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In classical mechanics, the components of angular momentum  take 
continuous real numbers. 

A striking fact, found in the Stern-Gerlach experiment, is that the measurement 
outcome of spin component is either  or  (in the  unit).
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δ (spin 0)Alice Bob

• Alice and Bob receive particles α and β, respectively, and measure the spin z-
component of their particles.  Repeat the process many times.


• Alice and Bob will find their results are completely random (+1 and -1 50-50%)


• Nevertheless, their result is 100% anti-correlated due to the angular momentum 
conservation.  If Alice’s result is +1, Bon’s result is always -1 and vice versa.
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The most natural explanation would be as follows:

- Since their result is sometimes +1 and sometimes -1, it is natural to think that 
the state of α and β are different in each decay.  The result look random, since 
we don’t know in which sate the α and β particles are in each decay.

- This means we can parametrise the state of α and β by a set of unknown 
(hidden) variables, .  For i-th decay, their states are: λ

α(λi), β(λi)
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If 　λi ∈ {λ+−} ⟹ Sz[α(λi)] = + 1, Sz[β(λi)] = − 1

If 　λi ∈ {λ−+} ⟹ Sz[α(λi)] = − 1, Sz[β(λi)] = + 1

P(λ ∈ {λ+−}) = P(λ ∈ {λ−+}) =
1
2



The explanation in QM is very different.  

Although their outcomes are different in each decay, QM says 
the state of the particles are exactly the same for all decays:     
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up to a phase eiθ

• Before Alice’s measurement, Bob’s outcome is undetermined 

|Ψ(0,0)⟩ ≐
| + , − ⟩z − | − , + ⟩z
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• At the moment when Alice makes her measurement, the state collapses into:

 Alice finds ⋯ Sz[α] = + 1
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• Before Alice’s measurement, Bob’s outcome is undetermined 
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The explanation in QM is very different.  

Although their outcomes are different in each decay, QM says 
the state of the particles are exactly the same for all decays:     
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The explanation in QM is very different.  

Although their outcomes are different in each decay, QM says 
the state of the particles are exactly the same for all decays:     



The origin of this bizarre feature is entanglement. 
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Einstein, Podolsky and Rosen (EPR) did not like the QM explanation.

EPR’s local-real requirement:

• Physical observables must be real:  their values must be predetermined [before]/
[irrespectively with] the measurement.  

• Physical observables must be local:  an action in one place cannot influence a 
physical observable in a space-like separated region. 

QM violates both local and real requirements

EPR paradox



Einstein, Podolsky and Rosen (EPR) did not like the QM explanation.

EPR’s local-real requirement:

• Physical observables must be real:  their values must be predetermined [before]/
[irrespectively with] the measurement.  

• Physical observables must be local:  an action in one place cannot influence a 
physical observable in a space-like separated region. 

QM violates both local and real requirements

It seems difficult to experimentally discriminate QM and general hidden variable theories.

John Bell (1964) derived simple inequalities that can 
discriminate QM and general hidden variable theories:  
Bell inequalities

EPR paradox
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Finally, we construct 

RCHSH ≡
1
2

⟨sasb⟩ − ⟨sasb′ ⟩ + ⟨sa′ sb⟩ + ⟨sa′ sb′ ⟩



RCHSH ≡
1
2

⟨sasb⟩ − ⟨sasb′ ⟩ + ⟨sa′ sb⟩ + ⟨sa′ sb′ ⟩

One can show in hidden variable theories: [Clauser, Horne, 
Shimony, Holt, 1969]

4 Bell’s inequality

One can derive an interesting inequality that must be held for hidden variable theories. Let’s consider
the following experiments:

1. Choose four unit vectors, ~a, ~a0, ~b and ~b0. We denote the spin component in the ~a direction by
sa, and so on.

2. Prepare a lot of e-ē pairs coming from decays of the spin 0 particles.

3. We divide the sample into four subsamples, (i), (ii), (iii), (iv).

4. In the subsample (i), Alice measures sa and Bob measures sb.

5. In the subsample (ii), Alice measures sa and Bob measures sb0 .

6. In the subsample (iii), Alice measures sa0 and Bob measures sb.

7. In the subsample (iv), Alice measures sa0 and Bob measures sb0 .

In hidden variable theories, each e-ē pair in a sample is described by a set of variables �. In the
i-th pair in a sample, Alice’s outcome of her sa measurement is a(�i) and Bob’s outcome of his sb

measurement is b(�i). If sa and sb are the same spin component, we have a(�i) = �b(�i), but this is
not satisfied in the general case with sa 6= sb.

Bell’s inequality considers the average of the product of Alice and Bob’s measurement outcomes.
For example, for the subset (i), we denote the average of ab by habi. In hidden variable theories this
can be calculated as

habi =
1

N

NX

i=1

a(�i)b(�i) , (4.5)

where N is the number of e-ē pairs in the subset (i). If we know the probability density, P (�), the
same average can be computed as

habi =

Z
a(�)b(�)P (�)d� . (4.6)

Since P (�) is a probability density, we have
Z

P (�)d� = 1 . (4.7)

Derivation of Bell’s inequality

Let’s consider the quantity

|habi � hab0i| =

����
Z

d� (ab � ab
0)P

���� , (4.8)

where we suppressed � in the RHS. Here we made an implicit assumption that the probability density
P (�) is common for the subsamples (i) and (ii). In the next step we will assume P (�) is common for
the all subsamples. By adding ± aba

0
b
0
P � (± aba

0
b
0
P ) = 0 to the RHS, we have

|habi � hab0i| =

Z
d� |ab(1 ± a

0
b
0)P � ab

0(1 ± a
0
b)P | ,


Z

d�

⇣
|ab||1 ± a

0
b
0|P + |ab0||1 ± a

0
b|P

⌘
. (4.9)
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2. Prepare a lot of e-ē pairs coming from decays of the spin 0 particles.

3. We divide the sample into four subsamples, (i), (ii), (iii), (iv).

4. In the subsample (i), Alice measures sa and Bob measures sb.

5. In the subsample (ii), Alice measures sa and Bob measures sb0 .

6. In the subsample (iii), Alice measures sa0 and Bob measures sb.

7. In the subsample (iv), Alice measures sa0 and Bob measures sb0 .
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2

The inequality holds since we made each term in the integral positive. Since the measurement outcomes
a, b, a0 and b

0 can take only +1 or �1, always |ab| = |ab0| = 1 and |1�a
0
b
0| and |1�a

0
b| are non-negative.

Therefore, we have

|habi � hab0i| 
Z

d�

h
(1 ± a

0
b
0)P + (1 ± a

0
b)P

i
,

= 2 ± (ha0b0i + ha0bi), (4.10)

where we have used Eqs. (4.6) and (4.7). Equivalently we have

eQCHSH ⌘ |habi � hab0i| + |ha0bi + ha0b0i|  2 (4.11)

This is the statement that for any choice of {~v} = (~a, ~a0,~b, ~b0) the LHS is bounded by 2. In fact,
however, for

QCHSH ⌘ |habi � hab0i + ha0bi + ha0b0i| (4.12)

we can show
max
~a,~a0,~b,~b0

(QCHSH) = max
~a,~a0,~b,~b0

⇣
eQCHSH

⌘
. (4.13)

This is because QCHSH and eQCHSH are di↵erent only when the relative sign between the first and second
terms in eQCHSH are di↵erent, i.e. sign(habi � hab0i) = �sign(hab0i + ha0b0i). If this happens, however,
one can swap ~b and ~b0 and make the relative sign positive. Namely, for any choice of {~v} = (~a, ~a0,~b, ~b0),
there is a choice {~v⇤} that satisfies eQCHSH({~v}) = QCHSH({~v⇤}), where either ~v = ~v

⇤ or ~v and ~v
⇤ di↵er

for ~b $ ~b0. In summary, without loss of generality, we can rewrite Eq. (4.11) as

QCHSH = |habi � hab0i + ha0bi + ha0b0i|  2 . (4.14)

This is called CHSH inequality, which is a part of the general Bell’s inequalities. This inequality
must be satisfied if the outcomes of Alice and Bob’s measurements are predetermined prior to their
measurements and can be written as a(�) and b(�), respectively.

5 Violation of Bell’s inequality in QM

5.1 Case of the EPR state

One can show the CHSH inequality is violated in QM. Let’s consider the EPR sate in Eq. (2.2). The
average habi is computed in QM as

habi = h |ŝaŝb| i (5.15)

with | i .
= |"bi|#bi�|#bi|"bip

2
. By some straightforward calculation one can show

habi = �(~a ·~b) (5.16)

Therefore if we take the four unit vectors as

~a = " ~b =%
~a0 =! ~b0 =& ,

(5.17)

we have habi = �hab0i = ha0bi = ha0b0i = � 1p
2
and

QCHSH = 2
p
2 , (5.18)

which exhibits violation of the CHSH inequality.
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2|ab | = |ab′ | = 1

|1 ± a′ b′ | , |1 ± a′ b | ≥ 0

<latexit sha1_base64="qp69cAXOCCfYAWC+lPjSBgEE4/4="></latexit>

R̃CHSH =
1

2
(|habi � hab0i|+ |ha0bi+ ha0b0i|)  1
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(hidden variable theories)

(QM)

✤ Violation of the classical bound (Bell inequality) 
has been observed in low energy experiments: 

- Entangled photon pairs (from decays of Calcium atoms)
Crauser, Horne, Shimony, Holt (1969), Freedman and Clauser (1972), A. Aspect et. al. (1981, 
1982), Y. H. Shih, C. O. Alley (1988), L. K. Shalm et al. (2015) [5σ]

- Entangled photon pairs (from decays of 2He)
M. M. Lamehi-Rachti, W. Mitting (1972), H. Sakai (2006)

-  flavour oscillationK0K0, B0B0 CPLEAR (1999), Belle (2004, 2007) 

general |Ψ⟩

separable
|Ψsep⟩

entangled
|Ψent⟩

BI violation
RCHSH ≥ 1



Can we test Bell inequality and entanglement at high energy colliders?

Bell inequality and entanglement have not been tested at high energy regime E ~ TeV

- Entanglement in  @ LHCpp → tt̄

- Bell inequality test in  @ LHCH → WW*

- Bell inequality test in  @ LHCpp → tt̄

Y. Afik, J. R. M. de Nova (2020)

M. Fabbrichesi, R. Floreanini, G. Panizzo (2021)

C. Severi, C. D. Boschi, F. Maltoni, M. Sioli (2021)

J. A. Aguilar-Saavedra, J. A. Casas (2022)


A. J. Barr (2021)



3

FIG. 1. Representative Feynman diagrams for a tt production
via the SM.

a light quark and antiquark (qq̄), or between a pair of
gluons (gg),

q + q̄ → t+ t̄, (5)

g + g → t+ t̄.

Representative Feynman diagrams for these processes are
presented in Fig. 1.
Kinematically, the production of a tt̄ pair is described

by the invariant mass Mtt̄ and the top direction k̂ in
the center-of-mass (CM) frame. Specifically, in this
frame the top and antitop relativistic momenta are kµt =
(k0t ,k), k

µ
t̄ = (k0t̄ ,−k), satisfying the invariant dispersion

relation k2t ≡ kµt kµt = m2
t , and similar for the antitop

k2t̄ = k2t = m2
t . The invariant mass is defined from these

momenta as

M2
tt̄ ≡ stt̄ = (kt + kt̄)

2, (6)

with stt̄ the usual Mandelstam variable. In the CM

frame, this gives M2
tt̄ = 4

(

k0t
)2

= 4(m2
t + k2). By

relating the top momentum to its velocity β by |k| =
mtβ/

√

1− β2, we get

β =
√

1− 4m2
t/M

2
tt̄
, (7)

from where we immediately see that threshold production
(β = 0) corresponds to Mtt̄ = 2mt ≈ 346 GeV, the
minimum energy possible for a tt̄ pair.
While the kinematics of the tt̄ pair are determined by

the variables (Mtt̄, k̂), their spins for a fixed production
process are characterized by the so-called production spin
density matrix R(Mtt̄, k̂) [28], whose most general form
is similar to that of Eq. (2),

R = ÃI4+
∑

i

(

B̃+
i σ

i ⊗ I2 + B̃−
i I2 ⊗ σi

)

+
∑

i,j

C̃ijσ
i⊗σj

(8)
where the first/second spin subspace corresponds to the
top/antitop, respectively. We note that the production
spin density matrix is characterized by 16 parameters,
Ã, B̃±

i , C̃ij , one more than in Eq. (2). This is because the
matrix R is not properly normalized since tr(R) = 4Ã,
with Ã determining the differential cross section for tt̄
production at fixed energy and top direction,

dσ

dΩdMtt̄

=
α2
sβ

M2
tt̄

Ã(Mtt̄, k̂) (9)

Ω being the solid angle associated with k̂ and αs ≈ 0.118
the strong coupling constant.
The proper spin density matrix ρ(Mtt̄, k̂) of Eq. (2)

and the actual spin polarizations B±
i and spin correla-

tions Cij of the tt̄ pair are simply computed by normal-
izing R,

ρ =
R

tr(R)
=

R

4Ã
, B±

i =
B̃±

i

Ã
, Cij =

C̃ij

Ã
. (10)

With the help of the production spin density matrix,
the expectation value of any observable in a selected re-
gion Π of the phase space (Mtt̄, k̂) is obtained by inte-
gration as [29, 34]

〈O〉 =

´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(OR)
´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(R)
. (11)

In terms of the proper spin density matrices ρ(Mtt̄, k̂),
the above equation simply reads

〈O〉 =
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂) 〈O〉ρ , (12)

with 〈O〉ρ ≡ tr[Oρ(Mtt̄, k̂)] and

p(Mtt̄, k̂) =
1

σΠ

dσ

dΩdMtt̄

σΠ ≡
ˆ

Π
dΩdMtt̄

dσ

dΩdMtt̄

. (13)

The expectation value in Eq. (12) can be then intu-
itively understood as the sum of the expectation values of
the observable O evaluated in all possible quantum states
of the tt̄ pair in the region Π, with p(Mtt̄, k̂) the proba-
bility of a given production process, proportional to the
corresponding differential cross section. The description
of the quantum state of the tt̄ pair in terms of a density
matrix instead of a wave function arises quite naturally
in colliders: since internal degrees of freedom of the ini-
tial state (such as spin or color) cannot be controlled,
the quantum state of the produced tt̄ pair is described
by an incoherent mixture resulting from the average over
all possible initial states.
In the same fashion of Eq. (12), we can define the total

quantum state of the tt̄ pair in Π as

ρΠ ≡
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂)ρ(Mtt̄, k̂). (14)

As a two-qubit quantum state, ρΠ is determined by its
coefficients B±

i , Cij . The motivation for considering ρΠ
is that, as explained in Sec. V, its spin polarizations and
spin correlations can be extracted from measurements of
accessible observables and hence, its quantum tomogra-
phy can be implemented.
For the theoretical computation of ρΠ, we use QCD

perturbation theory at leading-order (LO). Higher-order
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corresponding differential cross section. The description
of the quantum state of the tt̄ pair in terms of a density
matrix instead of a wave function arises quite naturally
in colliders: since internal degrees of freedom of the ini-
tial state (such as spin or color) cannot be controlled,
the quantum state of the produced tt̄ pair is described
by an incoherent mixture resulting from the average over
all possible initial states.
In the same fashion of Eq. (12), we can define the total

quantum state of the tt̄ pair in Π as

ρΠ ≡
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂)ρ(Mtt̄, k̂). (14)

As a two-qubit quantum state, ρΠ is determined by its
coefficients B±

i , Cij . The motivation for considering ρΠ
is that, as explained in Sec. V, its spin polarizations and
spin correlations can be extracted from measurements of
accessible observables and hence, its quantum tomogra-
phy can be implemented.
For the theoretical computation of ρΠ, we use QCD

perturbation theory at leading-order (LO). Higher-order

At colliders,

- the spin of final state particles are correlated, but not always in . |Ψ(0,0)⟩

- the initial state (and therefore also for the final state) is a statistical ensemble of 
different pure states. 



5.2 Case for general quantum sates

5.2.1 The density operator

Let’s consider a situation where we have a quantum state | ki with probability pk. In this case, we
can describe the system with the density operator defined by

⇢̂ ⌘
X

k

pk| kih k| (5.19)

with
0  pk  1,

X

k

pk = 1 , (5.20)

since pk is probability. Using an orthonormal basis, {|e↵i}, with he↵|e�i = �↵� and
P

↵
|e↵ihe↵| = 1,

one can give a matrix representation (density matrix)

⇢↵� ⌘ he↵|⇢̂|e�i . (5.21)

The density operator (matrix) satisfies the following properties:

• ⇢̂
† = ⇢̂

• Tr ⇢̂ = 1

• ⇢̂ is positive definite, that is 8|'i; h'|⇢̂|'i � 0.

The second property holds since

Tr ⇢̂ ⌘
X

i

he↵|⇢̂|e↵i =
X

↵,k

pkh k|e↵ihe↵| ki =
X

k

pk = 1 . (5.22)

Conversely, if one finds an operator satisfying the above three properties, there exists a corresponding
quantum state associated with it. Using the density operator, the expectation value of an observable,
Â, can be calculated as

hÂi = Tr
h
Â⇢̂

i
(5.23)

since the RHS is
X

↵,k

pkhe↵|Â| kih k|e↵i =
X

↵,k

pkh k|e↵ihe↵|Â| ki =
X

k

pkh k|Â| ki . (5.24)

As an example, let’s consider the EPR singlet state (s, sz) = (0, 0), | (0,0)

EPR
i .
= |"zi|#zi�|#zi|"zip

2
. By taking

the orthogonal basis as

(|e1i, |e2i, |e3i, |e4i) = (| "z"zi, | "z#zi, | #z"zi, | #z#zi) (5.25)

we have

⇢̂
EPR,(0,0) =

1

2
(|e2i � |e3i) (he2| � he3|)

=
1

2
(|e2ihe2| + |e3ihe3|) � 1

2
(|e2ihe3| + |e3ihe2|) (5.26)

and

⇢
EPR,(0,0)

↵�
= he↵|⇢̂EPR,(0,0)|e�i =

0
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• For a statistical ensemble , we define the 
density operator/matrix  

{{p1 : |Ψ1⟩}, {p2 : |Ψ2⟩}, {p3 : |Ψ3⟩}, ⋯}

probability of having |Ψ1⟩
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Conversely, if one finds an operator satisfying the above three properties, there exists a corresponding
quantum state associated with it. Using the density operator, the expectation value of an observable,
Â, can be calculated as
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5.2.1 The density operator

Let’s consider a situation where we have a quantum state | ki with probability pk. In this case, we
can describe the system with the density operator defined by
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X
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with
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Conversely, if one finds an operator satisfying the above three properties, there exists a corresponding
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hea|ebi = �ab

5.2 Case for general quantum sates

5.2.1 The density operator

Let’s consider a situation where we have a quantum state | ki with probability pk. In this case, we
can describe the system with the density operator defined by

⇢̂ ⌘
X

k

pk| kih k| (5.19)

with
0  pk  1,

X

k

pk = 1 , (5.20)

since pk is probability. Using an orthonormal basis, {|e↵i}, with he↵|e�i = �↵� and
P

↵
|e↵ihe↵| = 1,

one can give a matrix representation (density matrix)

⇢↵� ⌘ he↵|⇢̂|e�i . (5.21)

The density operator (matrix) satisfies the following properties:

• ⇢̂
† = ⇢̂

• Tr ⇢̂ = 1

• ⇢̂ is positive definite, that is 8|'i; h'|⇢̂|'i � 0.

The second property holds since

Tr ⇢̂ ⌘
X

i

he↵|⇢̂|e↵i =
X

↵,k

pkh k|e↵ihe↵| ki =
X

k

pk = 1 . (5.22)

Conversely, if one finds an operator satisfying the above three properties, there exists a corresponding
quantum state associated with it. Using the density operator, the expectation value of an observable,
Â, can be calculated as

hÂi = Tr
h
Â⇢̂

i
(5.23)

since the RHS is
X

↵,k

pkhe↵|Â| kih k|e↵i =
X

↵,k

pkh k|e↵ihe↵|Â| ki =
X

k

pkh k|Â| ki . (5.24)

As an example, let’s consider the EPR singlet state (s, sz) = (0, 0), | (0,0)

EPR
i .
= |"zi|#zi�|#zi|"zip

2
. By taking

the orthogonal basis as

(|e1i, |e2i, |e3i, |e4i) = (| "z"zi, | "z#zi, | #z"zi, | #z#zi) (5.25)

we have

⇢̂
EPR,(0,0) =

1

2
(|e2i � |e3i) (he2| � he3|)

=
1

2
(|e2ihe2| + |e3ihe3|) � 1

2
(|e2ihe3| + |e3ihe2|) (5.26)

and

⇢
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↵�
= he↵|⇢̂EPR,(0,0)|e�i =
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• Density matrices satisfy the conditions:

• The expectation of an observable  is calculated by Ô

⟨Ô⟩ = Tr [Ô ̂ρ]

Density operator 



• The spin system of  and  particles has 4 independent bases:α β

• ==>  is a 4 x 4 matrix (hermitian, Tr=1).  It can be expanded as  ρab

5.2.2 Two spin
1

2
system

The density operator for two spin 1

2
systems is given by a 4 ⇥ 4 matrix with the three properties

mentioned in section 5.2.1. Any Hermitian, trace one matrices can be expanded using Pauli matrices
as

⇢ =
1

4

�
1 ⌦ 1 + Bi · �i ⌦ 1 + Bi · 1 ⌦ �i + Cij · �i ⌦ �j

�
, (5.28)

where i, j run from 1 to 3 and are summed. For the ⇢ to be Hermitian, the coe�cients Bi, Bi and
Cij must be real. In the basis Eq. (5.25), one can represent ⇢ as

⇢ =
1

4

0

@
1 + B3 +B3 + C33 (B1 + C31) � i(B2 + C32) (B1 + C13) � i(B2 + C23) (C11 � C22) � i(C12 + C21)

(B1 + C31) + i(B2 + C32) 1 +B3 � B3 � C33 (C11 + C22) + i(C12 � C21) (B1 � C13) � i(B2 � C23)
(B1 + C13) + i(B2 + C23) (C11 + C22) � i(C12 � C21) 1 � B3 +B3 � C33 (B1 � C31) � i(B2 � C32)
(C11 � C22) + i(C12 + C21) (B1 � C13) + i(B2 � C23) (B1 � C31) + i(B2 � C32) 1 � B3 � B3 + C33

1

A . (5.29)

Finding the constraints from positivity is quite non-trivial. At least, all diagonal elements of this
matrix must be non-negative.

The spin operators of particle e and ē can be represented as

(se)i = �i ⌦ 1, (sē)i = 1 ⌦ �i . (5.30)

Using Tr(�i�j) = 2�ij and Tr(�i) = 0, one can readily find

h(se)ii = Tr((se)i⇢) = Bi

h(sē)ii = Tr((sē)i⇢) = Bi

h(se)i(sē)ji = Tr((se)i(sē)j⇢) = Cij (5.31)

This gives us a nice interpretation of the coe�cients. The Bi, Bj and Cij give the expectation values
of the spin component measurements of (se)i, (sē)j and (se)i(sē)j. Here, i, j = (1, 2, 3) are the three
orthogonal space directions, in which the spins are quantized.

Exercise with the EPR singlet state

For the EPR singlet state, | (0,0)

EPR
i .
= |"#i�|#"ip

2
, one can find

Bi = h (0,0)

EPR
|(se)i| (0,0)

EPR
i = 0,

Bi = h (0,0)

EPR
|(sē)i| (0,0)

EPR
i = 0,

Cij = h (0,0)

EPR
|(se)i(sē)j| (0,0)

EPR
i = 0, (i 6= j)

Cii = h (0,0)

EPR
|(se)i(sē)i| (0,0)

EPR
i = �1 . (5.32)

Plugging this into Eq. (5.28) one can reproduce the result in Eq. (5.27).

5.2.3 CHSH inequality in general case

The CHSH inequality was expressed in terms

habi = h(se)a(sē)bi = aibjh(se)i(sē)ji = aiCijbj (5.33)

where we have used Eq. (5.31), and a = (a1, a2, a3) and b = (b1, b2, b3) are the unit vectors that define
Alice and Bob’s measurement axes in the first set of experiment described in section 4. With this
result, QCHSH can be written as

QCHSH = |aiCij(b � b
0)j + a

0
i
Cij(b+ b

0)j| . (5.34)
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Bi, Bi, Cij 2 R

• For the spin operators  and ,  ̂sα ̂sβ

⟨ ̂sα
i ⟩ = Tr [ ̂sα

i ̂ρ] = Bi

( |e1⟩, |e2⟩, |e3⟩, |e4⟩ ) = ( | + , + ⟩, | + , − ⟩, | − , + ⟩, | − , − ⟩ )

⟨ ̂sβ
i ⟩ = Tr [ ̂sβ

i ̂ρ] = Bi ⟨ ̂sα
i ̂sβ

j ⟩ = Tr [ ̂sα
i ̂sβ

j ̂ρ] = Cij

3 x 3 matrix

spin-spin correlation

Biparticle system



Bell inequality

RCHSH ≡
1
2 ⟨sα

a ⋅ sβ
b ⟩ − ⟨sα

a ⋅ sβ
b′ ⟩ + ⟨sα

a′ ⋅ sβ
b ⟩ + ⟨sα

a′ ⋅ sβ
b′ ⟩

⟨sα
a ⋅ sβ

b ⟩ = ̂ai b̂j ⋅ ⟨sα
i ⋅ sβ

j ⟩ = ̂ai Cij b̂i

=
1
2

̂ai Cij (b̂ − b̂′ )j + ̂a′ i Cij (b̂ + b̂′ )j

unit vectors: ̂a, ̂a′ , b̂, b̂′ 

max [RCHSH] = λ1 + λ2
̂a, ̂a′ , b̂, b̂′ 

(  are 3 eigenvalues of  )λ1 ≥ λ2 ≥ λ3 CTC

λ1 + λ2 > 1

Violation of Bell inequality implies

M. Fabbrichesi, R. Floreanini, 
G. Panizzo (2021)




• If the state is separable (not entangled), 
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⇢ =
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5.2 Case for general quantum sates

5.2.1 The density operator

Let’s consider a situation where we have a quantum state | ki with probability pk. In this case, we
can describe the system with the density operator defined by

⇢̂ ⌘
X

k

pk| kih k| (5.19)

with
0  pk  1,

X

k

pk = 1 , (5.20)

since pk is probability. Using an orthonormal basis, {|e↵i}, with he↵|e�i = �↵� and
P

↵
|e↵ihe↵| = 1,

one can give a matrix representation (density matrix)

⇢↵� ⌘ he↵|⇢̂|e�i . (5.21)

The density operator (matrix) satisfies the following properties:

• ⇢̂
† = ⇢̂

• Tr ⇢̂ = 1

• ⇢̂ is positive definite, that is 8|'i; h'|⇢̂|'i � 0.

The second property holds since
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he↵|⇢̂|e↵i =
X
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X

k

pk = 1 . (5.22)

Conversely, if one finds an operator satisfying the above three properties, there exists a corresponding
quantum state associated with it. Using the density operator, the expectation value of an observable,
Â, can be calculated as

hÂi = Tr
h
Â⇢̂

i
(5.23)

since the RHS is
X

↵,k

pkhe↵|Â| kih k|e↵i =
X

↵,k

pkh k|e↵ihe↵|Â| ki =
X

k
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As an example, let’s consider the EPR singlet state (s, sz) = (0, 0), | (0,0)

EPR
i .
= |"zi|#zi�|#zi|"zip

2
. By taking

the orthogonal basis as
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5.2 Case for general quantum sates

5.2.1 The density operator

Let’s consider a situation where we have a quantum state | ki with probability pk. In this case, we
can describe the system with the density operator defined by
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k

pk| kih k| (5.19)

with
0  pk  1,

X

k

pk = 1 , (5.20)

since pk is probability. Using an orthonormal basis, {|e↵i}, with he↵|e�i = �↵� and
P

↵
|e↵ihe↵| = 1,

one can give a matrix representation (density matrix)
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he↵|⇢̂|e↵i =
X

↵,k

pkh k|e↵ihe↵| ki =
X

k

pk = 1 . (5.22)

Conversely, if one finds an operator satisfying the above three properties, there exists a corresponding
quantum state associated with it. Using the density operator, the expectation value of an observable,
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Â⇢̂

i
(5.23)

since the RHS is
X

↵,k
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then, a modified matrix by the partial transpose  

is also a physical density matrix,  i.e. Tr=1 and non-negative.  

Peres-Horodecki (1996, 1997)
• For biparticle systems, entanglement     to be non-positive.⟺ ρTβ

• In terms of  expansion, entanglement implies(Bi, Bi, Cij)

max
i ( Tr[C] − Cii − Cii) > 1

Entanglement

Y. Afik, J. R. M. de Nova 
(2020)



• For δ γ → α β

ρ̃α1β1, α2β2
= ∑

δ, γ

P(δ, γ) ⋅ ⟨α2, β2 |S |δ, γ⟩⟨δ, γ |S |α1, β1⟩

  corresponds to the spin (helicity) state +, -, respectively of particle αi (βi) = 1, 2 α (β)

ρ =
ρ̃

Tr[ρ̃]

initial state partons parton luminosity function

• For , calculation is straightforward:H → τ+τ−

 |Ψτ+,τ−⟩ = |Ψ(1,0)⟩ =
| + , − ⟩ + | − , + ⟩

2

This density matrix can be thought of a 4 ⇥ 4 matrix and expanded as

⇢ij,̄ij̄ =
1

4

�
�ij�īj̄ + Ba · (�a)ij�īj̄ + Ba · �ij(�a)īj̄ + Cab · (�a)ij(�b)īj̄

�
(7.80)

7.1.1 The density matrix for S ! ff̄

Let’s calculate the density matrix for the above process. First, we compute Mīi

S
at the rest frame of

S. In this frame, p = (E,p), p̄ = (E,�p) and p̄ · � = p · �̄, p̄ · �̄ = p · �̄. So we have

Mīi

S
= ū

i(p)v ī(p̄) = [ui(p)]†�0v
ī(p̄)

=
�
(⇠i)†

p
p · � (⇠i)†

p
p · �̄

�✓0 1

1 0

◆✓ p
p · �̄ ⌘

ī

�p
p · � ⌘

ī

◆

= (⇠i)†
⇥
p · (�̄ � �)

⇤
⌘
ī
. (7.81)

By taking p = (0, 0, pz), we have

Mīi

S
= 2pz(⇠

i)†�z⌘
ī = �2pz

✓
0 1
1 0

◆

īi

= �2pz(�x)īi . (7.82)

Then, from Eq. (7.79)

⇢ij,̄ij̄ =
1

2
(�x)īi(�x)jj̄ (7.83)

In order to extract the Cab coe�cient, we use the formula (5.31)

Cab =
X

i,j,̄i,j̄

(�a)ij(�b)īj̄⇢ij,̄ij̄

=
1

2
[(�a)11(�b)22 � (�a)12(�b)21 � (�a)21(�b)12 + (�a)22(�b)11] , (7.84)

which leads to Cxx = Cyy = �Czz = 1 and Cxy = Cyz = Czx = 0. Namely,

C =

 
1

1
�1

!
(7.85)

Interpretation

By taking (i, ī) = (1, 1), (1, 2), (2, 1), (2, 2) in the column and (j, j̄) = (1, 1), (1, 2), (2, 1), (2, 2) in the
row, this matrix can be written as

⇢ij,̄ij̄ =
1

2

0

B@

0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

1

CA (7.86)

This coincides with the density matrix of a state EPR triplet state

| (1,0)

EPR
i =

|12i + |21ip
2

(7.87)
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Parity:    with :        P = (ηf ηf̄ ) ⋅ (−1)l ηf ηf̄ = − 1 P = 0 ⟹ l = 1

Mohammad Mahdi AlTakach 

Violation of BI (reminders)

3

Classical mechanics

Quantum mechanics

Spin 0 CP even: 

Spin 0 CP odd: 



• Let’s suppose a spin 1/2 particle  is at rest and spinning in the  direction.α s

•  decays into a measurable particle  and the rest  α lα X

dΓ
dΩ

∝ 1 + xα ( ̂lα ⋅ s)

• The decay distribution is generally given by

α → lα + (X)

 is a unit direction vector of , 
measured at the rest frame of 

̂lα lα
α

•  is called spin-analysing power and depends on the decay.   x ∈ [−1, 1]

   and      t → ℓ+ + (bν) τ− → π− + (ντ) ⟹ x = 1

• One can show for  and  α + β → [lα + (X)] + [lβ + X] ξij ≡ ( ̂lα)i ( ̂lβ)j

dσ
dξij

= (1 + xαxβ Cij) ⋅ ln ( 1
ξij )

One can measure  by fitting  distribution.Cij ξij = ( ̂lα)i ( ̂lβ)j



=
9

2 |xαxβ | ⟨( ̂lα)a( ̂lβ)b⟩ − ⟨( ̂la)( ̂lβ)b′ ⟩ + ⟨( ̂lα)a′ ( ̂lβ)b⟩ + ⟨( ̂lα)a′ ( ̂lβ)b′ ⟩

RCHSH ≡
1
2

⟨sasb⟩ − ⟨sasb′ ⟩ + ⟨sa′ sb⟩ + ⟨sa′ sb′ ⟩

 can be directly calculated 


once the unit vectors  are fixed. 

RCHSH

(â, â′ , b̂, b̂′ )



Chapter 2. Higgs Boson

Figure 2.8

Higgs recoil mass distri-
bution in the Higgs-
strahlung process
e+e≠ æ Zh, with
(a) Z æ µ+µ≠ and
(b) Z æ e+e≠(n“).
The results are shown
for P (e+, e≠) =
(+30%, ≠80%) beam
polarization.
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of 32 MeV is obtained [74, 75]. The corresponding model independent uncertainty on the Higgs
production cross section is 2.5%. Similar results were obtained from SiD [76]. It should be emphasized
that these measurements only used the information from the leptonic decay products of the Z and
are independent of the Higgs decay mode. As such this analysis technique could be applied even if
the Higgs decayed invisibly and hence allows us to determine the absolute branching ratios including
that of invisible Higgs decays. By combining the branching ratio to ZZ with the production cross
section, which involves the same ghZZ coupling, one can determine the total width and the absolute
scale of partial widths with no need for the theoretical assumptions needed for the LHC case. We will
return to this point later.

It is worth noting that, for the µ+µ≠X channel, the width of the recoil mass peak is dominated
by the beam energy spread. In the above study Gaussian beam energy spreads of 0.28 % and 0.18 %
are assumed for the incoming electron and positron beams respectively. For ILD the detector response
leads to the broadening of the recoil mass peak from 560 MeV to 650 MeV. The contribution from
momentum resolution is therefore estimated to be 330 MeV. Although the e�ect of the detector
resolution is not negligible, the dominant contribution to the observed width arises from the incoming
beam energy spread rather than the detector response. This is no coincidence; the measurement
of mh from the µ+µ≠X recoil mass distribution was one of the benchmarks used to determine the
momentum resolution requirement for a detector at the ILC.

If there are additional Higgs fields with vacuum expectation values that contribute to the mass of
the Z, the corresponding Higgs particles will also appear in reactions e+e≠

æ ZhÕ, and their masses
can be determined in the same way.

We now turn to the determination of the spin and CP properties of the Higgs boson. The h æ ““

decay observed at the LHC rules out the possibility of spin 1 and restricts the charge conjugation C
to be positive. We have already noted that the discrete choice between the CP even and CP odd
charge assignments can be settled by the study of Higgs decay to ZZú to 4 leptons at the LHC.

The ILC o�ers an additional, orthogonal, test of these assignments. The threshold behavior
of the Zh cross section has a characteristic shape for each spin and each possible CP parity. For
spin 0, the cross section rises as — near the threshold for a CP even state and as —3 for a CP odd
state. For spin 2, for the canonical form of the coupling to the energy-momentum tensor, the rise
is also —3. If the spin is higher than 2, the cross section will grow as a higher power of —. With a
three-20 fb≠1-point threshold scan of the e+e≠

æ Zh production cross section we can separate these
possibilities as shown in Fig. 2.9 (left) [77]. The discrimination of more general forms of the coupling
is possible by the use of angular correlations in the boson decay; this is discussed in detail in [78].

At energies well above the Zh threshold, the Zh process will be dominated by longitudinal
Z production as implied by the equivalence theorem. The reaction will then behave like a scalar
pair production, showing the characteristic ≥ sin

2 ◊ dependence if the h particle’s spin is zero. The
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 @ lepton collidersH → τ+τ−

LHC ILC

• Background  is much smaller for lepton colliders


• We need to reconstruct each  rest frame to measure .  This is challenging 
at hadron colliders since partonic CoM energy is unknown for each event 

Z/γ → τ+τ−

τ ̂l
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- 6 unknowns can be constrained by 2 mass-
shell conditions and 4 energy-momentum 
conservation.
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Fig. 2: Schematic representation of the decay of a top quark
that ultimately leads to the emission of a charged lepton, in
the top rest frame.

codes spin correlations, and it is measurable.3 The differen-
tial cross section for pp! tt̄ ! `+`�bb̄nn̄ can be expressed
as [11]:

1
s

ds
dxi j

=
Ci j xi j �1

2
log

��xi j

��, (7)

where xi j ⌘ cosqi cos q̄ j, qi is the angle between the antilep-
ton momentum and the i-th axis in its parent top rest frame,
and q̄ j the angle between the lepton momentum and the j-
th axis in its parent anti-top rest frame.4 Spin is measured
fixing a suitable reference frame. An advantageous choice is
the helicity basis {k̂, r̂, n̂},
8
>>><

>>>:

k̂ = top direction

r̂ =
p̂� k̂ cosq

sinq
n̂ = k̂⇥ r̂ ,

(8)

where p̂ is the beam axis and q is the top scattering angle
in the center of mass frame, see also Figure 3. The helicity
basis is defined in terms of the top quark and also applies to
the anti-top, which moves in direction �k̂.

The amount and type of spin correlations strongly de-
pend on the production mechanism as well as the phase space
region (energy and angle) of the top quarks. Two comple-
mentary regimes are important: at threshold, i.e., when the
top quarks are slow in their rest frame, and when they are
ultra-relativistic. At threshold, gluon fusion gg ! tt̄ leads to
an entangled spin-0 state while qq̄ ! tt̄ to a spin-1 state. The
latter is subdominant at the LHC and acts as an irreducible
background [2].

It can be shown [7] that the tt̄ spin density matrix (6)
is separable (that is, not entangled) if and only if the partial

3Since Ci j ⇡ Cji, the C matrix can be made (almost) diagonal with
an appropriate choice of basis, thus reducing the system to the simple
density matrix (4).
4Relevant reference frames are identified in a two step process: boost-
ing first to the tt̄ center of mass frame, then to each top with a rotation
free boost.

Fig. 3: Schematic representation of a pp ! tt̄ event in the
center of mass frame, with the helicity basis {k̂, r̂, n̂} drawn,
together with the scattering angle q . The n̂ axis is into the
page.

transpose ( ⌦T )r , obtained by acting with the identity on
the first term of the tensor product and transposing the sec-
ond, is positive definite. As shown in [2], this implies that

��C11 +C22
���C33 > 1 (9)

is a sufficient condition for the presence of entanglement. It
generalises the Werner condition h > 1/3 to the case where
the Cii’s are not equal. The inequality (9) does not depend
on the basis, but we will use the helicity basis (8) in the
following.

At tt̄ production threshold Ckk +Crr < 0, so inequality
(9) reads:

�Ckk �Crr �Cnn > 1. (10)

The second regime corresponds to high transverse momen-
tum top quarks, i.e. when the system is characterised by
mtt̄ � mt and CMF scattering angle q ⇠ p

2 . In this case,
an entangled spin-1 state is produced as a consequence of
conservation of angular momentum regardless of production
channel. Since in this region Ckk +Crr > 0, inequality (9) is
written as:

Ckk +Crr �Cnn > 1. (11)

As for BIs, as shown in [8, 12] the maximal deviation
predicted by QM in the CHSH inequality (2) is:

max
aa0 bb0

��habi�hab
0i+ ha0bi+ ha0b0i

��= 2
p

l +l 0, (12)

where l and l 0 are the two largest eigenvalues of C
T

C. In
[3] it was argued that requiring l +l 0 > 1 provides an easy
way to test the CHSH violation. Unfortunately, we find that
the method suggested in [3] entails a rather serious bias. Es-
timating the eigenvalues of random matrices is a notoriously
hard problem [13]. Random fluctuations are more likely to
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(â, â′ , b̂, b̂′ ) = (k̂, ̂r,
1
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1
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(k̂ − ̂r))

Cij
̂l+
i

̂l−
j

Mohammad Mahdi AlTakach 

e+ e- > h z, z > mu+ mu-, (h > ta+ ta-, ta+ > pi+ vt~, ta- > pi- vt)
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R_{CHSH} = 1.4121735319171103


Ckk =  [-1.02568587] +- [0.03669862]


Crr =  [0.97739328] +- [0.02948512]


Cnn =  [1.00016895] +- [0.03190089]


Ckr =  [0.03426654] +- [0.02575542]


Crk =  [0.06328926] +- [0.02794716]


Ckn =  [0.00907971] +- [0.02951371]


Cnk =  [-0.02677593] +- [0.02575167]


Crn =  [-0.02677593] +- [0.02575167]


Cnr =  [-0.00267113] +- [0.02569298]

Nothing is smeared

helicity 
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- We assume an  collider with  and  e+e− s = 240 GeV L = 5 ab−1

- Generate events with MadGraph5 and perform 100 pseudo-experiments to estimate 
the uncertainties.
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RCHSH = 1.410 ± 0.084

max
i ( Tr[C] − Cii − Cii)
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the top rest frame.
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8
>>><

>>>:

k̂ = top direction

r̂ =
p̂� k̂ cosq

sinq
n̂ = k̂⇥ r̂ ,

(8)

where p̂ is the beam axis and q is the top scattering angle
in the center of mass frame, see also Figure 3. The helicity
basis is defined in terms of the top quark and also applies to
the anti-top, which moves in direction �k̂.

The amount and type of spin correlations strongly de-
pend on the production mechanism as well as the phase space
region (energy and angle) of the top quarks. Two comple-
mentary regimes are important: at threshold, i.e., when the
top quarks are slow in their rest frame, and when they are
ultra-relativistic. At threshold, gluon fusion gg ! tt̄ leads to
an entangled spin-0 state while qq̄ ! tt̄ to a spin-1 state. The
latter is subdominant at the LHC and acts as an irreducible
background [2].

It can be shown [7] that the tt̄ spin density matrix (6)
is separable (that is, not entangled) if and only if the partial

3Since Ci j ⇡ Cji, the C matrix can be made (almost) diagonal with
an appropriate choice of basis, thus reducing the system to the simple
density matrix (4).
4Relevant reference frames are identified in a two step process: boost-
ing first to the tt̄ center of mass frame, then to each top with a rotation
free boost.

Fig. 3: Schematic representation of a pp ! tt̄ event in the
center of mass frame, with the helicity basis {k̂, r̂, n̂} drawn,
together with the scattering angle q . The n̂ axis is into the
page.

transpose ( ⌦T )r , obtained by acting with the identity on
the first term of the tensor product and transposing the sec-
ond, is positive definite. As shown in [2], this implies that

��C11 +C22
���C33 > 1 (9)

is a sufficient condition for the presence of entanglement. It
generalises the Werner condition h > 1/3 to the case where
the Cii’s are not equal. The inequality (9) does not depend
on the basis, but we will use the helicity basis (8) in the
following.

At tt̄ production threshold Ckk +Crr < 0, so inequality
(9) reads:

�Ckk �Crr �Cnn > 1. (10)

The second regime corresponds to high transverse momen-
tum top quarks, i.e. when the system is characterised by
mtt̄ � mt and CMF scattering angle q ⇠ p

2 . In this case,
an entangled spin-1 state is produced as a consequence of
conservation of angular momentum regardless of production
channel. Since in this region Ckk +Crr > 0, inequality (9) is
written as:

Ckk +Crr �Cnn > 1. (11)

As for BIs, as shown in [8, 12] the maximal deviation
predicted by QM in the CHSH inequality (2) is:

max
aa0 bb0

��habi�hab
0i+ ha0bi+ ha0b0i

��= 2
p

l +l 0, (12)

where l and l 0 are the two largest eigenvalues of C
T

C. In
[3] it was argued that requiring l +l 0 > 1 provides an easy
way to test the CHSH violation. Unfortunately, we find that
the method suggested in [3] entails a rather serious bias. Es-
timating the eigenvalues of random matrices is a notoriously
hard problem [13]. Random fluctuations are more likely to
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We use this information to correct the pion energy mismeasurement.
In reality, we measure the energies of pions and Z decay products only with finite resolutions. Let
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where the resolution �
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⇠ 0.03 is a constant and the !+ and !� are random parameters drawn from

the normal distribution. In order to correct the mismeasurement e↵ect, we take the observed energy
and modify it with the analogous formula
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In this expression the energy of ↵, E↵(�↵), is a function of the nuisance parameter, �↵. We determine
the nuisance parameters by marginalising the log-likelihood function, which we construct based on
Eq. (8.135).

Using the procedure described in the previous subsection, one can reconstruct the tau momenta
with E↵(�↵) (↵ = ⇡
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, j1, j2). We will then be able to express the tau directions ~e⌧± and the angles
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where i = 1, 2 labels the two-fold solutions. The log-likelihood function, L({�}), should be minimised
over the nuisance parameters, {�} = (�⇡+ , �⇡� , �j1 , �j2). Once the minimisation is performed, we obtain
the nuisance parameters at the minimum, which we denote by {�⇤}. We define the most likely solution
I, as the solution that gives the smaller Li, i.e.
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Our best guess for the tau, pion and neutrino momenta are obtained as
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8.3 Results
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- We assume an  collider with  and  e+e− s = 240 GeV L = 5 ab−1

- Generate events with MadGraph5 and perform 100 pseudo-experiments to estimate 
the uncertainties.

Results (preliminary) 

RCHSH = 1.410 ± 0.084

max
i ( Tr[C] − Cii − Cii)

3

Fig. 2: Schematic representation of the decay of a top quark
that ultimately leads to the emission of a charged lepton, in
the top rest frame.

codes spin correlations, and it is measurable.3 The differen-
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where xi j ⌘ cosqi cos q̄ j, qi is the angle between the antilep-
ton momentum and the i-th axis in its parent top rest frame,
and q̄ j the angle between the lepton momentum and the j-
th axis in its parent anti-top rest frame.4 Spin is measured
fixing a suitable reference frame. An advantageous choice is
the helicity basis {k̂, r̂, n̂},
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k̂ = top direction

r̂ =
p̂� k̂ cosq

sinq
n̂ = k̂⇥ r̂ ,

(8)

where p̂ is the beam axis and q is the top scattering angle
in the center of mass frame, see also Figure 3. The helicity
basis is defined in terms of the top quark and also applies to
the anti-top, which moves in direction �k̂.

The amount and type of spin correlations strongly de-
pend on the production mechanism as well as the phase space
region (energy and angle) of the top quarks. Two comple-
mentary regimes are important: at threshold, i.e., when the
top quarks are slow in their rest frame, and when they are
ultra-relativistic. At threshold, gluon fusion gg ! tt̄ leads to
an entangled spin-0 state while qq̄ ! tt̄ to a spin-1 state. The
latter is subdominant at the LHC and acts as an irreducible
background [2].

It can be shown [7] that the tt̄ spin density matrix (6)
is separable (that is, not entangled) if and only if the partial

3Since Ci j ⇡ Cji, the C matrix can be made (almost) diagonal with
an appropriate choice of basis, thus reducing the system to the simple
density matrix (4).
4Relevant reference frames are identified in a two step process: boost-
ing first to the tt̄ center of mass frame, then to each top with a rotation
free boost.

Fig. 3: Schematic representation of a pp ! tt̄ event in the
center of mass frame, with the helicity basis {k̂, r̂, n̂} drawn,
together with the scattering angle q . The n̂ axis is into the
page.

transpose ( ⌦T )r , obtained by acting with the identity on
the first term of the tensor product and transposing the sec-
ond, is positive definite. As shown in [2], this implies that
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���C33 > 1 (9)

is a sufficient condition for the presence of entanglement. It
generalises the Werner condition h > 1/3 to the case where
the Cii’s are not equal. The inequality (9) does not depend
on the basis, but we will use the helicity basis (8) in the
following.

At tt̄ production threshold Ckk +Crr < 0, so inequality
(9) reads:

�Ckk �Crr �Cnn > 1. (10)

The second regime corresponds to high transverse momen-
tum top quarks, i.e. when the system is characterised by
mtt̄ � mt and CMF scattering angle q ⇠ p

2 . In this case,
an entangled spin-1 state is produced as a consequence of
conservation of angular momentum regardless of production
channel. Since in this region Ckk +Crr > 0, inequality (9) is
written as:

Ckk +Crr �Cnn > 1. (11)

As for BIs, as shown in [8, 12] the maximal deviation
predicted by QM in the CHSH inequality (2) is:

max
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where l and l 0 are the two largest eigenvalues of C
T

C. In
[3] it was argued that requiring l +l 0 > 1 provides an easy
way to test the CHSH violation. Unfortunately, we find that
the method suggested in [3] entails a rather serious bias. Es-
timating the eigenvalues of random matrices is a notoriously
hard problem [13]. Random fluctuations are more likely to
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We use this information to correct the pion energy mismeasurement.
In reality, we measure the energies of pions and Z decay products only with finite resolutions. Let

us suppose the observed energy of a particle, ↵ = ⇡
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where the resolution �
E
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⇠ 0.03 is a constant and the !+ and !� are random parameters drawn from

the normal distribution. In order to correct the mismeasurement e↵ect, we take the observed energy
and modify it with the analogous formula

E↵(�↵) = (1 + �
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In this expression the energy of ↵, E↵(�↵), is a function of the nuisance parameter, �↵. We determine
the nuisance parameters by marginalising the log-likelihood function, which we construct based on
Eq. (8.135).

Using the procedure described in the previous subsection, one can reconstruct the tau momenta
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⇥± as functions of the nuisance parameters {�} = (�⇡+ , �⇡� , �j1 , �j2) up to two-fold solutions. We
denote them by ~e

i

⌧±({�}) and ⇥i

±({�}) for the solution i (i = 1, 2). From Eq. (8.135), we define

~�i

b+
({�}) ⌘ ~b+ � |~b+|

�
sin�1 ⇥i

+
({�}) · ~e i

⌧+({�}) � tan�1 ⇥i

+
({�}) · ~e⇡+

�
. (8.138)

We define ~�i

b�({�}) analogously with ~b�, ~e i

⌧�({�}) and ⇥i

�({�}). If everything is measured correctly,

(�E = �bT = �bz = 0), these vectors vanish, ~�i
⇤

b±({�}) = 0, for the correct solution i
⇤.

We construct the log-likelihood function as

L({�}) = min
⇥
L
1({�}), L2({�})

⇤
+ �

2

⇡+ + �
2

⇡� + �
2

j1
+ �

2

j2
(8.139)

with
L
i({�}) = L

i

+
({�}) + L

i

�({�}) , (8.140)

and

L
i

±({�}) =
[�i

b±
({�})]2

x
+ [�i

b±
({�})]2

y

�
2

bT

+
[�i

b±
({�})]2

z

�
2

bz

, (8.141)

where i = 1, 2 labels the two-fold solutions. The log-likelihood function, L({�}), should be minimised
over the nuisance parameters, {�} = (�⇡+ , �⇡� , �j1 , �j2). Once the minimisation is performed, we obtain
the nuisance parameters at the minimum, which we denote by {�⇤}. We define the most likely solution
I, as the solution that gives the smaller Li, i.e.
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Our best guess for the tau, pion and neutrino momenta are obtained as
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8.3 Results
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With detector resolution:
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|Crr + Cnn | − Ckk = 0.505 ± 0.202



The advantage of this expansion is the constraint (8.125) is automatically satisfied. We traded the
remaining unknown 4-vector (pµ

⌧+
� p

µ

⌧�) by the four unknown coe�cients, a, b, c and d. Our first goal
is to determine these coe�cients by solving four mass-shell constraints.
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where we introduced [x, y, z] ⌘ [(ph · p⇡+), (ph · p⇡�), (p⇡+ · p⇡�)]. Similarly, the remaining two
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By subtracting these, we get
am

2

h
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The three equations in Eqs. (8.128) and (8.130) can be organised in a matrix form
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with

[M] =

0

@
�x m

2

⇡
�z

y �z m
2

⇡

m
2

h
�x y

1

A , a =

 
a

b

c

!
, ⇤ =

 
�x

�y

0

!
, (8.132)
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The last coe�cient, d, can be obtained by considering the sum of the two equations in (8.129).
This leads to
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For physical solutions, the right-hand-side must be positive. For positive d
2, there are two-fold solu-

tions for p⌧+ and p⌧� , denoted by p
i

⌧+
and p

i

⌧� , corresponding to d > 0 (i = 1) and d < 0 (i = 2).

8.2 Likelihood function

Up to this point, we have not used the information from the impact parameter measurements. For
|~p⌧ | ⇠ mh/2, the impact parameter follows an exponentially falling distribution with the mean |~b±| ⇠
100µm. The resolutions of the impact parameter is �bT ' 20µm and �bz ' 40µm �bT ' 2µm and
�bz ' 5µm in the transverse and longitudinal directions, respectively (these are LHC values). If all
quantities are accurately measured, the impact parameter, b+, from the ⌧

+ ! ⇡
+
⌫̄ decay, is related

to the directions of ⌧+ and ⇡
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3This angle can be computed as ⇥+ = arccos(~e⌧+ · ~e⇡+).
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We use this information to correct the pion energy mismeasurement.
In reality, we measure the energies of pions and Z decay products only with finite resolutions. Let
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where the resolution �
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the normal distribution. In order to correct the mismeasurement e↵ect, we take the observed energy
and modify it with the analogous formula
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In this expression the energy of ↵, E↵(�↵), is a function of the nuisance parameter, �↵. We determine
the nuisance parameters by marginalising the log-likelihood function, which we construct based on
Eq. (8.135).

Using the procedure described in the previous subsection, one can reconstruct the tau momenta
with E↵(�↵) (↵ = ⇡

+
, ⇡

�
, j1, j2). We will then be able to express the tau directions ~e⌧± and the angles

⇥± as functions of the nuisance parameters {�} = (�⇡+ , �⇡� , �j1 , �j2) up to two-fold solutions. We
denote them by ~e

i

⌧±({�}) and ⇥i

±({�}) for the solution i (i = 1, 2). From Eq. (8.135), we define

~�i

b+
({�}) ⌘ ~b+ � |~b+|

�
sin�1 ⇥i

+
({�}) · ~e i

⌧+({�}) � tan�1 ⇥i

+
({�}) · ~e⇡+

�
. (8.138)

We define ~�i

b�({�}) analogously with ~b�, ~e i

⌧�({�}) and ⇥i

�({�}). If everything is measured correctly,

(�E = �bT = �bz = 0), these vectors vanish, ~�i
⇤

b±({�}) = 0, for the correct solution i
⇤.

We construct the log-likelihood function as

L({�}) = min
⇥
L
1({�}), L2({�})

⇤
+ �

2

⇡+ + �
2

⇡� + �
2

j1
+ �

2

j2
(8.139)

with
L
i({�}) = L

i

+
({�}) + L

i

�({�}) , (8.140)

and

L
i

±({�}) =
[�i

b±
({�})]2

x
+ [�i

b±
({�})]2

y

�
2

bT

+
[�i

b±
({�})]2

z

�
2

bz

, (8.141)

where i = 1, 2 labels the two-fold solutions. The log-likelihood function, L({�}), should be minimised
over the nuisance parameters, {�} = (�⇡+ , �⇡� , �j1 , �j2). Once the minimisation is performed, we obtain
the nuisance parameters at the minimum, which we denote by {�⇤}. We define the most likely solution
I, as the solution that gives the smaller Li, i.e.
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where i = 1, 2 labels the two-fold solutions. The log-likelihood function, L({�}), should be minimised
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We use this information to correct the pion energy mismeasurement.
In reality, we measure the energies of pions and Z decay products only with finite resolutions. Let

us suppose the observed energy of a particle, ↵ = ⇡
+
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�
, j1, j2 (j1, j2 are decay products of Z), Eobs
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is distributed around the truth value, Etruth
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↵
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where the resolution �
E
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⇠ 0.03 is a constant and the !+ and !� are random parameters drawn from

the normal distribution. In order to correct the mismeasurement e↵ect, we take the observed energy
and modify it with the analogous formula
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↵
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In this expression the energy of ↵, E↵(�↵), is a function of the nuisance parameter, �↵. We determine
the nuisance parameters by marginalising the log-likelihood function, which we construct based on
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RCHSH = 1.256 ± 0.104

max
i ( Tr[C] − Cii − Cii)

⟹ RCHSH BI violation ∼ 2.5σ

Entanglement > 5σ

> 1

= |Crr + Cnn | − Ckk = 2.77 ± 0.22 > 1

With detector resolution + IP information:

k̂ ̂r n̂
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Summary
• High energy tests of entanglement and Bell inequality has recently attracted an 

attention.


•  pairs from  form the EPR triplet state , 

and maximally entangled.


• We investigated a test at a future high energy lepton collider, since the 
background is small and the  momentum reconstruction is possible.


• Assuming an  collider with  and , and using IP 
information, we obtained the following results:   

τ+τ− H → τ+τ− |Ψ(1,0)⟩ =
| + , − ⟩ + | − , + ⟩

2

τ

e+e− s = 240 GeV L = 5 ab−1

RCHSH = 1.256 ± 0.104

max
i ( Tr[C] − Cii − Cii)

⟹ RCHSH BI violation ∼ 2.5σ

Entanglement > 5σ

> 1

= |Crr + Cnn | − Ckk = 2.77 ± 0.22 > 1



8 H ! ⌧
+
⌧

�
at a e

+
e
�
collider

We consider the measurement of the Bell inequality at an e
+
e
� collider. Our target is the production of

entangled ⌧
+
⌧
� pairs from the e+e� ! HZ, followed by H ! ⌧

+
⌧
�. To measure the spin correlation

between the two taus, we consider the tau decays, ⌧+ ! ⇡
+
⌫̄ and ⌧

+ ! ⇡
�
⌫.

We list a set of important parameters in the analysis.1

�(e+e� ! HZ)
��p

s=500GeV
= 65 fb · · · [unpolarised]

�(e+e� ! HZ)
��p

s=250GeV
= 240.1 fb · · · [unpolarised]

�(e+e� ! HZ)
��p

s=240GeV
= 240.3 fb · · · [unpolarised]

�(e+e� ! HZ)
��p

s=250GeV
= 318 fb · · · [P (e+, e�) = (+0.3,�0.8)]

BR(H ! ⌧
+
⌧
�) = 0.0632

BR(⌧� ! ⇡
�
⌫⌧ ) = 0.109

BR(Z ! µ
+
µ
�) = 0.0336

BR(Z ! jj(µµ, ee)) = 0.800

�(e+e� ! HZ)unpol
250

· BRH!⌧⌧ · [BR⌧!⇡⌫ ]
2 · BRZ!jj(µµ,ee) = 0.1442 fb

�(e+e� ! HZ)unpol
240

· BRH!⌧⌧ · [BR⌧!⇡⌫ ]
2 · BRZ!jj(µµ,ee) = 0.1443 fb

�(e+e� ! HZ)unpol
250

· BRH!⌧⌧ · [BR⌧!⇡⌫ ]
2 · BRZ!µµ = 0.0061 fb

�(e+e� ! HZ)unpol
240

· BRH!⌧⌧ · [BR⌧!⇡⌫ ]
2 · BRZ!µµ = 0.0061 fb (8.123)

The ILC luminosity can be asssumed to be 300, 1000 and 3000 fb�1. The above estimate suggests
that we cannot ask for the Z ! µµ channel to obtain a precise Z momentum.

8.1 Momentum reconstruction

Since neutrinos are invisible in the detector, one has to reconstruct the neutrino momenta, or equiva-
lently the tau momenta, by solving various kinematical constraints. We assume the four momenta of
the initial e+e� pair, P µ

in
, and the Z-boson, pµ

Z
, are acculately measured.2 This means we can obtain

the Higgs momentum accurately by
p
µ

h
= P

µ

in
� p

µ

Z
. (8.124)

The tau momenta, pµ
⌧+

and p
µ

⌧� , are unknown but the sum is constrained by

p
µ

⌧+
+ p

µ

⌧� = p
µ

h
. (8.125)

Each tau momentum is a 4-vector, so they can be expanded by four independent 4-vectors. We choose
p
µ

h
, pµ

⇡+ , p
µ

⇡� and q
µ as the basis vectors (neither orthogonal nor normalised), where we introduced

q
µ ⌘ 1

m
2

h

✏
µ⌫⇢�

p
⌫

h
p
r

⇡+ p
s

⇡� , (8.126)

which is orthogonal to the other basis vectors, (q · ph) = (q · pµ
⌧+
) = (q · pµ

⌧�) = 0. In terms of these
basis vectors, the tau momenta are expanded as

p
µ

⌧± =
1 ⌥ a

2
p
µ

h
± b

2
p
µ

⇡+ ⌥ c

2
p
µ

⇡� ± dq
µ
. (8.127)

1See [1509.02853].
2This assumption may not be justified.
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between the two taus, we consider the tau decays, ⌧+ ! ⇡
+
⌫̄ and ⌧

+ ! ⇡
�
⌫.

We list a set of important parameters in the analysis.1

�(e+e� ! HZ)
��p

s=500GeV
= 65 fb · · · [unpolarised]

�(e+e� ! HZ)
��p

s=250GeV
= 240.1 fb · · · [unpolarised]

�(e+e� ! HZ)
��p

s=240GeV
= 240.3 fb · · · [unpolarised]

�(e+e� ! HZ)
��p

s=250GeV
= 318 fb · · · [P (e+, e�) = (+0.3,�0.8)]

BR(H ! ⌧
+
⌧
�) = 0.0632

BR(⌧� ! ⇡
�
⌫⌧ ) = 0.109

BR(Z ! µ
+
µ
�) = 0.0336

BR(Z ! jj(µµ, ee)) = 0.800

�(e+e� ! HZ)unpol
250

· BRH!⌧⌧ · [BR⌧!⇡⌫ ]
2 · BRZ!jj(µµ,ee) = 0.1442 fb

�(e+e� ! HZ)unpol
240

· BRH!⌧⌧ · [BR⌧!⇡⌫ ]
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�(e+e� ! HZ)unpol
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· BRH!⌧⌧ · [BR⌧!⇡⌫ ]
2 · BRZ!µµ = 0.0061 fb (8.123)

The ILC luminosity can be asssumed to be 300, 1000 and 3000 fb�1. The above estimate suggests
that we cannot ask for the Z ! µµ channel to obtain a precise Z momentum.

8.1 Momentum reconstruction

Since neutrinos are invisible in the detector, one has to reconstruct the neutrino momenta, or equiva-
lently the tau momenta, by solving various kinematical constraints. We assume the four momenta of
the initial e+e� pair, P µ

in
, and the Z-boson, pµ

Z
, are acculately measured.2 This means we can obtain

the Higgs momentum accurately by
p
µ

h
= P

µ

in
� p

µ

Z
. (8.124)

The tau momenta, pµ
⌧+

and p
µ

⌧� , are unknown but the sum is constrained by

p
µ

⌧+
+ p

µ

⌧� = p
µ

h
. (8.125)

Each tau momentum is a 4-vector, so they can be expanded by four independent 4-vectors. We choose
p
µ

h
, pµ

⇡+ , p
µ

⇡� and q
µ as the basis vectors (neither orthogonal nor normalised), where we introduced

q
µ ⌘ 1

m
2

h

✏
µ⌫⇢�

p
⌫

h
p
r

⇡+ p
s

⇡� , (8.126)

which is orthogonal to the other basis vectors, (q · ph) = (q · pµ
⌧+
) = (q · pµ

⌧�) = 0. In terms of these
basis vectors, the tau momenta are expanded as

p
µ

⌧± =
1 ⌥ a

2
p
µ

h
± b

2
p
µ

⇡+ ⌥ c

2
p
µ

⇡� ± dq
µ
. (8.127)

1See [1509.02853].
2This assumption may not be justified.
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