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Motivation/Summary



Motivation

• Recall that, we can consider grassmannians as algebraic (projective)
varieties using Plücker embedding.

• The image of a grassmannian under this embedding is characterized
by well-known Plücker relations.

• From Physics’ point of view, the grassmannian Gr(2, 4) is important.
In this case, the plücker map is given by:

Gr(2, 4) −→ P(
2∧
(C4)) ∼= P(C6)

(a, b) 7→ [a ∧ b] ≡ [y12, y13, y14, y23, y24, y34]

where yij : aibj − biaj and the plücker relation reads:

y12y34 − y13y24 + y14y23 = 0.
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Motivation

• The big cell is defined as U12 := {(a, b) : y12 ̸= 0}. One can easily
see that U12 ∼= C4, which can be identified with the complex
Minkowski space. (For more details, see [3] Chap. 2)

• In our work [1], we tried to extend this idea in super setting for
grassmannian Gr(2|0, 4|2).

(A similar work for Gr(2|0, 4|1) has already been done by D.
Cervantes, R. Fioresi and M. A. Lledo in [5].)
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Summary

• We prove that Gr(2|0, 4|2) is a supervariety by constructing
super Plücker map Gr(2|0, 4|2) −→ P(

∧2(C4|2)) and finding super
plucker relations.

• We notice that we can consider C(Gr) as a subalgebra of
C(SL(4|2)).

• We construct the quantum grassmannian Grq(2|0, 4|2) by
considering the Manin relations among the entries of C(SL(4|2)).

• Then, we consider big cell S in this setting similar to the classical
case and construct M what we call the N = 2 Minkowski superspace.

• At the end, we develop a quantization Cq[M] of M and shown that
Cq[S ] −→ Cq[M] is a quantum principal bundle.
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Super Plücker Embedding for
Gr(2|0, 4|2)



Super Plücker Embedding

• Let {e1, e2, e3, e4, ϵ5, ϵ6} be a basis for C4|2 and E :=
∧2(C4|2).

We then have following set as a basis for E :

(Even) : ei ∧ ej 1 ≤ i < j ≤ 4, ϵ5 ∧ ϵ5, ϵ6 ∧ ϵ6, ϵ5 ∧ ϵ6

(Odd) : ek ∧ ϵl 1 ≤ k ≤ 4 and 5 ≤ l ≤ 6

• A general element Q of E can be written as:

Q = q + λ5 ∧ ϵ5 + λ6 ∧ ϵ6 + a55ϵ5 ∧ ϵ5 + a66ϵ6 ∧ ϵ6 + a56ϵ5 ∧ ϵ6

. with

q = qijei ∧ ej , λm = λmiei , i , j = 1, . . . , 4, m = 5, 6 .

• The element Q is decomposable if Q = a ∧ b, where

a = r + ξ5ϵ5 + ξ6ϵ6, b = s + η5ϵ5 + η6ϵ6,

with r = riei , s = siei .
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Super Plücker Embedding

• One obtains the following equalities:

q = r ∧ s

λ5 = ξ5s − η5r , λ6 = ξ6s − η6r ,

a55 = ξ5η5, a66 = ξ6η6, a56 = ξ5η6 + ξ6η5

which imply,

q ∧ q = 0,

q ∧ λ5 = 0, q ∧ λ6 = 0,

λ5 ∧ λ5 = −2a55q, λ6 ∧ λ6 = −2a66q, λ5 ∧ λ6 = −a56q,

λ5a55 = 0, λ6a66 = 0,

λ5a66 = −λ6a56, λ6a55 = −λ5a56,

a2
55 = 0, a2

66 = 0, a56a56 = −2a55a66

a55a56 = 0, a66a56 = 0.
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Super Plücker Embedding

• Above relations are the super Plücker relations. More explicitly, We
can write them in coordinates in the following way (always
1 ≤ i < j < k ≤ 4 and 5 ≤ n ≤ 6):

q12q34 − q13q24 + q14q23 = 0,

qijλkn − qikλjn + qjkλin = 0,

λinλjn = annqij ,

λi5λj6 + λi6λj5 = a56qij ,

λinann = 0, λi5a66 = −λi6a56, λi6a55 = −λi5a56

a56a56 = −2a55a66, a55a56 = 0, a66a56 = 0,

a2
nn = 0.
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Super Plücker Relations

We denote as IP the ideal generated by them in the affine superspace
A9|8 (with generators qij , anm, λnk). They are homogeneous equations, so
they are defined in the projective space P8|8.

Theorem
The superring associated to the image of Gr under the super Plücker
embedding is

C[Gr ] ∼= C[qij , anm, λnk ]/IP ,

that is, the relations in IP are all the relations satisfied by the generators
qij , anm, λnk .
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Super Plücker Embedding

Theorem
The superring C[Gr ] can be considered as a subalgebra of C(SL(4|2)).

Proof:
Let us display the generators in matrix form:

g11 g12 g13 g14 γ15 γ16

g21 g22 g23 g24 γ25 γ26

g31 g32 g33 g34 γ35 γ36

g41 g42 g43 g44 γ45 γ46

γ51 γ52 γ53 γ54 g55 g56

γ61 γ62 γ63 γ64 g65 g66


then C[SL(4|2)] = C[gij , gmn, γim, γnj ]/(Ber − 1) where Ber is the
Berezenian of the matrix and 1 ≤ i , j ≤ 4 and 5 ≤ m, n ≤ 6.
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Super Plücker Embedding

Proof: (continued)
Let

yij = gi1gj2 − gi2gj1, ηkn = gi1γn2 − gi2γn1

x55 = γ51γ52, x66 = γ61γ62 x56 = γ51γ62 + γ61γ52

Define a homomorphism:

C[G ] −→ C[SL(4|2)]

qij , λkn 7→ yij , ηkn

a55, a66, a56 7→ x55, x66, x56

This completes the proof.
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Quantum Grassmannian
Grq(2|0, 4|2)



Quantum Matrix Superalgebra

Definition
The quantum matrix superalgebra Mq(r |s) is defined as

Mq(r |s) := Cq⟨zij , ξkl⟩/IM

where Cq⟨zij , ξkl⟩ denotes the free superalgebra over Cq = C[q, q−1]

generated by the even variables

zij , for 1 ≤ i , j ≤ r or r + 1 ≤ i , j ≤ r + s.

and by the odd variables

ξkl for 1 ≤ k ≤ r , r + 1 ≤ l ≤ r + s

or r + 1 ≤ k ≤ r + s, 1 ≤ l ≤ r ,

satisfying the relations ξ2
kl = 0 and IM is an ideal that we describe below.
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Quantum Matrix Superalgebra

We can visualize the generators as a matrix

[
zm×m ξm×n

ξn×m zn×n

]
.

It is convenient sometimes to have a common notation for even and odd
variables.

aij =


zij 1 ≤ i , j ≤ r , or r + 1 ≤ i , j ≤ r + s,

ξij 1 ≤ i ≤ r , r + 1 ≤ j ≤ r + s, or

r + 1 ≤ i ≤ r + s, 1 ≤ j ≤ r .

We assign a parity to the indices: p(i) = 0 if 1 ≤ i ≤ r and p(i) = 1 if
r + 1 ≤ i ≤ r + s. The parity of aij is π(aij) = p(i) + p(j) mod 2.
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Quantum Matrix Superalgebra

Then, the ideal IM is generated by the following relations:

• For j < l :
aijail = (−1)π(aij )π(ail )q(−1)p(i)+1

ailaij

• For i < k :
aijakj = (−1)π(aij )π(akj )q(−1)p(j)+1

akjaij

• For i < k , j > l or i > k , j < l

aijakl = (−1)π(aij )π(akl )aklaij

• For i < k , j < l :

aijakl − (−1)π(aij )π(akl )aklaij = (−1)π(aij )π(akl )(q−1 − q)akjail
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Grq(2|0, 4|2)

• There is also a comultiplication defined ∆(aij) :=
∑

k aik ⊗ akj and a
counit ε(aij) = δij .

• One can restrict to SLq(r |s) by setting the quantum Berezinian to 1.

Definition
The quantum super Grassmannian Grq(2|0, 4|2) is the subalgebra of
SLq(4|2) generated by the elements

Dij := ai1aj2 − q−1ai2aj1 Din := ai1an2 − q−1ai2an1

D55 := a51a52 D66 := a61a62

D56 = a51a62 − q−1a52a61

with 1 ≤ i < j ≤ 4 and n = 5, 6.
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Grq(2|0, 4|2)

After some (tedious) calculations we arrive at:

• Let 1 ≤ i , j , k, l ≤ 6 be not all distinct, and Dij , Dkl not both odd.
DijDkl = q−1DklDij , (i , j) < (k , l), i < j , k < l where the
ordering ‘<’ of pairs is the lexicographical ordering.

• Let 1 ≤ i , j , k , l ≤ 6 be all distinct, and Dij , Dkl not both odd and
Dij ,Dkl ̸= D56. Then

DijDkl = q−2DklDij , 1 ≤ i < j < k < l ≤ 6,

DijDkl = q−2DklDij − (q−1 − q)DikDjl 1 ≤ i < k < j < l ≤ 6,

DijDkl = DklDij 1 ≤ i < k < l < j ≤ 6,
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Gq(2|0, 4|2)

• Let 1 ≤ i < j ≤ 4, 5 ≤ n ≤ m ≤ 6. Then

DinDjn = −q−1DjnDin − (q−1 − q)DijDnn = −qDjnDin,

DijDnm = q−2DnmDij ,

Di5Dj6 = −q−2Dj6Di5 − (q−1 − q)DijD56,

Di6Dj5 = −Dj5Di6,

Di5Di6 = −q−1Di6Di5,

Di5Di6 = −q−1Di6Di5,

D55D66 = −q−2D66D55 ,

D55D56 = 0 .
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Grq(2|0, 4|2)

• The super plucker relations are quantized as follows: One has for
1 ≤ i < j ≤ 4 and n = 5, 6:

D12D34 − q−1D13D24 + q−2D14D23 = 0,

DijDkn − q−1DikDjn + q−2DinDjk = 0,

Di5Dj6 + q−1Di6Dj5 = qDijD56,

DinDjn = qDijDnn,

DinDnn = 0,

Di5D66 = −q−1Di6D56,

Di6D55 = −q2Di5D56,

D2
nn = 0, D55D56 = 0, D66D56 = 0,

D56D56 = (q−1 − 3q)D55D66.
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Grq(2|0, 4|2) as quantum homogeneous space

Theorem
The restriction of the comultiplication in SLq(4|2) to Grq(2|0, 4|2) is of
the form:

Grq(2|0, 4|2) −→ SLq(4|2)⊗ Grq(2|0, 4|2).

Proof.
Some tedious calculations.

18



N=2 Minkowski Superspace
and its quantization



Quantum Super Bundles

• Let (H,∆, ϵ,S) be a Hopf superalgebra and A be an H-comodule
superalgebra with coaction δ : A −→ A⊗ H. Let

B := Acoinv(H) := {a ∈ A | δ(a) = a⊗ 1}

The extension A of the superalgebra B is called H-Hopf-Galois (or
simply Hopf-Galois) if the map

χ : A⊗B A −→ A⊗ H, χ = (mA ⊗ id)(id ⊗B δ)

called the canonical map, is bijective (mA denotes the multiplication
in A).

• We define quantum principal superbundle as a pair (A,B), where A

is an H-Hopf Galois extension and A is H-equivariantly projective as
a left B-supermodule.
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Quantum Super Bundles

• Let H be a Hopf superalgebra and A an H-comodule superalgebra.
The algebra extension Acoinv H ⊂ A is called a cleft extension if
there is a right H-comodule map j : H −→ A, called cleaving map,
that is convolution invertible, , i.e. there exists a map h : H −→ A

such that the convolution product j ⋆ h satisfies:

(j ⋆ h)(f ) := (mA ◦ (j ⊗ h) ◦∆)(f ) = ϵ(f ).1

for all f ∈ H.

• An extension Acoinv H ⊂ A is called a trivial extension if there is an
H-comodule algebra map j : H → A. In this case, the convolution
inverse is just h = j ◦ S .
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N = 2 Minkowski Superspace

• Consider the set S of (4|2)× 2 matrices:

a11 a12

a21 a22

a31 a32

a41 a42

α51 α52

α61 α62


with a11a22 − a12a21 invertible.

• There is a natural right action of GL2(C) on S .
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N = 2 Minkowski Superspace

• Every element of S can be writeen uniquely as:

1 0
0 1
u31 u32

u41 u42

ν51 ν52

ν61 ν62


• In other words, the quotient of S under the action of GL2(C) is an

affine superspace M ∼= C4|4. We call M the N = 2 Minkowski
superspace.

• One can easily compute uij and νkl for an arbitrary element of S :

ui1 = −d2id
−1
12 and ui2 = d1id

−1
12

νk1 = −d2kd
−1
12 and uk2 = d1kd

−1
12 .
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N=2 Minkowski Superspace

Lemma
The coordinate superalgebra C[M] = C[uij , νkl ] is isomorphic to the
superalgebra C[S ]coinv(C[GL2(C)]) with respect to the C[GL2(C)] right
coaction defined by:

a11 a12

a21 a22

a31 a32

a41 a42

α51 α52

α61 α62


7→



a11 a12

a21 a22

a31 a32

a41 a42

α51 α52

α61 α62


⊗

[
g11 g12

g21 g22

]
.

Theorem
The natural projection p : S −→ S/GL2(C) ∼= M is a trivial principal
bundle.
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N = 2 Quantum Chiral Minkowski Superspace

Let Cq[S ] be the quantization of S obtained by taking the Manin
relations among the entries with D12 invertible.

Definition
We define the N = 2 quantum chiral Minkowski superspace Cq[M] as the
superalgebra generated by the elements:

ũi1 := −q−1D2iD
−1
12 ũi2 := D1iD

−1
12 i = 3, 4

ν̃k1 := −q−1D2kD
−1
12 ũk2 := D1kD

−1
12 k = 5, 6.

Using our previous computations for commutation relations among D ′
rss,

we get the following commutation relations among ũ′ijs and ν̃′kl s:
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N = 2 Quantum Chiral Minkowski Superspace

ũi2ũi1 = q−1ũi1ũi2 for i = 3, 4

ν̃k1ν̃k2 = −q−1ν̃k2ν̃k1 for k = 5, 6

ν̃5l ν̃6l = −q−1ν̃6l ν̃5l for l = 1, 2

ũ3j ũ4j = q−1ũ4j ũ3j for j = 1, 2

ũij ν̃kj = q−1ν̃kj ũij for j = 1, 2 i = 3, 4 k = 5, 6

ũi1ν̃k2 = ν̃k2ũi1 for i = 3, 4 k = 5, 6

ũ31ũ42 = ũ42ũ31

ν̃51ν̃62 = −ν̃62ν̃51

ũ32ũ41 − ũ41ũ32 = (q−1 − q)ũ42ũ31

ũi2ν̃k1 − ν̃k1ũi2 = (q−1 − q)ν̃k2ũi1 for i = 3, 4 k = 5, 6

ν̃52ν̃61 + ν̃61ν̃52 = −(q−1 − q)ν̃62ν̃51
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N=2 Quantum Chiral Minkowski Superspace

Theorem
Cq[M] is isomorphic as a superalgebra to the superalgebra of matrices
Mq(2|2).

Theorem
The quantum superalgebra Cq[S ] is a trivial quantum principal bundle
over N = 2 quantum chiral Minkowski superspace Cq[M].
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