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The Starobinsky model of inflation is defined by the action (Starobinsky,1980)

SStar. =
M2

Pl

2

∫
d4x

√−g
(
R+

1

6m2
R2
)
, (1)

where we have introduced the reduced Planck mass MPl = 1/
√
8πGN ≈ 2.4×

1018 GeV, and the scalaron (inflaton) mass m as the only parameter. We use the
spacetime signature (−,+,+,+, ).

The (R+R2) gravity model (1) can be considered as the simplest extension of the
standard Einstein-Hilbert action in the context of modified F(R) gravity theories
with an action

SF =
M2

Pl

2

∫
d4x

√−g F(R) , (2)

in terms of the function F(R) of the scalar curvature R.

3

In the high-curvature regime, R^2 dominates and leads to a nearly scale-invariant spectrum.

Starobinsky model of inflation in modified gravity in 4D spacetime
(short review)



Equivalence between f(R) gravity and scalar-tensor gravity I

The F(R) gravity action (2) is classically equivalent to

S[gµν, χ] =
M2

Pl

2

∫
d4x

√−g
[
F ′(χ)(R − χ) + F(χ)

]
(3)

with the real scalar field χ, provided that F ′′ �= 0 that we always assume. The
primes denote the derivatives with respect to the argument.

The equivalence is easy to verify because the χ-field equation implies χ = R. In
turn, the factor F ′ in front of the R in (3) can be (generically) eliminated by a Weyl
transformation of metric gµν, which transforms the action (3) into the action of the
scalar field χ minimally coupled to Einstein gravity and having the scalar potential

V =

(
M2

Pl

2

)
χF ′(χ)− F(χ)

F ′(χ)2
. (4)
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Equivalence between f(R) gravity and scalar-tensor gravity II

The kinetic term of χ becomes canonically normalized after the field redefinition
χ(ϕ) as

F ′(χ) = exp
(√

2
3ϕ/MPl

)
, ϕ =

√
3MPl√
2

lnF ′(χ) , (5)

in terms of the canonical inflaton field ϕ, with the total acton

Squintessence[gµν, ϕ] =
M2

Pl

2

∫
d4x

√−gR−
∫

d4x
√−g

[
1
2g
µν∂µϕ∂νϕ+ V (ϕ)

]
.

(6)

The classical and quantum stability conditions of F(R) gravity theory are given
by

F ′(R) > 0 and F ′′(R) > 0 , (7)

and they are obviously satisfied for Starobinsky model (1) for R > 0.
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The inverse transformation

The inverse transformation reads

R =

[ √
6

MPl

dV
dϕ +

4V

M2
Pl

]
exp

(√
2
3ϕ/MPl

)
, (8)

F =

[ √
6

MPl

dV
dϕ +

2V

M2
Pl

]
exp

(
2
√

2
3ϕ/MPl

)
. (9)

In the case of Starobinsky model (1), one finds the famous potential

V (ϕ) =
3

4
M2

Plm
2
[
1− exp

(
−
√

2
3ϕ/MPl

)]2
. (10)

This scalar potential is bounded from below (non-negative and stable), and it has
the absolute minimum at ϕ = 0 corresponding to a Minkowski vacuum. The
scalar potential (10) also has a plateau of positive height (related to the inflationary
energy density), that gives rise to slow roll of inflaton during the inflationary era.
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Starobinsky inflation and CMB (Planck)

The Starobinsky model (1) is in very good agreement with the Planck data. The
Planck (2018) satellite mission measurements of the Cosmic Microwave Back-
ground (CMB) radiation give the scalar perturbations tilt as ns ≈ 1+2ηV −6εV ≈
0.9649±0.0042 (68%CL) and restrict the tensor-to-scalar ratio as r ≈ 16εV <
0.064 (95%CL). The Starobinsky inflation yields r ≈ 12/N2

e ≈ 0.004 and
ns ≈ 1 − 2/Ne, where Ne is the e-foldings number between 50 and 60, with the
best fit at Ne ≈ 55.

The Starobinsky model (1) is geometrical (based on gravity only), while its (mass)
parameter m is fixed by the observed CMB amplitude (COBE, WMAP) given by
log(1010As) = 2.975± 0.056 (68%CL) (or As ≈ 1.96 · 10−9) as

m ≈ 3 · 1013 GeV or
m

MPl
≈ 1.3 · 10−5 . (14)

A numerical analysis of (11) with the potential (10) yields (with Ne ≈ 55)√
2

3
ϕ∗/MPl ≈ ln

(
4

3
Ne

)
,

√
2

3
ϕend/MPl ≈ ln

[
2

11
(4 + 3

√
3)
]
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Beyond Starobinsky gravity

Question: What could be the next term in the effective quantum
gravity beyond the R2 term in 4D, when starting from M-theory in
11D after its compactification to 4D?

The bosonic terms of M-theory in the leading order beyond 11D 
supergravity are (M.Green, P. Vanhove, 1997; A.Tseytlin, 2000)

SM =
1

2κ211

∫
d11x

√−g

[
R− 1

2 · 4!F
2 − 1

6 · 3! · (4!)2ε11CFF

]

− T2
(2π)4 · 32 · 213

∫
d11x

√−g

(
J11 − 1

2
E8

)
+ T2

∫
C ∧X8 ,

(1)
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11D notation I

where κ11 is the gravitational constant, T2 is the M2-brane tension,

T2 =

(
2π2

κ211

)1/3
, (2)

C is the 3-form gauge field, F = d ∧ C is the four-form gauge field

strength, R is the gravitational scalar, ε11 stands for the Levi-Civita

symbol, and (J, E8, X8) are the quartic polynomials with respect to

the Riemann curvature, all in 11D. The J11 is given by

J11 = 3 · 28
(
RmijnRpijqRm

rspRq
rsn +

1

2
RmnijRpqijRm

rspRq
rsn

)
, (3)
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11D notation II

the E8 is Euler density in 8D,

E8 =
1

3!
εabcm1n1...m4n4εabcm′

1n
′
1...m

′
4n

′
4
Rm′

1n
′
1m1n1

· · ·Rm′
4n

′
4m4n4

(4)

and the X8 is given by the gravitational 8-form

X8 =
1

192 · (2π2)4

[
trR̂4 − 1

4
(trR̂2)2

]
, (5)

where R̂ stands for the spacetime curvature 2-form, and the traces

are taken with respect to (implicit) Lorentz indices in 11D. All (latin)

vector indices take values i, j, k, . . . = 0,1,2, . . . ,10, while they are all

suppressed in Eq. (1).
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Down to four spacetime dimensions

The M-theory (1) can be warp-compactified on the product S3 × S4 
down to 4D via 8D, in the presence of fluxes needed for moduli sta-
bilization (M.Douglas, S.Kachru,2006). We apply dimensional reduc-
tion to the action (1) and ignore details of compactification together 
with all moduli. Then only one term survives (SVK, M.Iihoshi,2007),

S4 =
1

2κ2

∫
d4x

√−g
(
R− κ6βJ4

)
(6)

where all quantities are now in 4D with κ = 1/MPl, and β is the 
new dimensionless coupling constant whose value is supposed to be
determined by compactification. The J4 in 4D has the same structure as 
in 11D, but with i, j, k,  . . .  = 0,1,2, 3,

J4 = RmijnRpijqRm
rspRq

rsn +
1

2
RmnijRpqijRm

rspRq
rsn . (7)
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Structure of 4D terms I

The peculiar structure and physical meaning of the quartic curvature 
terms (7) can be revealed via their connection to the Bel-Robinson 
(BR) tensor in 4D (L.Bel,1959; I.Robinson,1959; Deser,1999). The 
BR tensor is defined by

T iklm ≡ RipqlRk
pq

m + ∗Ripql∗Rk
pq

m (8)

by analogy with the energy-momentum tensor of the Maxwell theory 
of electromagnetism,

TMaxwell
ij = FikFj

k + ∗Fik
∗Fj

k , Fij = ∂iAj − ∂jAi , (9)

where the superscript (∗) means the dual tensor in 4D. We also have

∗Riklm =
1

2
EikpqR

pq
lm . (10)
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Structure of 4D terms II

where Eiklm =
√−g εiklm is Levi-Civita tensor in 4D.

Then we find

T2
ijkl = 8J4 = −1

4(
∗R 2

ijkl)
2 + 1

4(
∗RijklR

ijkl)2 = 1
4(P

2
4 − E2

4) , (11)

where we have introduced the (standard) Euler and Pontryagin 
topological densities in 4D,

E4 = 14
εijklε

mnpqRij
mnR

kl
pq = ∗Rijkl

∗Rijkl = Gauss−Bonnet− term ,

(12)

and

P4 = ∗RijklR
ijkl , (13)
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Conclusion I

Our Starobinsky-like models of inflation in 4D derived from higher (D) 
spacetime dimensions are based on the (R+Rn) gravity with n = D/2 
in the presence of the  n-form field F after flux compactification with a 
warp factor. It yields the dimensional dependence of the cosmological 
observables as

α =

√
D − 2

D − 1
and r =

8(D − 1)

(D − 2)N2
e

. (14)
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Conclusion II

Combining the insights from Starobinsky inflation and M-theory leads 
to the 4D gravitational low-energy effective action in the form

SSBR[gij] =
M2

Pl

2

∫
d4x

√−g

[
R+

1

6m2
R2 − β

M6
Pl

J4

]
,

=
M2

Pl

2

∫
d4x

√−g

[
R+

1

6m2
R2 − β

8M6
Pl

T2
]

,

=
M2

Pl

2

∫
d4x

√−g

[
R+

1

6m2
R2 − β

32M6
Pl

(P2
4 − E2

4)

]
.

(15)

Thank you very much for your attention!
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