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Both Hamiltonian methods and nhoncommutative geometry
have a long history in theoretical physics (and mathematics)

brought together already many decades ago
(quantum phase space, Dirac 1925)

In this talk: twisted hamiltonian formalism, application
to twisted vierbein gravity

abelian twist —» star (exterior) product



The logic

Classical gravity: Noncommutative gravity:
forms, wedge product forms, x - wedge product
/ R AVEAVYe b / R™ A, VE A V% aped

twist
Legendre > * - Legendre
\ 4 \ 4
Hamiltonian * - Hamiltonian
Poisson bracket *x - Poisson bracket
Canonical transformations *x - Canonical transformations

Symmetry generators * - Symmetry generators



NC field theories, x product

Field theories on NC spaces become especially tractable
when non commutativity is encoded in a twisted xproduct
(noncommutative, associative) between ordinary fields

- Example: Moyal-Groenewold < product:

F(@) % 9(2) = f(z) expl 56" 5,0.) 9(w)
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)
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> generalization: abelian twist

@L — XA — Xﬁ(:ﬁ)@u

f(x) % g(z) = fg+ 2

, extension to p-forms:

X4 —Lx, (Lie derivative)

/! /
TN, T =TNT

ieAB ¢

2

XAT /\ZXBT/

with [ X4, Xp| =0
5 OB XH(2) X% (2)|0,f O,g + ...
Ay - product




Properties

Leibniz rule

d(T N ') =dr N T+ ( )deg(T>T A, dt’

Integration: graded cyclicity

/T A, 7 = (—)des(r)deg() /T/ AT

Complex conjugation

(7_ A, 7_/)>|< _ (_)deg(T)deg(T/)T/* A, =

NB only need these properties in the sequel. Satisfied by
abelian twist, but more general /. could still satisfy them ?
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1. Covariant hamiltonian formalism

o The language of differential forms is natural for geometric
theories, for ex. (super)gravity

o Forms suggest a covariant hamiltonian treatment, since
derivatives of fields ¢ appear as d¢

o Actions: integrals of d-form Lagrangians

o Forms are multiplied with the exterior (wedge) product A



Geometric theories with p-form fields

S = / L(¢;, do;) ¢; are pi-forms
Md

¢ Variational principle

oL oL
M ¢ 0P, (07 )5’(d¢z‘)
all products are exterior products \ /

form derivatives acting from the left

o Euler-Lagrange eq.s

oL IL
d p:i 9%
O(do;) =) 0;




Form Legendre transformation

e usual field momenta
0L

™) = BG0a(a))

with O - form fields and Lagrangian

o form field momenta

0L
™) = Bde(a))

(d-p-71)-form

with p - form fields and d - form Lagrangian

D’Adda, Nelson, Regge (1985)



Form Hamiltonian

o (d-pi-1)-form momenta
_>
i_ 0L
T =
O(dg;)

e d- form Hamiltonian

H=d¢; o — L= H(¢p;,7")

¢ Hamilton eq.s .
dp; = (_)(d+1)(pi+1) 0H

om* equivalent to the
1 5H Euler-Lagrange eq.s
pit

0o

dr' = (-)



Form Poisson bracket (FPB)

¢ from the on-shell differential:

OF OF

dF = do, - drt = =

? Do, | o

9H oF 9H oF

pid _

o O¢; (=) O¢; Omt  — W Hj

I gF a 1 5F
usmg = (—) (f+ )8—A

e The FPB {A,B} isa (a+b-d+1)-form

o Canonicalrel.s  {¢;, 7} = &7



Properties of the form Poisson bracket

{B7 A} — — (—) (atd+1)(btd+1) {A, B} (anti)symmetry

{A,BC} = B{A,C} + (—)letd+ 4 BlC

derivation
{AB,C} = {A,C}B + (—)“tH D A(B C}

(_)(a—l-d—l—l)(c—l—d—l—l){A’ {B, C}} + CyCl/l:C —0
Jacobi



Gravity in d=4
o Lagrangian

L(¢,do) = RV V% 4peq = dw®V eV % gpeq — wiw®V eV % gpeq

o 2 -form momenta

0L 0
T‘-CL p— p—
0(dVe)
0L e rd
Tab — 6’(dwab) = V"V €abed

both momenta definitions are primary constraints

(I)a = Mg — Oa (I)ab — Tab — chdgabcd =0



o Hamiltonian

H =dV® 7, 4+ dw® 7oy — dw® VV 9% peq + w w® VeV 9% peq =

= dV® O + dw™ Dgp + w? W VV apeq

o Hamilton eqg.s

OH
dﬂ'a — Y — _szcvdEabcd
oOH
dﬂ-ab p— 8wab — QwC[anveeb]cde

velocities dV%and dw®® undetermined at this stage



¢ using the constraints in the Hamilton eq.s yields the
field equations :

AP, = {®s, H} =0 = R*V%ua=0  Einstein eq.s

d(I)ab — {(I)aba H} =0 = R" Vdgabcd =0 Zero tOrSIOn

o these eq.s partially determine the “velocities”
dVa’ — wab Vb

dw® constrained by Einstein eq.s



¢ constraint algebra

{(I)aa (I)b} — {(I)aba (I)cd} — O; {(I)aa (I)bc} — _zgabcdvd

Thus constraints are not all first-class, and this is consistent with some
“velocities” getting fixed by requiring “conservation” of the primary
constraints.



Infinitesimal canonical transformations

e onany a-formA:
0A =e{A,G}

where the generator G isa (d- 1) - form
Then {A, G} isa a-form like A

o preserve commutation relations with FPB

e the commutator of two infinitesimal canonical
transformations generated by G and Gz is again
a canonical transformation, generated by

{G1, G2}



Action invariance and Noether theorems

o canonical global transformations

— —
5¢’L — {¢27G} — PY; 9 0T = {7T 7G} — _(_)pzd a¢ 9

S:/ do; ™ — H
./\/ld

6S = / d(6¢;) " + dop;om’ — dH =
Md
— / d(ép;m* — G) — {H,G}
./\/ld

=== The action is invariant, up to bdy term, under the
canonical form-transformation generated by G iff

{H7 G} =0 up to total der




o Noether charges

on shell (i.e. using Hamilton eq.s):

dG = {G, H)

thus if G generates a symmetry, on shell dG=0.
Then by Stokes theorem, on shell the integral

with & (d-1)-dim slice of the manifold /\/ld, and
fields with suitable bdy conditions “at the end of the slice”

IS conserved In {, the coordinate parametrizing the slice foliation



@

@

canonical local transf. generated by ¢(z)G + (ds) F
5S / (s, GV — G + de({ s, F¥a' — F)
OMH

+/ de (G—A{H,F})—¢e¢{H,G}|
Mda

are symmetries (for arbitrary e(x)) iff

G- {H,F}=0, {HG}=0

LC, Ann. of Phys. (1982)

moreover {constraints, G} =~ 0, {constraints, F'} ~ 0

i.e. G and F must be first class, but not necessarily constraints



Gauge generators for d=4 vierbein gravity

G=(de)F 4+ ¢(x)G

/ T .

3-form 2-form 3-form

o Lorentz rotations

G = 8abGab + dSabFab — Eab(QwCaﬂ'bc — Vaﬂ'b) + (dé‘ab)ﬂ'ab — Dé‘a’bﬂ'ab — {:‘abVaﬁb

SV ={Ve G} =% V°, w® = {w? G} = De

57'('@ — {7Ta, G} — 5ab7Tb7 57Tab — 8C[a,7Tb]c




2. NC covariant hamiltonian formalism



Geometric theories with p-form fields, with twisted A

— L’iadiy*
§= [ L@ndoin

¢ Variational principle

oL oL
55:/ 00; Ny + d(00;) Ny
M ¢ OP; (061 O(do;)
all products are exterior products \ /

o Euler-Lagrange eq.s

_
oL

form derivatives acting from the left
with CYCLIC REORDERING

o den

(=)*

-
oL _
o6

0




* - Hamiltonian

o (d-pi-1)-form momenta
_>
i_ 0L
T =
O(dg;)

e d- form Hamiltonian

H =do; \, " — L

¢ Hamilton eq.s .
dp; = (_)(d+1)(pi+1) 0H

om’ equivalent to the
1 5H Euler-Lagrange eq.s
pit

0o

dr' = (-)



* - Poisson bracket

— —
0B 0 A

A Bl, = ~ A,
{’} 8#1/\0@

* - canonical transformations

%
5’ B O A
p;d Y —
(=) 8gb Mo o’

the generator (7
s ad-1form

holds only under
— {Av G}* | i

a G
T {¢27G}~k - .
959G
st = {1', G}, = —(—)Pic ggbi
9 A 9 A
0A = T/ \x | : * :
00; N 9, YA oy

preserve {¢;, '}, = &’

Integration




* - symmetries

The conditions for gauge generators are formally as in

the classical case, with Poisson brackets replaced by their
twisted version.

In particular (x)G + (de) F' generates a symmetry iff

G- {H FY, =0, {HG} =0

{constraints, G}, ~ 0, {constraints, '}, ~ 0




3. NC hamiltonian for NC vierbein gravity



NC vierbein gravity

» Classical action
S = /Rab AVEAV A ped = —4/R V—g d*z

with V% =V} da”, Wt = wzb dxt

R = Ra’bW dzt A dr¥ = dw®™ — w* Aw’

Index-free

S:/Tfr' (775 RAV AV)

1
with V =V%,, Q= Zwab%b, R=dQ—QAQ



S:/TT (27vs RAV AV)

> |Invariances:

6 Ve =€V, Sw™ = de® — we® + Wb e = De®

= Diff-S [5617562] — _5[ 66666 ]

- Local Lorentz rotations

0.V = —Ve+eV, 0.0 =de — Qe+ £

_ 1
with € = Zsa’b%b

w» 6.R=—Re+cR

* Oc /Tfr ivs RAVAV)=0

by cyclicity of Tr and [V5,€] = 0



o % vierbein gravity:

S:/TT (175 RALV AL V)

with R = df2 — Q A, ()

> |nvariances:

1) Diff.s: the action is an integral of a 4-form on a 4-manifold

2) * - gauge invariance under:

0.V =—Vxet+exV, 0. =de—Qxe+ex()

w» J.R=-Rxec+exR
> 5€/T7~ (ivs RALV AL V) =0

by cyclicity of T'r and/ ‘andif [5,6] =0




Note:

Q A, Q contains [y%,7%Y — 4%/ and

{,yab7 /YCd} — 17 V5

1
* () = Zwab’YCLb + 17 wl —|—(:J’)/5
1 ab - ~
g = Ze Yab + 1 €1 + €75

V =V%, + Vs

1
R = ZRab’Vab—l—i rl + rvs

=» Newfields: w @, V°

= gauge invariance: |SL(2,C)— «GL(2,C)




NC vierbein gravity action in components

S = /Rab A (VEAVE=TVENA, VD euea — 28 RC A, (Vo AL Vi — Vo AL V)

—4r A (VEAV, = VEAV) +4i 7 A, (VEAV, = VEA V)

where the curvatures are

1 1 .
R* = dw® — §w“c A W + §wbc A W — 3(WP A, w4+ w A, w™) —

) o o~
— §eabcd(w0d Ae @+ @ Ay w™)
2 ab . ~ ~
r=dw— -w® A, wep — (WA, w—WA,W©)

8.

~ ~ [/ . ~ o~
r = dw + Eeabcdw“b A, w — (w A, W+ WA w)



NC gauge variations

(e% * VP + VP xe%) + %e“bcd(f/b x4 — g% % 17")

Fi(exVe—Voike)—ExVe—VoxE
5.V = :

l\Dlr—t

(g% * VP + V% %) + Ze"’bcd(Vb x4 — g% % V)

Fi(exVe—Voike)—ExVe—VoxE

l\:>|»—l

1
ab ab a cb b ca cb a ca b
dew® = de +§(8C*w — & *xwW?Hw® ket —wxe’)

+3(e® % w — wx ™) + %e"‘bcd(e-:c
+i(exw?® — w®xe) + %e“bcd(g* w — W % €)

b %@ — wx e

1 . - o~ o~
5€w=de—g(w“b*sab—sab*w“b)+z(5*w—w*5—5*w+w*<

2: . ~ ~ ~
0w = de + —€qpeq(W® b % g4 —st*w“b) +i(exw —WhE+EHW -

16

from

0.V =—-Vxet+exV, 0Ql=de— Qxe+ex



gauge invariance: |SL(2,C) — xGL(2,C)

T

Lorentz

generators: Y%, 1,75

* Lie algebra: Oe1, Oey] = Oegmer —ermes



NC Legendre transformation and NC Hamiltonian
5L

= €apea(VVE = VV) + 24Vl — ylayth

= 4(VVe — VV°)

= 4(VVE = VVO)

H = dV°r, + dV°F, + dw™rg + dw 7+ did 7 — L =
dVed, + dVed, + dw™d , + dw ® + do ® +
+ [wc[a,wb]C + i(wabw + wwab) + %(
: (chd — VVYeupea + 20V, Vi — Vo V3] +

+ 4( —w®w,, — i + zww)(vcvC — VCIZ) —

wefﬁ -} &wef)e“bef] .

8

_ 4Z(Ewabw0d€abcd — Wi — iw) (VV, — VV,)




4. NC canonical gauge generators

G = (de) Ny F+€exG



Gauge generator for * GL(2,C) transformations

C=de pym® +de 7+ de 7T+

1 7 ~ ~
+ §Eab(Va7Tb + 7TbVa) + ZECd(Vbﬂ'a — WaVb)Gabcd +
1~ 0 —y ~
+ §5ab(V“7rb + 7V + n VT — TV €gbeq —
— €W’ Map + Tap W’ ) — €™ (WTap — Tapw) — %5&1(55%1) — Tap)e® ! —
— %sab(w“bﬂ — Tw™®) + f—6ECd(w“b7? — Tw™)egbeq —
- is(vaﬂ-a - ﬂ-ava) + g(V&ﬂ'a + 71'ava) — iE(Va%a — %ava) + 23:/(Va%az + %ava) -
— ie(W*Tap — Tapw™) — %g (WabTeq — Tegap) ™™

—ie(wm — Tw + WT — TWw) + E(WT — TW — WT + Tw)



%

0 G

NC gauge variations 0:0; = {0;, G} = o
-
1 - -
5( e *x VP + VP xe%) + %e“bcd(Vb * e — g% V)

Fi(ex Ve —Voixe) —ExVe—VexE

5.V = (% x VP + V% %) + 3e"’bcd(Vb x4 — g% % V)

4
Fi(exVe—Voike)—ExVe—VoxE

l\l)l;—l

1
S.w® = de® + = e % w® — 5bc * W + w? x e®, — w™ % sbc)

2( .
ab v ab

+3(e® % w — wx ™) + 7€ (e

* @ — @ * €%
+i(e xw™® —wx¢) + %eabcd(g* w — W % E)
d.w = de — %(w“b*sab—sab*w“b) +i(exw—wxe—EXxW+W*E)

0w = de + eabcd(w "x e — ey ) fi(ex W —DrEFERW — WHE)

16

reproduce the NC gauge variations obtained from

0.V =—-Vxet+exV, 0Ql=de— Qxe+ex



%

o . . (3
NC gauge variations of the momenta 6.7° = {n",G} = D0
)
5G 1 '
. -
557'('& = BVG = E(ngab + €ab7Tb) — Z(Wb€Cd — €Cd7Tb)€ade —
— 1(Te€ — €M) + T4E + ETq
N
- G 1,. - i
0. Ty = (’((;Va = 5(77”501, + egpT’) — Z(ﬂ'becd — €% e beq +
+ M€ + EM, — (M€ — €T)
N
8 G C C 2 2 ~ C cd~=
OcTap = Gab = Tela€) "~ EcpTa)” — g(ﬂ'é‘ab — EqpT) + E(we ¢ — ) € gbed
— i(TapE — ETap) — %(WCd?:'— 7 e ubed
5 0
0. = ?9_w = —i(Te®™ — €y) — i(mE — em + TE — ET)
_) .
- a [ ab _cd cd__ab

557r=8—a3——§(7r e — e“m)€abeq + 1(TME — ET — TE + €T)



Conclusions

The covariant hamiltonian formalism (CHF) is not equivalent
to the usual (“time singled out”) hamiltonian formalism.

The definitions of momenta are different.

However the form Hamilton equations are equivalent to the
usual Hamilton equations of motion. Thus both formalisms

describe the same classical theory.

Canonical quantization however may not lead to the same

guantum theory, since the canonical commutation relations

are different. Thus next homework: quantization within CHF

And also: - canonical quantization for x- deformed gravity



Thank you !




