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A theoretical challenge: Dirac (1936)

      

Dirac 1936:  

« The elementary particles known to present-day physics, the electron, positron, neutron, and proton, each have a spin 

of a half, and thus the work of the present paper will have no immediate physical application.  

All the same, it is desirable to have the equation ready for a possible future discovery of an elementary particle with a 

spin greater than a half, or for approximate application to composite particles.  

Further, the underlying theory is of considerable mathematical interest. » 
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A theoretical challenge in the 30’s

      

447

Relativistic Wave Equations 

By P. A. M. D i r a c , F.R.S., St. John’s College, Cambridge 

( Received March 25, 1936)

448 P. A. M. Dirac

The elem entary particles know n to present-day physics, the electron 

positron, neutron, and pro ton , each have a spin o f a half, and thus the 

work o f the present paper will have no im m ediate physical application. 

All the same, it is desirable to  have the equations ready for a possible 

future discovery o f an elem entary particle with a spin greater than a half, 

or for approxim ate application to com posite particles. Further, the 

underlying theory is o f considerable m athem atical interest.
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Equations of Motion for spin 3/2

• The spinor-vector field        has eight degrees of freedom. 

• The spin 3/2 has 4 degrees of freedom; there are 4 extra ones that are not physical; one needs 
to impose constraints to get rid of them:
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Massive spin 2: Fierz-Pauli (1939) 

A massive spin 2 particle has 5 degrees of freedom:    helicities      -2, -1, 0, +1,+2 

Represented by a symmetric tensor          that satisfies  

-4 d.o.f

-1 d.o.f

Equation of motion  10 d.o.f

{Constraints  -5 d.o.f
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Massive spin 2: Fierz-Pauli (1939) 

A massive spin 2 particle has 5 degrees of freedom:    helicities      -2, -1, 0, +1,+2 

Represented by a symmetric tensor           that satisfies  
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Linear expansion of Einstein-Hilbert Mass terms:  
FP combination allows to get the 
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For Fierz and Pauli,  
the Lagrangian  

in absence of external field  
was a not an issue.

External  field  
was  THE  problem
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The decuplet spin 3/2

spin 3/2
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In 1964, the discovery of the Ω baryon in a magnetic field

p

ee

ee

KKpK

00

0

0
.

15-foot

In 1964, the Omega Hyperon was discovered at Brookhaven in a bubble chamber. 
It was predicted in 1962 by M. Gell-mann and Y. Ne’eman to have spin 3/2.  

In 2006, it was shown to have spin 3/2.   
Measurement of the Spin of the Omega-Minus Hyperon,  
by the BaBar collaboration at SLAC (B. Aubert et al.), Phys. Rev. Lett. 97, 112001 (2006), and hep-ex/0606039. 

12

http://link.aps.org/abstract/PRL/v97/e112001
http://www.slac.stanford.edu/BFROOT/
http://link.aps.org/abstract/PRL/v97/e112001
http://arxiv.org/abs/hep-ex/0606039


13

(∂r

∂r −M
2)hmn = 0

<latexit sha1_base64="EwgZ4IvFUR77XI6cBCk0LX/PoFw="></latexit>

∂
m

hmn = 0
<latexit sha1_base64="1zfJOjinEz3IzvtzBHJ79GBSPpQ="></latexit>

h ≡ h
m

m
= 0

<latexit sha1_base64="fNMUXpEKis1hN+w2mhQFNXDuLI0="></latexit>

γ
m

Ψm = 0
<latexit sha1_base64="3afSWPYuzj2imbP8hkeIF/LxHQ8="></latexit>

∂
m

Ψm = 0
<latexit sha1_base64="NLh2nFB0igzKBQfgmt+bkYvRajQ="></latexit>

(iγn∂n +M)Ψ = 0
<latexit sha1_base64="qlll5CO/gcpE78qK2wccTXsrHFY="></latexit>

(iγn∂n +M)Ψm = 0
<latexit sha1_base64="3ZCDW+A/LcWT6F5sSheCybS2e9A="></latexit>

(∂r

∂r −M
2)Φ = 0

<latexit sha1_base64="DY/S4bN/cAMVU6sRGFlax68IKTE="></latexit>

(∂r

∂r −M
2)Am = 0

<latexit sha1_base64="C5BgTvmRn0MJhu7etJsZqprCO40="></latexit>

∂
m

Am = 0
<latexit sha1_base64="VVOHt0jhbHriDj7gM2SSbnRNzkM="></latexit>

(Dr

Dr −M
2)Φ = 0

<latexit sha1_base64="tqRw/RewL2bSRtpYEIQLLdSBM+c="></latexit>

(iγn

Dn +M)Ψ = 0
<latexit sha1_base64="bMj7HN20G3f0AjE4i1LbM6vtx/U="></latexit>

D
m
Vm =

ie

2M2
Fmn(D

m
V

n
−D

N
V

M )
<latexit sha1_base64="xx8wO5szJz2+Fh5//TrP/cZL+Rc="></latexit>

�

D
2
−M

2
�

Vm + 2iFmnV
n

= 0
<latexit sha1_base64="BA2Ch7mak+BP20QLZ6suQFfZX/A="></latexit>

∂m → Dm = ∂m − ieAm
<latexit sha1_base64="Ek+/1iAExdPf918elROzGp0HbXA="></latexit>

Spin 0

Spin 1/2

Spin 1

Spin 2

Spin 3/2

Massive Free fields E.O.M



14

(∂r

∂r −M
2)hmn = 0

<latexit sha1_base64="EwgZ4IvFUR77XI6cBCk0LX/PoFw="></latexit>

∂
m

hmn = 0
<latexit sha1_base64="1zfJOjinEz3IzvtzBHJ79GBSPpQ="></latexit>

h ≡ h
m

m
= 0

<latexit sha1_base64="fNMUXpEKis1hN+w2mhQFNXDuLI0="></latexit>

γ
m

Ψm = 0
<latexit sha1_base64="3afSWPYuzj2imbP8hkeIF/LxHQ8="></latexit>

∂
m

Ψm = 0
<latexit sha1_base64="NLh2nFB0igzKBQfgmt+bkYvRajQ="></latexit>

(iγn∂n +M)Ψ = 0
<latexit sha1_base64="qlll5CO/gcpE78qK2wccTXsrHFY="></latexit>

(iγn∂n +M)Ψm = 0
<latexit sha1_base64="3ZCDW+A/LcWT6F5sSheCybS2e9A="></latexit>

(∂r

∂r −M
2)Φ = 0

<latexit sha1_base64="DY/S4bN/cAMVU6sRGFlax68IKTE="></latexit>

(∂r

∂r −M
2)Am = 0

<latexit sha1_base64="C5BgTvmRn0MJhu7etJsZqprCO40="></latexit>

∂
m

Am = 0
<latexit sha1_base64="VVOHt0jhbHriDj7gM2SSbnRNzkM="></latexit>

(Dr

Dr −M
2)Φ = 0

<latexit sha1_base64="tqRw/RewL2bSRtpYEIQLLdSBM+c="></latexit>

(iγn

Dn +M)Ψ = 0
<latexit sha1_base64="bMj7HN20G3f0AjE4i1LbM6vtx/U="></latexit>

D
m
Vm =

ie

2M2
Fmn(D

m
V

n
−D

N
V

M )
<latexit sha1_base64="xx8wO5szJz2+Fh5//TrP/cZL+Rc="></latexit>

�

D
2
−M

2
�

Vm + 2iFmnV
n

= 0
<latexit sha1_base64="BA2Ch7mak+BP20QLZ6suQFfZX/A="></latexit>

∂m → Dm = ∂m − ieAm
<latexit sha1_base64="Ek+/1iAExdPf918elROzGp0HbXA="></latexit>

Spin 0

Spin 1/2

Spin 1

Spin 2

Spin 3/2 ?

?

Massive Free fields E.O.M



Massive spin 2: minimal coupling 

A massive spin 2 particle has 5 degrees of freedom:    helicities      -2, -1, 0, +1,+2 

Represented by a symmetric tensor          that satisfies  

-4 d.o.f

-1 d.o.f

Equation of motion  10 d.o.f

{Constraints  -5 d.o.f
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A new constraint !

Pathological  theory: the d.o.f.’s number is different when a constant magnetic field is switched on.
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IL  ~UOVO CIMENTO Vol.. XlX, N. 3 1 o Febbraio 1961 

Minimal Electromagnetic Coupling for Spin Two Particles (*). 

~. FEDERBUSH 

Department o/ Physics and Laboratory ]or Nuclear Science 

Massachusetts Institute o] Technology - Cambridge, Mass. 

(ricewlto il 24 0ttobre 1960) 

S u m m a r y .  - -  I t  is noted that if the same Lagrangian that describes the 

linearized ~heory of general relativity is extended to charged massed spin 

2 particles the coupling cannot be minimal electromagnetic. 

There  has recent ly  been some revival  of interest  in field theories of higher 

spin particles,  as developed wi thout  the  use of subsidiary conditions and inde- 

finite metr ics  (~'a). Fo r  general re la t iv i ty  this corresponds to the  procedure  

of ref. (2), i.e., the descript ion of gravi ta t ional  waves in the  so-called r~diation 

gauge. In  ref. (7) it  is shown tha t  for charged spin 3 particles,  described b y  

the  usual class of possible free Lagrangians  and extended to the coupled case 

b y  min imal  coupling, no such consistent  theory  is possible. Bo th  Lorentz  

invar iance and  posi t ive definiteness are violated.  We shall invest igate  a charged 

spin 2 theory  with minimal  coupling and  run into still ano ther  difficulty. 

The  Lagrangian  we consider is the  following: 

÷ - - m s ~  A~ + h . c -  
4 

(') This work is supported in part  through AEC Contract AT(30-1)-2098, by funds 

provided by the U.S. Atomic Energy Commission, the Office of Naval Research and 

the Air Force Office of Scientific Research. 
(7) K. JOHNSON and E. C. G. SUDARSHAN: tO be published. 

(2) R. A~NOW~TT and S. D~SER: Phys. Rev., 113, 745 (1959). 

(a) A. KOMAR: to be published. 

MINIMAL ELECTROMAGNETIC COUPLING FOR SPIN TWO PARTICLES 5 7 3  

I t  has the p rope r ty  of leading to a theory  of massless particles like gravi tons  

when m z 0. (The gauge invariance this implies p robab ly  gives a unique spe- 

cification of this Lagrangian.)  When  m ¢ 0 the  equations describe spin 2 

particles with the correct number  of p ropaga t ing  solutions, five for part icle 

and five for antipart icle.  However ,  if the field is coupled to an external  electro- 

magnet ic  field minimal ly  (i.e. b y  the prescript ion 3n--> ~n ± l ean )  in general  

the number  of p ropaga t ing  fields becomes 12 ra the r  t han  10. The t ype  of 

calculations necessary to reach this conclusion are described in ref. (1). By  

the addit ion of a t e rm  

i e 7 t , ~  ~A 

to the  Lagrangian  the correct  number  of canonical var iables  is restored,  al- 

though other  inconsistencies m a y  remain.  

In  conclusion we note  t ha t  not  only is the minimal  e lectromagnet ic  coupling 

not  unique, since it  depends on the choice of the free Lagrangian~ bu t  in a t  least  

two theories, the usual  spin ~ and spin 2 theories, i t  leads to inconsistencies. 

The type  of inconsistency induced in spin 2 theory  is suggestive of the  difficulties 

t ha t  one encounters  in the  effort to avoid subsidiary condit ions;  bu t  the lack 

of a renormalizable  theory  of these spins keeps the question hypothet ical .  

R I A S S U N T O  (') 

Si nota the se lo stesso lagrangiano che descrive la teoria linearizza~a della rela- 

tivit~ generale viene esteso alle partieelle di spin 2 aventi masse con carica, l'accop- 

piamento non pub essere minimo di tipo elettromagnetico. 

(*) Traduz ione  a cura della Redazione.  
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Remarks about the Federbush Lagrangian -I

No ghost   in  the Federbush  Lagrangian     

−i 2 g Q h̄mn Fnk hk
m
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Gyromagnetic ratio
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Remarks about the Federbush Lagrangian -II

No ghost   in  the Federbush  Lagrangian     

−i 2 g Q h̄mn Fnk hk
m
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Gyromagnetic ratio

Using the method of characteristics, one can show that for a magnetic field, that 

 the vector           along the normal to the characteristic hypersurfaces has components: 
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Superluminal propagation
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MINIMAL ELECTROMAGNETIC COUPLING FOR SPIN TWO PARTICLES 5 7 3  

I t  has the p rope r ty  of leading to a theory  of massless particles like gravi tons  

when m z 0. (The gauge invariance this implies p robab ly  gives a unique spe- 

cification of this Lagrangian.)  When  m ¢ 0 the  equations describe spin 2 

particles with the correct number  of p ropaga t ing  solutions, five for part icle 
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not  unique, since it  depends on the choice of the free Lagrangian~ bu t  in a t  least  

two theories, the usual  spin ~ and spin 2 theories, i t  leads to inconsistencies. 

The type  of inconsistency induced in spin 2 theory  is suggestive of the  difficulties 

t ha t  one encounters  in the  effort to avoid subsidiary condit ions;  bu t  the lack 

of a renormalizable  theory  of these spins keeps the question hypothet ical .  

R I A S S U N T O  (') 

Si nota the se lo stesso lagrangiano che descrive la teoria linearizza~a della rela- 

tivit~ generale viene esteso alle partieelle di spin 2 aventi masse con carica, l'accop- 

piamento non pub essere minimo di tipo elettromagnetico. 

(*) Traduz ione  a cura della Redazione.  

This has two issues:  * Superluminal Propagation 
                                     * Gyromagnteic ratio = 1/2 

Solves one issue:  * No more ghosts
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Massive Spin 3/2 Electrodynamics

S. Deser ♯, V. Pascalutsa ♭ and A. Waldron ♯

♯ Physics Department, Brandeis University, Waltham, MA 02454, USA

deser,wally@brandeis.edu

♭ Department of Physics, Flinders University, Bedford Park, SA 5042, Australia

phvvp@flinders.edu.au

(August 6, 2018)

Gauge interactions of massive (let alone massless) relativistic higher spin
fields constitute an ancient and difficult subject. Whatever the formal prob-
lems these models encounter, effective higher spin theories must be con-
structible since approximately localised higher spin particles exist. Such
models should achieve low energy consistency, and share some of the physi-
cal properties described by their lower spin hadronic physics counterparts.

The proper framework for describing relativistic interactions is the ac-

Introduction
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Gauge interactions of massive (let alone massless) relativistic higher spin
fields constitute an ancient and difficult subject. Whatever the formal prob-
lems these models encounter, effective higher spin theories must be con-
structible since approximately localised higher spin particles exist. Such
models should achieve low energy consistency, and share some of the physi-
cal properties described by their lower spin hadronic physics counterparts.

The proper framework for describing relativistic interactions is the ac-

Our study of causality showed that no model maintaining the correct DOF
avoids sharing the pathology of the minimal one. In fact this result applies to

Introduction

Conclusion
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Bosonic Open Strings 

22



Open strings massive modes
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First massive string

Vector Spin 2 state

Q = q0 + qπ
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Put in an electromagnetic background 

(Abouelsaood, Callan, Nappi, Yost ’87)
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Argyres-Nappi Lagrangian

EOM’s and constraints of the spin-2
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Argyres-Nappi Lagrangian for charged spin-2

Hmn = (⌘mk − i✏mk) (⌘nl − i✏nl)h
kl
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Where:
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1

⇡

(arctanh(2⇡↵0q0F ) + arctanh(2⇡↵0qπF ))
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, Q = q0 + qπ
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Remarks about the Argyres-Nappi Lagrangian

(Porrati, Rahman, Sagnotti ’11)• Only the first massive level can be decoupled from the rest of the Regge trajectory.

• The A-N. Lagrangian            Causal and solves the Velo-Zwanziger problem!
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Remarks about the Argyres-Nappi Lagrangian

(Porrati, Rahman, Sagnotti ’11)

(Porrati, Rahman, Sagnotti ’11)

• Only the first massive level can be decoupled from the rest of the Regge trajectory.

• The A-N. Lagrangian            Causal and solves the Velo-Zwanziger problem!

• Expanding in « powers of the electromagnetic field strength »: 

−ie h̄mn Fnk hk
m

⇒ g = 1/2
<latexit sha1_base64="4WFgVTyIWnPdNBy1YyOTuNbhLIs="></latexit>

No ghost             the Federbush  Lagrangian     ☹
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Remarks about the Argyres-Nappi Lagrangian

(Porrati, Rahman, Sagnotti ’11)

(Porrati, Rahman, Sagnotti ’11)

• Only the first massive level can be decoupled from the rest of the Regge trajectory.

• The A-N. Lagrangian            Causal and solves the Velo-Zwanziger problem!

• Expanding in « powers of the electromagnetic field strength »: 

−ie h̄mn Fnk hk
m

⇒ g = 1/2
<latexit sha1_base64="4WFgVTyIWnPdNBy1YyOTuNbhLIs="></latexit>

No ghost             the Federbush  Lagrangian     

−i4e h̄mn Fnk hk
m

⇒ g = 2
<latexit sha1_base64="4rsLEDwfAR5pF8/V0gQJHpw6hvw="></latexit>

Causality            Argyres-Nappi  Lagrangian     

☹

😊
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Remarks about the Argyres-Nappi Lagrangian

(Porrati, Rahman, Sagnotti ’11)

(Porrati, Rahman, Sagnotti ’11)

• Only the first massive level can be decoupled from the rest of the Regge trajectory.

• The A-N. Lagrangian            Causal and solves the Velo-Zwanziger problem!

• Expanding in « powers of the electromagnetic field strength »: 

−ie h̄mn Fnk hk
m

⇒ g = 1/2
<latexit sha1_base64="4WFgVTyIWnPdNBy1YyOTuNbhLIs="></latexit>

No ghost             the Federbush  Lagrangian     

−i4e h̄mn Fnk hk
m

⇒ g = 2
<latexit sha1_base64="4rsLEDwfAR5pF8/V0gQJHpw6hvw="></latexit>

Causality            Argyres-Nappi  Lagrangian     

ghost    
Expansion with infinite series of terms !

☹

😊
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Remarks about the Argyres-Nappi Lagrangian

(Porrati, Rahman, Sagnotti ’11)

(Porrati, Rahman, Sagnotti ’11)

• Only the first massive level can be decoupled from the rest of the Regge trajectory.

• The A-N. Lagrangian            Causal and solves the Velo-Zwanziger problem!

• Expanding in « powers of the electromagnetic field strength »: 

(Argyres - Nappi ’89)

−ie h̄mn Fnk hk
m

⇒ g = 1/2
<latexit sha1_base64="4WFgVTyIWnPdNBy1YyOTuNbhLIs="></latexit>

No ghost             the Federbush  Lagrangian     

−i4e h̄mn Fnk hk
m

⇒ g = 2
<latexit sha1_base64="4rsLEDwfAR5pF8/V0gQJHpw6hvw="></latexit>

Causality            Argyres-Nappi  Lagrangian     

ghost    
Expansion with infinite series of terms !

• BUT:                   The A-N Lagrangian is consistent ONLY in D=26 dimensions. 
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4D Open Supertrings 
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Strategy 
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The world-sheet action:

In the hybrid formalism [Berkovits ’95], the action is manifestly supersymmetric:

Coupling of 
electromagnetic field to 

the charges on the 
boundaries q0

<latexit sha1_base64="bfjwrZvsPqUk4ZJN8q7KxBnLedU="></latexit>

qπ
<latexit sha1_base64="nam5owF6asFj27IfIE+CgivCbZQ="></latexit>

Action for the  spin 2 + spin 3/2 states + the rest of the supersymmetric multiplets

The String Field Theory action (SFT):

CY

The string field:

The BRST operator:
We need the expressions of:

S = hΦQΦi
<latexit sha1_base64="9VRi6bpVwVnin0j2Pn4BlkYK7hg="></latexit>

Q
<latexit sha1_base64="VXiHvM19RvwF4alqY9Q2csZIEbg="></latexit>

Φ
<latexit sha1_base64="pBTv4myogNtsVIClkLp6MgUWF2w="></latexit>

Sw−s = S0 + q0Sint
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σ=0
+ qπSint

�

�

σ=π

+ Sb.
<latexit sha1_base64="f3gvMpDPAX2shf/vLkZZmzcovzk="></latexit>
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Physical states

Φ
<latexit sha1_base64="pBTv4myogNtsVIClkLp6MgUWF2w="></latexit>

will describe on-shell:The string field

12 bosonic d.o.f.

5 polarisations of massive spin-2

3 polarisations of massive spin-1

2 x 2 spin-0

12 fermionic d.o.f.

2 x Dirac massive spin-3/2

2 x Dirac spin-1/2
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Superspace Lagrangian
[KB,   N. Berkovits,   C. Daniel,   M. Lize ’21]

• The action of the BRST operator leads to (compact form):
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Superspace Lagrangian
[KB,   N. Berkovits,   C. Daniel,   M. Lize  ’21]

• The action of the BRST operator leads to (compact form):
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Ū α̇

2
−

⇥

d2
0
, d̄2

0

⇤

iB

−

�

−11
�

d2
0
, d̄2

0

 

+ 128Πn

0
Πn0 − 256@✓̄α̇0d̄

α̇

0
− 256@✓α

0
dα0 − 64

�

C
⇤ 

<latexit sha1_base64="7xv4yhcM6RkzVB459xHJktSgtJU="></latexit>

34



In components and in unitary gauge
[KB,   N. Berkovits,   C. Daniel,   W. Ke  (in progress …)]
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Equations of motion  and constraints
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Equations of Motion for a spin 3/2 in a electromagnetic background

• The equations of motion in electromagnetic background: 

• The primary constraint can be seen as from the absence of time derivative on the zeroth 
component: 

• The secondary constraint can be written as:

Rµ = γµνρD
νψρ

+
ie

m
Fµνψ

ν
= 0
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Deser,  Pascalutsa, Waldronγ0
R ψ0 + · · ·
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And when the determinant                  then        is no more completely determined.detR = 0
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ψ0
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Porrati-Rahman propose a parametrized Lagrangian and to impose                   

then determine the parameters of the Lagrangian order by order

γ
m

Ψm = 0
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The secondary constraint 

can be written as:                            where 

but when the determinant                  then        is no more completely determined.  

Using the method of characteristics, one can show that                  leads  to components of the 
vector       along the normal to the characteristic hypersurfaces: 

Thus, with a velocity bigger than 1 (in light speed units). 
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detR = 0
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Massive charged spin3/2 open string oscillator

Spin 3/2 equations of motion: 

The constraints: 

[K.B., N. Berkovits, C. Daniel, M. Lize '21]
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Free case:
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Massive charged spin3/2 open string oscillator

Spin 1/2 and 3/2 equations of motion and constraints: 

[K.B., N. Berkovits, C. Daniel, W.Ke ’22]
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Charged (NEW!) Neutral
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Conclusions

Dirac 1936:  

« The elementary particles known to present-day physics, the electron, positron, neutron, and proton, each have a spin of 

a half, and thus the work of the present paper will have no immediate physical application. All the same, it is desirable to 

have the equation ready for a possible future discovery of an elementary particle with a spin greater than a half, or for 

approximate application to composite particles. Further, the underlying theory is of considerable mathematical interest. » 

Where do we stand now? 

Higher spin (composite) states exist in Nature. 

Minimal coupling to  constant electromagnetic background leads to pathologies. 

SFT helps construct E.O.M’s and Lagrangian of the massive charged spin 3/2, 2, … fields. 

Equations of motion found! 

The fields in 4D appear to be coupled to lower spin ones.  

Equations of motion found! Work in progress … 
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