociative (but the Jacobi identities are still satisfied).



Snyder \¢?

Consider the action (Meljanac, Mingemi et al., 2017; SAF and Mignemi: 2018)

1 “ m? A
Slel = | S0upx0"¢+ —pxp— nox(px(pxy)).
so that

rl—loop[d)] = S[¢] +

The interaction term gives a contribution

3
6%Si A1 dam_\ 5 = o~ idsytilartartanx
N ——= —_— - 41+ 4 +
Spxdepy 412 / (2m)D Pr¢2¢ s+ =)

m=1

3
x —2iZquk~x+(2+D) —Zq?+q§
k i=1

";TnogA, Af(X):/dy e )5 o )[¢] (v)-

G=—(q1+q1+43)

(37)



Snyder-de Sitter

The commutation relations are (SAF and Mignemi: 2019, 2021)

(%, %] = iBJ, (i, Bj] = ia® Jy,
[%, Bj] = i[6;5 + o’%i%; + B2 Bibi + aB(%iPi + Pi%i)]-

with the “usual” Lorentz generators
oo o
Jij = 5 (Xipj — Xibi + Pjki — piX;)-

An interacting theory with action

Ssis =

/ dPx o (B> + m?) o + % / d®x (%) [¢(%) (¢*(%)) ],

N =

so that the relevant operator at the one-loop level is

52SW 4 p2 -+ w2x2 + azﬁ (X;ijjp,‘)s -+ m? -+ VW7 W= —.



Snyder-de Sitter

The terms to be renormalized in D = 4 — € dimensions are

A
r(z) - _ dD
div 19272¢ x¢

+ x2(15a2¢m? + 6w? + 36m?B2w? — 432wW?5?) — 8%w2x,, x, O DY

6 2 4
— 2602+ 6m? + 12m* 82 + T | 45522 (42)
w

+ x4(9a§ﬁw2 + 24ﬁ2w4):| @,

2 2 2 2 2,2 2 2 2 2,2
r((;_‘) _ i 3)2 Px &7 a2, B 2m (Oéefft + 2p3%w ) +w B X (5aefr+ 165%w ) pE (43)
Vo 41 1672e 2w? w? 2
= Be, )

Recall that in de Sitter

1
\/detgzm. (44)
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WLF

What is WLF? To do QFT (or to compute HK) using QM in first quantization.

Consider a real scalar field ¢ with action S in a d—dimensional Euclidean space. The effective action is

F:S+§Iogdet525+... (45)

For
1 2
S= / dx S(0:0)° + 6" + Uly)

the quantum corrections can be written by using Schwinger proper time in the following form

M —100p = —%/ i;e_BmZ Tr <e7/3(782+u”(¢))) (46)
0

Heat-Kernel trace:f dx K(x,x,8)
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