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Motivation/Summary



e Recall that, we can consider grassmannians as algebraic (projective)
varieties using Pliicker embedding.

e The image of a grassmannian under this embedding is characterized
by well-known Pliicker relations.

e From Physics’ point of view, the grassmannian Gr(2,4) is important.
In this case, the pliicker map is given by:

2
Gr(2,4) — P(\(C*)) = P(C®)

(a, b) = [a A b] = [y12, 13, Y14, Y23, Y24, Y34]

where y;i : ajbj — bjaj and the pliicker relation reads:

Y12Y34 — Y13Y24 + Y14y23 = 0.



e The big cell is defined as Uiz := {(a, b) : y12 # 0}. One can easily
see that Upr =2 C*, which can be identified with the complex
Minkowski space. (For more details, see [3] Chap. 2)

e In our work [1], we tried to extend this idea in super setting for
grassmannian Gr(2|0,4]2).

(A similar work for Gr(2/0,4|1) has already been done by D.
Cervantes, R. Fioresi and M. A. Lledo in [5].)



e We prove that Gr(2|0,4|2) is a supervariety by constructing
super Pliicker map Gr(2]0,4]2) —s P(A*(C*2)) and finding super
plucker relations.

e We notice that we can consider C(Gr) as a subalgebra of
C(SL(4]2)).

e We construct the quantum grassmannian Grq(2|0,4(2) by
considering the Manin relations among the entries of C(SL(4/2)).

e Then, we consider big cell S in this setting similar to the classical
case and construct Ml what we call the N = 2 Minkowski superspace.

o At the end, we develop a quantization C4[M] of M and shown that
Cq[S] — C4[M] is a quantum principal bundle.



Super Pliicker Embedding for
Gr(20,4|2)



Super Pliicker Embedding

o Let {e1, e, €3, 4, €5, €6} be a basis for C*2 and E := \*(C*?2).

We then have following set as a basis for E:
(Even): eNe 1<i<j<4 eNes, €e/Nes, €5/N¢€p

(Odd): e Ne 1<k<4 and 5</<6

e A general element Q of E can be written as:
QR=q+ X5 Aes + Ae¢ A cg + asses A €5 + ageep A €6 + asees A €6
. with
q=gqjeiNe, Am=Amiei, ij=1,...,4, m=56.
e The element @ is decomposable if @ = a A b, where
a=r+&ses + Eeee, b =s+nses + npce,

with r = rie;, s = s;je;.



e One obtains the following equalities:

g=rANs
As = €55 — 751,
ass = &s1)s,
which imply,
gAq=0,
g A As =0,
As A A5 = —2ass54,
Asass = 0,
Asa66 = —A6ase,
ags = 0,
assase = 0,

A6 = 65 — 6!

as6 = 676>

g\ Xe =0,

A6 N\ A = —2a664,
A6as6 = 0,

A6as5 = —As5as6,
326 =0,

deedse — 0.

Super Pliicker Embedding

ase = 576 + 675

A5 A A = —aseq,

asease = —2as5366



Super Pliicker Embedding

e Above relations are the super Pliicker relations. More explicitly, We
can write them in coordinates in the following way (always
1<i<j<k<4and5<n<6):

G12G34 — G13G24 + q14G23 = 0,
QijAkn — QikAjn + QjkAin = 0,
)\inAjn = annqjj,

AisAjs + AisAjs = as6ij,

Ainann = 0, Aisas6 = —Ai6ase, Aigass = —Aj5ase
as6d56 = —2d55366, assase = 0, agease = 0,

2 _
a,, =0.



Super Pliicker Relations

We denote as Ip the ideal generated by them in the affine superspace
A8 (with generators gj;, anm, Ank)- They are homogeneous equations, so
they are defined in the projective space P8I8.

Theorem
The superring associated to the image of Gr under the super Pliicker

embedding is
C[Gr] = (C[qua anm, )\nk]/]IP 5

that is, the relations in Ip are all the relations satisfied by the generators
dijs dnm, Ank-



Super Pliicker Embedding

Theorem
The superring C[Gr] can be considered as a subalgebra of C(SL(4]2)).

Proof:
Let us display the generators in matrix form:

811 812 813 814 Y15 716
821 822 823 824 Y25 726
831 832 833 834 Y35 V36
841 842 843 844 Y45 a6
k’}’sl V52 V53 54 855 g56)
Y61 Y62 V63 V64 865 866

then C[SL(4]2)] = C[gij, &mns Yim: Ynj]/(Ber — 1) where Ber is the
Berezenian of the matrix and 1 < j,j <4 and 5 < m,n <6.



Super Pliicker Embedding

Proof: (continued)
Let

Yij = 8i18j2 — 8i28j1, "lkn = 8i1Vn2 — 8i2Vn1

X55 = 751752, X66 = 761762 X56 = V51762 + V61752
Define a homomorphism:
C[G] — C[SL(4)|2)]
Gijs Mkn &> Yijs Mkn

ass, d66; d56 — X55, X66; X56

This completes the proof.
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Quantum Grassmannian
Grq(210,4(2)




Quantum Matrix Superalgebra

Definition
The quantum matrix superalgebra Mg (r|s) is defined as

Mq(rls) == Cq(zij, &) /Tm

where C,(z;, k) denotes the free superalgebra over C, = C[q, g7 1]
generated by the even variables

zjj, for 1<i,j<r or r+1<ij<r+s.
and by the odd variables

ki for 1<k<r, r+1</<r+s
or r+1<k<r+s, 1<I[/<r,

satisfying the relations £, = 0 and Iy is an ideal that we describe below.
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Quantum Matrix Superalgebra

Zmxm fmxn]

We can visualize the generators as a matrix
nxm Zn><n

It is convenient sometimes to have a common notation for even and odd
variables.

zi 1<i,j<r,or r+1<ij<r+s,

3. =
/ i 1<i<r, r+1<j<r+s, or

r+1<i<r+s, 1<j<r.

IN

We assign a parity to the indices: p(i)=0if 1 </j<rand p(i)=1if
r+1<i<r+s. The parity of a; is m(a;) = p(i) + p(j) mod 2.

12



Quantum Matrix Superalgebra

Then, the ideal Iy is generated by the following relations:

For j < I
yP)+

ajaj = (—1)m@nm@n g(=1 diaij

For i < k:

aUakj = (—l)ﬁ(aij)ﬂ(akj)q(_l)p(j)+1 akjalj

Fori<k,j>1 or i>k, j<I

ajau = (_]_)7"(3/'1)7r(akl)aklaij

o Fori<k, j<lI
aja — (71)7T(3,'J')7r(akl)akla’j _ (71)71’(3,])7{‘(3“)(‘771 - Q)akjai/
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Gry(2]0,4]2)

e There is also a comultiplication defined A(aj) := )", aix ® axj and a
counit £(aj) = djj.
e One can restrict to SL,(r|s) by setting the quantum Berezinian to 1.
Definition

The quantum super Grassmannian Grg(2(0,4|2) is the subalgebra of
SL4(4]2) generated by the elements

._ 1 . 1
Dji := aj1ajp — q~ "aipap Din = ainan2 — q° ~ai2am
Dss := as1a52 De6 := as1a62

1
Dse = asi1ae2 — q~ ~asoas1

with 1 <i<j<4and n=256.
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Gry(2]0,4]2)

After some (tedious) calculations we arrive at:
o Let 1 <i,j, k,/ <6 benot all distinct, and Dj;, Dy not both odd.
D,‘jDk/ = qile/D;j, (I,j) < (k/), i < j,k < where the
ordering ‘<’ of pairs is the lexicographical ordering.

o Let 1 <i,j, k,I <6 be all distinct, and Dj;, Dy not both odd and
D,‘j7 Dk/ 75 D56. Then

D;iDy = q 2Dy Dy, 1<i<j<k<I<6,
D,'J'Dk/ = q72Dk/D,'j — (q71 — q)D;ij/ 1<i<k<j<I<6,
D,'jDk/:Dk/D,'j 1§I'<k</<j§6,
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G,(2]0,4|2)

o let1<i<j<45<n<m<6. Then

DinDjn = —q "' DjnDin — (™ = q)DDan = —qDjnDin,
DiiDym = q~2Dpm Dy,

DisDjg = —q ?DjgDis — (¢ — q) DjjDss,

DisDjs = —Dj5Dje,

DjsDis = —q *DisDjs,

DisDjs = —q ' Djs Dss,

Dss5Dg = —q > Dgg Dss ,

DssDsg = 0.
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Gry(2]0,4]2)

e The super plucker relations are quantized as follows: One has for
1<i<j<4and n=256:

D12D34 — g~ D13D24 + 7> D14 D2z = 0,
DiiDiy — g~ * Dk Djn + 2 Din Dy = 0,
DisDjs + q~*Djs Djs = qD;; Dsg,

DinDj, = qDj;j Dy,

DinDpp = 0,

DisDes = —q~ " Dis Dse,

Di6Dss = —q*Dis Dse,

D3, =0, Dss Dse = 0, De6Dse = 0,
DsgDss = (g — 3q) Dss Des.
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Gry(2|0,4|2) as quantum homogeneous space

Theorem
The restriction of the comultiplication in SLq(4]2) to Gr,(2|0,4/2) is of
the form:
Grq(2]0,4|2) — SL4(4]2) ® Grg(2/0,4]2).
Proof.

Some tedious calculations. O
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N=2 Minkowski Superspace
and its quantization




Quantum Super Bundles

e Let (H,A,¢,S) be a Hopf superalgebra and A be an H-comodule
superalgebra with coaction 6 : A — A® H. Let

B = A°m(H) =[5 A|5(a) = a® 1}

The extension A of the superalgebra B is called H-Hopf-Galois (or
simply Hopf-Galois) if the map

X:A®gA— A®H, X = (ma ®id)(id ®p 9)
called the canonical map, is bijective (ma denotes the multiplication

in A).

e We define quantum principal superbundle as a pair (A, B), where A
is an H-Hopf Galois extension and A is H-equivariantly projective as
a left B-supermodule.
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Quantum Super Bundles

e Let H be a Hopf superalgebra and A an H-comodule superalgebra.
The algebra extension A" H — A'is called a cleft extension if
there is a right H-comodule map j: H — A, called cleaving map,
that is convolution invertible, , i.e. there exists a map h: H — A
such that the convolution product j * h satisfies:

U h)(f) := (mao (@ h) o A)(f) = e(f).1

for all f € H.

e An extension A<M H — Ais called a trivial extension if there is an
H-comodule algebra map j : H — A. In this case, the convolution
inverse is just h=jo S.

20



N = 2 Minkowski Superspace

e Consider the set S of (4|2) x 2 matrices:

411 di2
a1 ax
asp  as2
dg1  d42
Q51 (52
L6162

with aij1a — appany invertible.

e There is a natural right action of GLy(C) on S.
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N = 2 Minkowski Superspace

e Every element of S can be writeen uniquely as:

M1 0
0 1
bu3z1  U32
Ua1  Us2
Us1 Vs2
LV61 V62

e In other words, the quotient of S under the action of GLy(C) is an
affine superspace M 2 C**. We call M the N = 2 Minkowski

superspace.

e One can easily compute uj; and vy for an arbitrary element of S:
1= —dod' and  up = dy;dt
ujpp = 2id1o an Ujp = d1idqy

-1 -1
Vg1 = _d2kd12 and Uyor = dlkd12 .
22



N=2 Minkowski Superspace

Lemma

The coordinate superalgebra C[M] = Clujj, vy] is isomorphic to the
superalgebra C[S]<°(CICL2(ON) with respect to the C[GLy(C)] right

coaction defined by:

ail
asi
asi
s
Q51

L&¥61

Theorem

ai2
an
as2
a42
Q52

@62 |

ail
as1
asl
s
Q51

Q61

ai2
an
as2
a42
Q52

@62 |

®

811
821

812
822

The natural projection p : S — S/ GLy(C) = M is a trivial principal

bundle.
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N =2 Quantum Chiral Minkowski Superspace

Let C4[S] be the quantization of S obtained by taking the Manin
relations among the entries with Dy5 invertible.

Definition
We define the N = 2 quantum chiral Minkowski superspace C4[M] as the
superalgebra generated by the elements:
| B -1 -
i == —q "DyiDiy  iijp := D1;Dyg, i=3,4
= 7q71D2kD1_21 Uy = leD1_21 k =5,6.

Using our previous computations for commutation relations among D.s,
we get the following commutation relations among ii;s and #;s:
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N =2 Quantum Chiral Minkowski Superspace

liplin = q~ 'l i for i =3,4

Dk = —q kol for k=5,6

Usiler = —q " 61 for | =1,2

fi3jiiaj = q a3 for j=1,2

g = q~ ‘gl for j=1,2 i=3,4 k=5,6
UjrUka = Ukaljy fori=3,4 k=56

{31 ligp = lig2 i3y

Us1U62 = —Ug2ls1

~ o~ ~ o~ o —1 ~ o~

U3zpla1 — Ua1U3z2 = (q - q)U42U31

~ o~ ~ o~ —1 ~ o~ .

UiolVy1 — VkirUjp = (q — q)l/kzu,'l for i = 3,4 k = 5,6

~ o~ ~ o~ ~1 ~ o~
Usalie1 + Ue10s2 = —(q7~ — q)Us2ils1
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N=2 Quantum Chiral Minkowski Superspace

Theorem
Cq[M] is isomorphic as a superalgebra to the superalgebra of matrices

Mq(2]2).

Theorem
The quantum superalgebra C4[S] is a trivial quantum principal bundle

over N = 2 quantum chiral Minkowski superspace C4[M].
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