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Starobinsky model of inflation in modified gravity in 4D spacetime

(short review)

The Starobinsky model of inflation is defined by the action (Starobinsky,1980)

Sstar. = /d433\/_( +LR2) ; (1)

m
where we have introduced the reduced Planck mass Mp| = 1//87GN =~ 2.4 X
1018 GeV, and the scalaron (inflaton) mass m as the only parameter. We use the
spacetime signature (—, 4+, 4+, 4+, ).
In the high-curvature regime, RA2 dominates and leads to a nearly scale-invariant spectrum.
The (R+R?) gravity model (1) can be considered as the simplest extension of the
standard Einstein-Hilbert action in the context of modified F'(R) gravity theories
with an action

2
5. = MBI / d%2/—g F(R) . 2)

in terms of the function F'(R) of the scalar curvature R.



Equivalence between f(R) gravity and scalar-tensor gravity |

The F'(R) gravity action (2) is classically equivalent to

2
Slgu ] = 2B [ g /=g [F'GO(R = x) + F() 3)
2

with the real scalar field x, provided that I/ = 0O that we always assume. The
primes denote the derivatives with respect to the argument.

The equivalence is easy to verify because the x-field equation implies x = R. In
turn, the factor F” in front of the R in (3) can be (generically) eliminated by a Weyl
transformation of metric g, Which transforms the action (3) into the action of the
scalar field x minimally coupled to Einstein gravity and having the scalar potential

v <MF2>|> xF'(x) — F(x)
S\ 2 F'(x)?

(4)



Equivalence between f(R) gravity and scalar-tensor gravity |

The kinetic term of x becomes canonically normalized after the field redefinition
x(p) as

F'(x) = exp (\/gSO/MPI) , p= \/§\/Z\§4p| InF'(x) , (5)

in terms of the canonical inflaton field ¢, with the total acton

M2
Squintessence[gw/, 90] — Tpl/d433\/ —QR—/ d433\/ —g [%g“”au@@uso + V(SO)] .
(6)

The classical and quantum stability conditions of F'(R) gravity theory are given
by
F'(R) >0 and F"(R) >0, (7)

and they are obviously satisfied for Starobinsky model (1) for R > 0.



The inverse transformation

The inverse transformation reads

_[V6ay , 4V >
R = My 2 + M2 exp (\/;SO/MPI) : (8)
V6 g4y, 2V 2
F=|—- — 2 M :
G + M2, exp( \/;SO/ PI) (9)

In the case of Starobinsky model (1), one finds the famous potential

V(p) = ZMF%lmQ [1 — exp (—\/ggo/Mm)]Q | (10)

This scalar potential is bounded from below (non-negative and stable), and it has
the absolute minimum at ¢ = 0 corresponding to a Minkowski vacuum. The
scalar potential (10) also has a plateau of positive height (related to the inflationary
energy density), that gives rise to slow roll of inflaton during the inflationary era.
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Starobinsky inflation and CMB (Planck)

The Starobinsky model (1) is in very good agreement with the Planck data. The
Planck (2018) satellite mission measurements of the Cosmic Microwave Back-
ground (CMB) radiation give the scalar perturbations tiltas ns ~ 142ny, —6ey =
0.964940.0042 (68%CL ) and restrict the tensor-to-scalarratioas r =~ 16ey, <
0.064 (95%CL). The Starobinsky inflation yields » ~ 12/N2 ~ 0.004 and
ns ~ 1 — 2/Ne, where N¢ is the e-foldings number between 50 and 60, with the
best fit at Ne ~ 55.

The Starobinsky model (1) is geometrical (based on gravity only), while its (mass)
parameter m is fixed by the observed CMB amplitude (COBE, WMAP) given by
10g(1019A4,) = 2.975 4+ 0.056 (68%CL) (or As ~ 1.96-1079) as

ma~~3-1013Gev or —— ~1.3.1075. (14)
Mp,
A numerical analysis of (11) with the potential (10) yields (with N =~ 55)

2 4 2 2
Zos/Mp =~ In [ =N = Mp ~ In |—(4 + 33
\/;90*/ Pl (3 e) : \/;Spend/ Pl 11( + )



AD intlation Trom
Modified gravity in higher dimensions D>4

We consider a higher dimensional modified gravity with extra dimensions compactified on
a sphere  asatoy model.

(MWe derive the inflaton potential from the higher dimensional modified gravity
Ketov, Nakada (2017)

@ The model is extended by adding a (p-1)-form gauge field to achieve modulus

stabilization by a flux cf.: S. P. Otero, F. G. Pedro and C. Wieck(2017)
(3We studied in detail the D=8 model. : Ketov, Nakada (2017
MD—2
SD: l; /dDX\/—g[R—I—VDR —2AD @ s 1
fffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff ME™ = —

where the presence of ' =dA A is (p-1) -form gauge field
is motivated by supergravity 8



Legendre-Weyl transtormation in D dimensions

: 1 \»1 —1 n
MIntroduce new field B: R+~yR™ — (14 B)R — <%> <nn ) Brn-T EOM of B:
L\ b ) B =~ynR"!
(1+B)R— (—) (” — ) B7-T —2A —This action is
yn n

equivalent then
@Weyl transformation: gap = Q 2gan, —g=Q 2/—7

1
S=— [ d’zv/=gp

QK2

choose QD—Q _€(D_2)f 1+ B where J n
f 04
A - —
— — ()
®by field redefinition: ¢ = \/(D D=2 ,

We get the standard action of Einstein gravity minimally coupled to
the Canonical scalar:

5= o5 [ 4oy in i+ [ 4P/ |35 0.0080 — V(0



The inflaton potential

22v(6) =

L

where
7

vn

! )”1 <’” - 1) e(0-25/\/D-DD-3) _ 1] T

mn

n

« ¢~ Dro//(D=D)(D=2) 4 9p—Dré//(D-1)(D=2)

/

-

~ ~

4

T

) = {€<D—2>q3 _ 1} "1 ,—Dé | \,—Dd

(¢)

2V4(¢4)

(%)

n

with the compactification and dimensional reduction

/de = VD—4/d45U , @ =0s/\/Vp-s, K=ka\/Vp_a, V=V4/Vp_4

T (n=1y qg_\/(D—?L)L(D—@ ’ A:(nr,il) (vln
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A requirement for the potential

(Dto have a plateau at @ ~ o

RN P

The potential becomes

~

{ V(g) = {1 - e—<D—2>ﬂ P + \e D¢ J

@global definition of R and ¢ ‘ D is multiple of 4

(3demand a stable flat direction in V ‘
and positive inflaton mass in D=4

p=n & [AD>O]
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ne inflaton potential in D=8 and D=17

D=8 |l D=12 |l green A
v i blue A
| red A

0
1
2
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These potentials are already suitable for 4D inflation,

with

n=D/2and Ap,>0,

if we assume dimensional reduction: i.e. all fields

in D dimensions independent upon extra coordinates(y) of the hidden flat
space.

Then we find the tensor-to-scalar ratio as {7« — (S(D — 1) }

D — 2)N2

However, this does not lead to stabilization of extra dimensions.

—Dimensional reduction has to be replaced by spontaneous compactification,

with moduli stabilization of extra dimensions.

- adding F, = dA,_1 with flux # 0, and[p — n]

cf.: S. P. Otero, F. G. Pedro and C. Wieck(2017)



The D=8 model anc -
its D=4 spontaneous compactification

6
— % /d8X¢——98 [Rg +7sRg — 2As — gAlBl9A2329A3339A4B4FA1A2A3A4FBleBgB4]

M8 o ) )
L Sdual 278 /dSX\/ — 08 [Rs — 42§ P 0af0pf — MZV(f)

Legendre-Weyl ~A1B1~AoBo ~AxBa~AsB
transformation _g ! 19 g 29 ? 39 * 4FA1A2A3A4FBlBngB4]

where

f/(f) — a_2(1 — e_Gf)% + 278 Ag

with 6. - 3 1 3 _2
Y8 = M8 Y8 Ag — MSAS y Z (4—%> a 14



-lux compactification

We assume 4 extra dimensions are compactified on sphere S Freund-Rubin (1980)
and use this ansatz for 8D metric with the warp factor e2X

dsz = Gap(X)dX2dXP = g, 5(x)dz*dz” + e>X®) g, (y)dy®dy®

this means

and we define the 4-form gauge field strength A o
flux F by integrating over §4 {M X e“XS J

/d4y\/_galbl e a4b4Fa1 asEby by = ‘]\48_2}72 , F = const. # 0
The total potential becomes :

[MEZ4V(X7 f) — [ _2(1 — 6_6f) -+ 2A8€_8f} — 26_6X e F26_12X}

where

]
S

3/ 1\?
6~ —
v8 = Mg "qs . Ag = MZAg - 1 (4%) ’ 15



Study of the potential Tor two scalar fields

VO f) = [a72(0 - e )1 4 aRee ] et — 2070 4 P21

|
+0 f direction: Starobinsky-type inflation
V(f, x) Zz | \ A X direction: modulus stabilized
] nD=8:a =,/
02 1 Inb=o. o= ?, N, = 55

2.7

. r ~ 0.0037
X 25 ) - 9
| \nSNl_E%O'%
F? =105, 345 = 6 x 10%, Ag ~ 0.0174 . r<0.064
Planck observation: ne — 0.9649 + 0.0042

16



T he masses derived from
study of scalar potential

—

o =1+ (2Aga?)?
)% oV v -' o X0 = 9F?
- S p— = fo, %0 — 0 . 1/3
Of lrmfe Nlymyy 7770 2K, = 1
e 3 16F2 — 25675
2 2 2
m?:?}‘g 12:]\41312({7 —16) 2
o Of%|,_, 42M3 ~ 56F2 \ s » LI
, OV 1 M3, 8
Mgo = 2 2 2
OX® | =y, 12Mp, F
2
ms = —g Z = 8¢ %X (9 — daeXe)
X X—=Xc
d tivit 2
mg < Mg, 2;1 T:2OSI IVITy ‘ };’_ -
8
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Physical properties ot D=4 scalar potential

Our potential has a stable Minkowski vacuum in 4D
and a plateau with a positive height (needed for inflation), while

Ag >0 0 <xe—xo0 K1 X ¢ :the critical point at the f — o0

So, the potential describes a single field inflation consistent with observations.
(WMAP, Planck)

To get the hierarchy of scales, we need

Mins < Mg < Mp; imply F?>1

where
Mg ~e X0 Mp;

and ,

myg, < My, leads to Ea 2,
18



Beyond Starobinsky gravity

Question: What could be the next term in the effective quantum

gravity beyond the R2 term in 4D, when starting from M-theory in
11D after its compactification to4D?

The bosonic terms of M-theory in the leading order beyond 11D
supergravity are (M.Green, P. Vanhove, 1997; A.Tseytlin, 2000)

1
2
2511

1, 1
F2 CFF
2. 41 6.30. (4211 ]

Sm =

/dllm\/—_g [R—

o (1)

- (27)4 . 32

1
‘213/d11x\/—g (Jll _§E8) —|—T2/C/\X8 ,

19



11D notation 1

where k11 IS the gravitational constant, 15 is the M2-brane tension,

2 2 1/3
T, = (%) , (2)
K11

C is the 3-form gauge field, FF = d A C' is the four-form gauge field
strength, R is the gravitational scalar, €11 stands for the Levi-Civita
symbol, and (J, Eg, Xg) are the quartic polynomials with respect to
the Riemann curvature, all in 11D. The J;q1 is given by

g 1 g
Jll =3 28 (RmZ]aniqumrSqursn + ERng] quinmrSqursn> ) (3)

20



11D notation II

the Eg is Euler density in 8D,
1

kg = ggabcm’lﬁmmélnélsabcm’ln’l...m’4n’4Rm/1n/1mlnl T Rm/4n/4m4n4 (4)
and the Xg is given by the gravitational 8-form
Xg = 1 trR% — i(trRQ)2 , (5)
192 - (272)4 4

where R stands for the spacetime curvature 2-form, and the traces
are taken with respect to (implicit) Lorentz indices in 11D. All (latin)
vector indices take values 7,3,k,... = 0,1,2,...,10, while they are all
suppressed in Eq. (1).
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Down to four spacetime dimensions

The M-theory (1) can be warp-compactified on the product S3 x S
down to 4D via 8D, in the presence of fluxes needed for moduli sta-

bilization (M.Douglas, S.Kachru,2006). We apply dimensional reduc-
tion to the action (1) and ignore details of compactification together
with all moduli. Then only one term survives (SVK, M.Iihoshi,2007),

Sy = i/d“x Ny (R - /<;6BJ4) (6)
DK2
where all quantities are now in 4D with x = 1/Mp|, and B is the
new dimensionless coupling constant whose value is supposed to be
determined by compactification. The J4in 4D has the same structure as
in11D, butwithe,5,k, ... =0,1,2, 3,

.. 1 ..
J4 = Rmz]aniqumrsqursn ‘|‘ ERng] quz’ijTsPRqrsn . (7)
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Structure of 4D terms 1

T he peculiar structure and physical meaning of the quartic curvature
terms (7) can be revealed via their connection to the Bel-Robinson

(BR) tensor in 4D (L.Bel,1959; I.Robinson,1959; Deser,1999). The
BR tensor is defined by

Tiklm — Ripqukpqm + *Ripql*Rkpqm (8)

by analogy with the energy-momentum tensor of the Maxwell theory
of electromagnetism,

THeWel = Fu R+ Ry FY Fyy = 0,45 — 0jA; (9)
where the superscript (x) means the dual tensor in 4D. We also have

1
*Riklm — EEikqupqlm . (10}
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Structure of 4D terms II

where E;rLi,, = v/ —9€ik1m 1S Levi-Civita tensor in 4D.

Then we find

To = 8Ja = —3(R; )" + (R RY"N)2 = (P2 — E3) ,  (11)

1

where we have introduced the (standard) Euler and Pontryagin
topological densities in 4D,

E4 = ieijklam"quijmanlpq = *Rijkl*Rijkl = Gauss — Bonnet — term ,
(12)
and

Py = "Ry R (13)
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Conclusion 1

Our Starobinsky-like models of inflation in 4D derived from higher (D)
spacetime dimensions are based on the (R+ R™) gravity with n = D/2
in the presence of the n-form field F after flux compactification with a
warp factor. It vields the dimensional dependence of the cosmological
observables as

D -2 8(D—-1)
and r =
D—1 (D—2)N€2

(14)

o =
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Conclusion II

Combining the insights from Starobinsky inflation and M-theory leads
tothe 4D gravitational low-energy effective action in the form

Mg [ .4
Sserlgijl = —/d T/—g

1

R+ —R2
6m2
1

R+ —R2

612

R—|—— R? —

612

B
Mg,

B
MG

B
6
32Mg,

J4] :

|

(P?

- Eﬁ)] .

(15)
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