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Introduction

 Find methods to compute S-matrices which satisfy
analyticity, crossing, and non-pert. unitarity.
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Introduction

* Perturbative unitarity : amplitudes’ methods

e CFT numerical bootstrap has revived the hope that the S-
matrix bootstrap of the 60’s can be revisited today with
modern computer’s powetr.



Introduction

e Construct full S-matrix (all n to m processes) is hard
e ¥ Compute 2 to 2 amplitudes S=7+/ T(s,1).

e Still non-trivial, because they contain info about all 2 to n
processes via optical theorem
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Introduction
e Scattering from production : I, @ 23 :@

e bypasses complicated input
multipoint amplitudes

e scan all possible theories

e Change of paradigm compared
to 60s: explore space of theories,
rather than solve one theory

* Then, maybe, solve extremal
theories

[arXiv:1203.6064] Phys.Rev. D86 (2012) 025022
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Introduction

M. F. Paulos, ]. Penedones, ]. Toledo, B. C. van Rees,
P. Vieira, 2016, 2017

Many existing approaches, in particular PPTvRV
apply strong unitarity constraints and derive
bounds on various couplings.

|9 | max

200
ax
— 10
12
14
— 16
— 18
— 20

150+

Problem: seems to find extremal theories which
look purely elastic: tension with Aks theorem.

50+
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Aks theorem (’64):

old standard
“Scattering implies production” (in d>2) 9

Also: analytic structure (Landau curves) not built
iIn and convergence to them seems impossible

to achieve. , ,
H. Chen, A. L. Fitzpatrick, D. Karateev, 2022

Current status : no fully consistent 2-t0-2 S-
matrices could be constructed in d>2, even
numerically, so far.
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Main results

PT, Zhiboedov, 2022, to appear

 Numerical implementation of dispersive iterations which
produces S-matrices that satisfy all known constraints.

 Aks / inelastic physics is correctly produced



Unitarity, analyticity



Set-up

e We consider the 2-t0-2 L
scattering of lightest scalar
states in a gapped QFT, with Z_2 R » T
symmetry (no cubic vertex) isolated poles from branch cut

pole bound
states

e Goal: construct functions that
satisfy the following S-matrix Q\M)“\L
axioms: unitarity, crossing and

Mandelstam analyticity
St
* |In 4 dimensions, given crossing, - f: ATMW\ >
one property is particularly "‘/
difficult to enforce: elastic

unitarity \D/
N\
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Partial wave unitarity :
7S =1
e,
S

2
s, t, cos(@) =1+ 2t/s

1
fi(s) ~ J P{D(cos(9))A(s, )d cos(6)
~1

(S _ 4)(d—3)/2

S;(s) = 1+ S 1;(s)
2 2 1
o |S,(9)| =1, s € [4dm~; 16m~]
— S
o |[S,(9)] L1, s5€ [16m2§ + o0] Lt Abw

e Straightforward to check
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Amplitude unitarity

fl

A"

Abw

G 7 I e
. STS=1 / \\jﬁ:/

e S=1+iT = 2ilmT=T'T ﬂ (o

e For 2 to 2:

2iImTy = Y To T =T, 5"+ Y |15, I

n=2 n>3
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Amplitude unitarity

for4m? < s < 16m?,

1 di~1q’ di~1q" dcd () o (=) o gl
Ts(svt) — 5 (27T)d_1(2E-‘) (27T)d_1(2E-')(27T) 0 (pl TP2—q — ¢ )T (Sat )T (37t )
ql q//

Z = cos(0)

d—3 1 1

_ 2\ 55—
(s—d4m”) = [ / 42" Py(z, 2, 2") T (s, 6(2)) T (s, £(2))

o0 = S ami
1 —

P ; Jacobian for change of variables
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Intermezzo : 2-2 4d
Kinematics

Bf):i') s = (pl + p2)?
L 4 set10 = in” t =(pl —p3)°

( - N_ss70 ,S,vi\q' u = (pl —p4y’

|
UAm Physical regime : —1 < cos(f) <1
\\‘_‘\\_‘ -’ ) p’”’.%‘:‘&w\m

cos(@) =1+ 2t/s



Amplitude unitarity

for4m? < s < 16m?,

1 dilq’ di~1q" dcd () o (=) o gl
Ts(svt) — 5 (27T)d_1(2E-‘) (27T)d_1(2E-')(27T) 0 (pl TP2—q — ¢ )T (Sat )T (S)t )
ql q//

Z = cos(0)
a—3 1 1

_ 2\ 5=
Ts(s,t) = (2(47:1)?—2) = [ dZf / d2" Pa(z, 2, 2") T (s,1(2)) T (5, £(2"))

P ; Jacobian for change of variables
4m* —s <t <0

Not crossing-friendly
-> discontinuity in s only in |hs
-> physical kinematics
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double-disc

Take another disc !
g3 1 1

—4m2) T
(5= Am7) 2 [ / dz" Pa(z, 2, 2") T (s,8(2')) T (s, ("))

Ts(s,1) = 8(4m)4-2./3
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double-disc

Take another disc !
d— 1 1

(;(; 4),,?_22)\73 dz’ / dz" Pa(z, 2, 2") T (s,8(2')) T (5,1(2")) )
T s

disc_t( Ts(s,t) =

17



double-disc

Take another disc !

d—3

1
disc_t( Ts(s,t) = (s — 4m®) k3 /dz’/dz”’P 2,2, 2") T (s,t(2

47rd2\/§

Mandelstam equation

)T (s,8(2") )

\\/‘b

— et~

S / .
p(s,t) = disc,disc 1(s, 1)

(S _ 4m2)% T ,oo ’/ . ’ . 7 7
ps, 1) = dn' | dn'"T(s +ie, t(n)T(s —ie, t(n") K ,s,2,n',1")
(4m)%\/s
<] <1

ne =n'n" £ /02 —1/n"2 -1,

\\\\\\\\

This is almost the equation we want to solve (lacks
But.. what do we do with p ?
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Mandelstam representation

T(s,t,u) = B(s,t) + B(t,u) + B(u, s)
1 ]] ds'dt’ p(s’,t)

PeD=2 | o=ow -1
4m?

 Double-dispersive integral : in sand in t.
e Lightest Particle Maximal Analyticity

= singularities are those given unitarity + single disc is
polynomially bounded.
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Elastlc unitarity in 4d

Correira, Sever, Zhiboedov ‘20

R e — e e} ; S - lb M‘L k
¥ Abw 2 0

Green hashed: Support of double disc in (s,t)-plane
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Elastic unitarity in 4d

Correira, Sever, Zhiboedov ‘20

e Consequences of elastic unitarity + crossing are
profound

 Aks’ theorem: scattering implies production in
d>2.

e Gribov’s theorem (disprove black disk 60’s
diffraction model) A (s, ) # sf(¥) for s = oo

 Bound on inelasticity  correira, Sever, Zhiboedov 20

e As it seems, only one scheme was proposed Iin
the literature to construct amplitudes which

satisfy elastic unitarity + crossing, by Atkinson;
[1968-1970].
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Elastic unitarity in 4d

Correira, Sever, Zhiboedov ‘20

elastic region

|
'

B
-0 W -2 EER

(
|

fully non-perturbative equation

Green hashed: Support of double disc in (s,t)-plane
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Elastic unitarity in 4d

Correira, Sever, Zhiboedov ‘20

elastic region

fully non-perturbative equation

Green hashed: Support of double disc in (s,t)-plane
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Elastic unitarity in 4d

Correira, Sever, Zhiboedov ‘20

elastic region

|
'

RN
/\Cl_/D\/Q = 0

I

fully non-perturbative equation

Green hashed: Support of double disc in (s,t)-plane
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Scattering from
production and
Atkinsons’ theorems



Nucl.Phys. B15 (1970) 331-331
A Proof of the Existence of Functions That Satisfy Exactly Both Crossing and Unitarity

D. Arkinson A

Nucl.Phys. B15 (1970) 331-331
A Proof of the Existence of Functions That Satisfy Exactly Both Crossing and Unitarity (li) Charged Pions. No

Subtractions
D. Atkinson

Nucl.Phys. B13 (1969) 415-436
A Proof of the Existence of Functions That Satisfy Exactly Both Crossing and Unitarity (lii). Subtractions

D. Atkinson

Nucl.Phys. B23 (1970) 397-412
A Proof of the Existence of Functions That Satisfy Exactly Both Crossing and Unitarity. Iv. Nearly Constant

Asymptotic Cross-Sections
D. Atkinson

| ecture notes:

S Matrix Construction Project: Existence Theorems, Rigorous Bounds and Models
D. Atkinson

20
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Scattering from production

Unitarity
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Scattering from production

Unitarity
/\
o808 -2 ELS
Def: Scattering Production
output Input

Atkison’s machinery solves Scattering from Production.
How 7

28



Atkinson program

Look for fixed-point of the following map:

O8] = B B + z ErE

At the fixed-point, @[}(Ei]: Il/ satisfies unitarity

Atkison’s solution is iterative Xy = J06)

-

\

= /
8, =B 8 + 7 ECH

29



Atkinson’s proof

Start from the map ® : L — L where L is a
Banach space of Holder continuous functions

Holder continuity :

Vx,y € [0; 1], | f(x) = f(W) | < k|x—=y]|”
forO<a<landk >0

Let B= {f € L,||f|| < b} an open ball for
some b > 0

If ®[B] C B, Leray-Schauder principle
—> d fixed point of ®

If d is contracting, i.e.

|1PLf; — L1l < cllfy — £l then the solution
is also unique in B.

30

Nucl.Phys. B15 (1970) 331-331
A Proof of the Existence of Functions That Satisfy Exactly Both Crossing and

Unitarity
D. Arkinson
i n=¢
p
___________ L oAM=1(E)
I
I
|
|
]
0 6, (8"

Fig. 1. Illustration of a fixed-point theorem. The image of the interval, -8 <& <,
under the continuous, nonlinear mapping, f, is a subset of the same interval. There-
fore the curve 71 = f(§) intersects the line 7) = £ at least once, at a point £, such that

£O = f('Eo)
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Inelastic function

* |n practice we don’t “choose” all
of the T,_, , separately.
We choose a single function

2
Vinel(s’ t) ~ 2723 | T2—>n |

* The problem is complete: allowing
any functions gives a set that
contains all physical amplitudes

* Philosophy is geared towards
bootstrap

31



Numerical
Implementation



Numerics

e | aptop computations
e Mathematica
e convenient for integrals and development

e basic speed of NIntegrate[ ] close to default python
quad ()

e Easy grid-computing environment LaunchKernels| ]

n(18l:= Kernels[] // Length

Out[18]= 42
33



Numerical implementation

then:
discretize

0.2 0.4 0.6 0.8 1.0

not good: poor resolution at large s,t
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Numerical implementation

then:
discretize

1101 1 1 Y N ' IR P T
0.2 0.4 0.6 0.8 1.0

T .

not good either
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Numerical implementation

then:
discretiz
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finite element mathematica package
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Algorithm

Start from Pols, )
L (1 !
Calculate Dy(s, 1) = — po(s’, O\ — T
TSy s'—s s —u
Calculate P(1).el(S> 1) = ﬂ (Do(Sa 1)(Dy(s, 1) + po(s, 11)po(s, t2)>df1dt2
Define PS5 1) = Pe1yei(Ss 1) + Py ol $)FVy,0/(5, 1)

Iterate
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Algorithm

Start from P,(S, 1)
NN AR !
Calculate Dn(s, 1) = — pn(S , 1) ) +—
JT Am?> S — S S — U
caloulate  PoenelsD) = ﬂ (D, (5, 1,)(D,(5. 1) + (5. 1)y (5. ) )l

Define P+ 1) D) = Pg1),el(Ss D) + Py el $)+

38



Algorithm

Start from P,(8, 1)
(> 1 1
Calculate D,(s,1) = — P8, 1) ) T
)y o s'—s s'—u
catoutate  Puinel®0= || (D,6.0)D 6.1 + 5, (5.0, 65.0))drd
Define P+ 1) D) = Pg1),el(Ss D) + Py el $)+

O 0] = 808 + 2 E&

39



Subtractions

T(s,t) = A+ B(s,t) + B(s,u) + B(t, u),

s—so [ ds p(s’) t — 1o /OO dt’ p(t')
B(Sat) — 2 [Lmz T (3’ — S)(Sl — 80) T 2 4m2 T (t, o t)(t, o to)

> ds'dt’ p(s',t')
oY o B S

S0=t0=u0=4/3

40



Subtractions

T(s,t) OBst + B(s,u) + B(t,u),

s—sg [T dS p(s’) t—to [ dt p(t")
B(s,t) = — /4m2 T (5 —8)(s —s9) | 2 Lmz T (F — 1) —to)

> ds'dt’ p(s’,t')
+ (3 — 30)(t - to) [LmQ 2 (3’ — 3)(75’ — t)(S’ — 50)(t' — tO)

Coupling A to describe ¢*-like theories

41



Subtractions

T(s,t) B(s,t) —I—Bsu)—i—B(tu) o
B 00 / . 1 € /
B(s.1) S — S / ds’ o(s") t to / dt’ p(t")
2 Aam2 T (8 — — S() Am2 T t/ —t)(t — t())
> ds'dt’ p(s',t")

+ (s — 80)(t — to)/

amz T2 (8' = 38)(t' —t)(s" — so)(t' —to)

S0=t0=l/l0=4/3

p(s) ~ single disc -> gets its own inel input p;,»(5)

Have to solve unitarity separately for the S_0 partial wave

42



Subtractions

T(s,t) OBst + B(s,u) —I-B(tu
s — 80 > ds < ) > dt’ p(t
B(S t) - m2 (s S — — 30 %
ds’dt’ S t’
+ (S — S())(t t() (

412 7T2 s’ — t’ t)(s —S() t’ t()

= 1y = uy = 4/3
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Results

0.0010

A=x/2
0.025 . 0.00003
0.020 — B 0.00002
0.015} — 2 0.00001
: f — 3
0.010 i 0
[ — Y
0.005 | — 5
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Results

Without subtractions, hard to converge to
unitary partial waves.

With subtraction, algorithm converges for . MIPra=Palle.

0.001

—7n < A < 5.57 and satisfies unitarity (far from
PPTVRV). i0?

Amplitudes have correct Landau curves and 107
analytic structure, by construction.

How small can inelasticity be ? Set to zero, to
see.

Produces a sort of gb4 theory from dispersive
iterations R
1 3 1 3
e o -
i 1 2 1 2 ! 1 " l
) oo zgg -
P
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zero Inel input

1 3 1 3 ROl
2 42 4 2 52,
oo - o ¢+ Y -
3 43 4 SO
02



zero Inel input

.3
1 3 1 3

1 2 1 2 ! 4 ’
omo i o> (o SN = IR
3 43 4 SO
02



zero Inel input

.3
1 3 1 3
2 4 2 4 9~ 4
L. 4
1 2 1 2
3 4 3 4 o~ 5
,02

will never produce graphs which have no 2-pt cuts, such as:

I o
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zero Inel input

1 3 1 3 ROl
2 42 4 2 52,
1 2 1 2 boed
oo - o ¢+ Y -
3 43 4 SO
02

N, =6N>+1 N, ~ (2.55)¢
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||pn+1 _pn”oo

0.001["
1076}
1079+
0 2 4 6 8
linear convergence
1.000010 ~
1.000005 - _n
1.000000 o "_
—_— 27
0.999995 + : ;T
Aks bump
x = 4m?3/s

n n 1 n 1
1077 107 0.001 0.100 1

S,(s) have inelasticity

50

- color =
—  |teration
counter
00 02 04 06 08 1.0
x=4/s
So(s) converge to pure phases
1.000010 | S2 |
10“7 10“5 00‘01 o.1‘oo 1 x = 4m?/s

S,(s) < 1 at infinity



Large J Dragt-Martin bootstrap seems compatible with results as grid size increase

0.55
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0.45
0.40 -

0.35-

20

40
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80

Nmesh
639

1931
2527
2973
3547
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30 1

20

25 1

o1 0.65. + O(1)
I rs(40m?) = log iy (o) - 0.47J + O(1)
(.9—4771,2) 2 |f (S)P 5s=40m?2 /,’ .
Vs J Re

. L . L . L
10 20 30 40 50 60 J

An Analytical Toolkit for the S-matrix Bootstrap
M. Correia, A. Sever, A. Zhiboedov
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This “extremal” amplitude with zero inel input saturates the bounds from

Nonperturbative Bounds on Scattering of Massive Scalar Particles in d > 2
H. Chen, A. L. Fitzpatrick, D. Karateev

T0;1
20 -

4.0

3.5

3.0

| 25

T0:0

-100 -80
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1.00010 -

A

: 1.00005 - o n
/;J\ "2 [ [ [ [
5 T 10/-10 violation of unitarity,
_l“ 1.00000 = - — o which is propor’tional to 14
= o

| 0.99905 - _— 32,T

1'

1.x107% -

5.x107 |

1.x1077 -
- 5.x1078 |

1.x1078 |

5.x107° |

1 2 3 4 5 6
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* indicates that inel. input probably cannot be zero

* how small can it be ? -> stay tuned
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Numerics : prospects

T A

e (Gradient descent / machine
learning (Newton-Raphson)

» Make the double integral of
Mandelstam’s equation a
matrix/tensorial
multiplication.
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Perspectives

Reduce to tensor operation, to run on a GPU with gradient descent and
release open-source code (python / julia)

Other dimensions
Produce amplitude that saturate Froissart bound

Pion S-matrix

Unitarise quantum gravity S-matrix in d>4, d=4

N
Celestial formulation of ?

e NP unitarity

e scattering from production ?

56



Advertisement

* Postdoc offer in LAPTh, starting fall
2023

 Group: PT, Felipe Figueroa,
Christopher Eckner, Yihong Wang

e Also: D. Andriot, D. Chicherin, and
BSM / cosmo group

e \Well connected to Geneva
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Thin slit

0.25
o.2of~
0.153—
o.1of

0.05]
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Inelastic input

s
t-16
st

t-4
— planarbox(f)
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Unitarity violation at 10*-10:
Independence on grid
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