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The Poincaré algebra of special relativity

✦ Special relativistic symmetries are described by the Poincaré Lie algebra 
generated by time translations , spatial translation , boosts , and rotations 

𝔭(3 + 1)
P0 Pa Ka Ja

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

[P0, Pa] = 0
[Pa, Pb] = 0
[P0, Ja] = 0

✦ Minkowski spacetime  is obtained as the homogeneous space of the Poincaré Lie 
group with isotropy subgroup given by Lorentz 

M3+1

M3+1 ≡ ISO(3,1)/SO(3,1)

𝒞 = P2
0 − P2Casimir:



Classical deformation of the Poincaré algebra: (A)dS symmetries

✦ Classical deformations of the Poincaré algebra

Governed by the curvature parameter : (Anti-)de Sitter symmetries 

Squared-length scale: the induced modifications are relevant at length scales 
comparable to  

Λ

Λ

Poincaré (A-)dS
𝛬



𝛬

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

[P0, Pa] = 0
[Pa, Pb] = 0
[P0, Ja] = 0

𝒞 = P2
0 − P2

[P0, Pa] = − Λ Ka

[Pa, Pb] = Λ ϵabc Jc

[P0, Ja] = 0

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

𝒞 = P2
0 − P2 − Λ (J2 − K2)

✦ Classical deformations of the Poincaré algebra

Classical deformation of the Poincaré algebra: (A)dS symmetries

Linearly deformed commutation rules:



[P0, Pa] = − Λ Ka

[Pa, Pb] = Λ ϵabc Jc

[P0, Ja] = 0

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

𝒞 = P2
0 − P2 − Λ (J2 − K2)

✦ (Anti-)de Sitter algebra in the kinematical basis

✦ (anti-)de Sitter spacetime  is obtained as a homogeneous space:(A)dS3+1

:  Λ < 0 AdS3+1 ≡ SO(3,2)/SO(3,1)

:  Λ > 0 dS3+1 ≡ SO(4,1)/SO(3,1)

:  Λ = 0 M3+1 ≡ ISO(3,1)/SO(3,1)

Classical deformation of the Poincaré algebra: (A)dS symmetries

Casimir:



[P0, Pa] = − Λ Ka

[Pa, Pb] = Λ ϵabc Jc

[P0, Ja] = 0

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

𝒞 = P2
0 − P2 − Λ (J2 − K2)

✦ (Anti-)de Sitter algebra in the kinematical basis

✦ (anti-)de Sitter spacetime  is obtained as a homogeneous space:(A)dS3+1

:  Λ < 0 AdS3+1 ≡ SO(3,2)/SO(3,1)

:  Λ > 0 dS3+1 ≡ SO(4,1)/SO(3,1)

:  Λ = 0 M3+1 ≡ ISO(3,1)/SO(3,1)

Classical deformation of the Poincaré algebra: (A)dS symmetries

Casimir:



✦ algebra of symmetries in the comoving basis  
   (Poisson brackets!) 

✦ mass Casimir

{P0,P1} = H P1

{P0,N} = P1 �H N
{P1,N} = P0

CdS = P2
0 � P2

1 + 2HNP1

ds2 = (dx0)2 � e2Hx
0

(dx1)2

de Sitter spacetime, phase space and particle kinematics
✦ line element in comoving coordinates (1+1 dimensions)

✦ representation of symmetry generators:

{xµ, x⌫} = 0 ,

{xµ, p⌫} = ��µ⌫ ,

{pµ, p⌫} = 0 .

P0 = p0 �Hx
1
p1

P1 = p1

N = x
1
p0 + p1

⇣
1�e

�2Hx
0

2H � H

2 (x
1)2

⌘

✦ the massless condition                relates energy and spatial momentum, encoding energy redshift

8

nate ẋ
µ is di↵erentiated with respect a worldline a�ne

parameter ⌧ , so that ẋ
µ
⌘ dx

µ
/d⌧ . In the following we

will mainly work with their lowered-index version,

p0 = p
0
, pj = ��

j

i
e
2Hx

0

p
i
, (25)

which satisfy ordinary Poisson algebra with coordinates:

{p0, x
0
}= 1 , {p0, x

1
} = 0 , (26)

{p1, x
0
}= 0 , {p1, x

1
} = 1 , (27)

We use standard notation for Poisson brackets

{A,B} = !ab

@A

@⇠a

@B

@⇠b
(28)

where ⇠
a are the phase space coordinates, and !ab iden-

tifies the phase space symplectic structure.
The conserved charges associated with the translation
and boost transformations we used in section III B have
the following representation on coordinates and mo-
menta:

⇧0 = p0 �Hx
1
p1 , ⇧1 = p1, (29)

N = x
1
p0 +

⇣
1�e

�2Hx
0

2H �
H

2 (x
1)2
⌘
p1 . (30)

We can also re-express the boost charge in terms of
translation-transformation charges ⇧↵:

N = x
1⇧0 +

 
1� e

�2Hx
0

2H
+

H

2

�
x
1
�2
!
⇧1. (31)

These charges satisfy the algebra

{⇧0,⇧1} = H⇧1 , {N,⇧1} = �⇧0 (32)

{N,⇧0} = �⇧1 +HN , (33)

which in particular admits the following “mass-Casimir”
invariant

C = ⇧2
0 �⇧2

1 + 2HN⇧1 . (34)

The Poisson brackets between conserved translation
charges and coordinates define a symplectic structure

{⇧0, x
0
}= 1 , {⇧0, x

1
} = �Hx

1
, (35)

{⇧1, x
0
}= 0 , {⇧1, x

1
} = 1 , (36)

which we anticipated in (3).
The Casimir relation (34) for the conserved charges leads
to the dS-spacetime mass-shell condition by substituting
the expression, (29) and (30), of the conserved chargesN ,
⇧↵ in terms of the physical momenta p↵ and coordinates
x
� :

(p0)
2
� (p1)

2
e
�2Hx

0

= m
2
. (37)

In particular one has p0 = |p1|e
�Hx

0

for massless parti-
cles.

Note that we restrict our focus on the case of negative
p1 (so that ẋ

1
/ẋ

0 is positive) and therefore take p0 =

�p1e
�Hx

0

as we already showed in (5).
The evolution of coordinates xµ along a particle worldline
with parameter ⌧ can be obtained in manifestly covariant
form by using a standard Hamiltonian setup with (37)
playing the role of Hamiltonian:

ẋ
1 ={(p0)

2
� e

�2Hx
0

(p1)
2
, x

1
}= �2e�2Hx

0

p1

ẋ
0 ={(p0)

2
� e

�2Hx
0

(p1)
2
, x

0
}= 2p0= 2|p1|e

�Hx
0

.

(38)

Then the worldline of a massless particle with initial con-
ditions x1(⌧ = 0) = x̄

1 and x
0(⌧ = 0) = x̄

0 reads:

x
1(x0)� x̄

1
⌘

Z
x
0

x̄0

ẋ
1

ẋ0
dx

0 =

 
e
�Hx̄

0

� e
�Hx

0

H

!
.(39)

In particular for x̄1 = x̄
0 = 0 this gives a wordline of the

form already anticipated in Eq.(4) of Subsection II.A.
A convenient way to expose the e↵ects of redshift can

be based on the comparison of measurements of the same
particle made by two di↵erent observers. For this we need
to explicitate the form of finite translation transforma-
tions.
The action of the symmetries generators on the phase

space functions is represented through the ordinary left
action of Lie groups

Gv BA(⇠) =
1X

n=0

1

n!
{v · g, . . . {v · g| {z }

n times

, A(⇠)} . . . }. (40)

being Gv an element of the group identified by the vec-
tor parameter v, and g a set of elements of the algebra
(the generators of the symmetry transformation associ-
ated to the group element Gv). For example a generic
translation Ta, connected to the time and space transla-
tion generators ~t = (t0, t1) by the translation parameters
~a = (a0, a1), acts on a generic phase space function F (⇠)
as

Ta B F (⇠) =
1X

n=0

1

n!
{~a ·~t, . . . {~a ·~t| {z }

n times

, F (⇠)} . . . }. (41)

Then, translation transformations Ta in deSitter space-
time act in the following way on spacetime coordinates
and physical momenta:

p
B

0 = Ta B p
A

0 = p
A

0

p
B

1 = Ta B p
A

1 = p
A

1 e
�a

0
H

x
0
B
= Ta B x

0
A
= x

0
A
� a

0

x
1
B
= Ta B x

1
A
= e

a
0
H

 
x
1
A
�

a
1

a0

1� e
�a

0
H

H

!
(42)

where a0 and a
1 are, respectively, time and space transla-

tion parameters connecting the two observers. Therefore,
if an observer Alice observes the following worldline of a
photon emitted at her origin (x̄0

A
= 0, x̄1

A
= 0):

x
1
A
(x0) =

 
1� e

�Hx
0

H

!
, (43)

CdS = 0

✦ particles worldline (using Hamiltonian formalism)

ẋ1 = {CdS , x1} = �2e�2Hx
0

p1
ẋ0 = {CdS , x0} = 2p0

8
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= Ta B x
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= Ta B x
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a
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1 are, respectively, time and space transla-
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A
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1
A
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1� e

�Hx
0

H

!
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[H = Λ]



Deforming the Poincaré algebra of special relativity

Poincaré (A-)dS
𝛬

Governed by the curvature parameter : (Anti-)de Sitter symmetries 

Squared-length scale: the induced modifications are relevant at length scales 
comparable to  

Λ

Λ

✦ Classical deformations of the Poincaré algebra



Deforming the Poincaré algebra of special relativity

✦ Quantum deformations of the Poincaré algebra

Governed by the quantum deformation parameter 𝜅 

Energy scale: the induced modifications are relevant at energies comparable to 𝜅 

𝜅 -Poincaré

𝜅

Poincaré (A-)dS
𝛬

Governed by the curvature parameter : (Anti-)de Sitter symmetries 

Squared-length scale: the induced modifications are relevant at length scales 
comparable to  

Λ

Λ

✦ Classical deformations of the Poincaré algebra



𝜅

✦ Quantum deformations of the Poincaré algebra  Hopf algebra 
(we show the 𝜅 -Poincaré algebra in the bicrossproduct basis)

⇒

Nonlinearly deformed commutation rules:

•Lukierski, Nowicki, Ruegg, PLB 1992 
•Lukierski, Ruegg, Nowicki, Tolstoi, PLB 1991 
•Majid, Ruegg, PLB 1994

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

[P0, Pa] = 0
[Pa, Pb] = 0
[P0, Ja] = 0

𝒞 = P2
0 − P2

[Ka, Pb] = δab ( κ
2 (1 − e−2P0/κ) +

1
2κ

P2) −
1
κ

PaPb

𝒞κ = 4κ2 sinh2(P0/2κ) − eP0/κ P2Casimir:

Quantum deformation of the Poincaré algebra: 𝜅 -Poincaré 



𝜅

✦ Quantum deformations of the Poincaré algebra  Hopf algebra 
(we show the 𝜅 -Poincaré algebra in the bicrossproduct basis)

⇒

Nonlinearly deformed commutation rules:

•Lukierski, Nowicki, Ruegg, PLB 1992 
•Lukierski, Ruegg, Nowicki, Tolstoi, PLB 1991 
•Majid, Ruegg, PLB 1994

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

[P0, Pa] = 0
[Pa, Pb] = 0
[P0, Ja] = 0

𝒞 = P2
0 − P2

[Ka, Pb] = δab ( κ
2 (1 − e−2P0/κ) +

1
2κ

P2) −
1
κ

PaPb

𝒞κ = 4κ2 sinh2(P0/2κ) − eP0/κ P2Casimir:

Quantum deformation of the Poincaré algebra: 𝜅 -Poincaré 



𝜅

Deformed action on multi-particle states (coproducts)  
(and conservation rules of energy-momentum in interactions)

Δ(P0) = P0 ⊗ 1 + 1 ⊗ P0,
Δ(Ja) = Ja ⊗ 1 + 1 ⊗ Ja,
Δ(Pa) = Pa ⊗ 1 + e−P0/κ ⊗ Pa,

Δ(Ka) = Ka ⊗ 1 + e−P0/κ ⊗ Ka +
1
κ

ϵabcPb ⊗ Jc .

Δ(X) = X ⊗ 1 + 1 ⊗ X

Quantum deformation of the Poincaré algebra: 𝜅 -Poincaré 

•Lukierski, Nowicki, Ruegg, PLB 1992 
•Lukierski, Ruegg, Nowicki, Tolstoi, PLB 1991 
•Majid, Ruegg, PLB 1994

✦ Quantum deformations of the Poincaré algebra  Hopf algebra 
(we show the 𝜅 -Poincaré algebra in the bicrossproduct basis)

⇒



✦ Quantum deformations of the Poincaré algebra

Quantum deformation of the Poincaré algebra: 𝜅 -Poincaré 

The 𝜅-Poincaré  algebra (as a Lie bialgebra) is generated by the r-matrix

rΛ =
1
κ

(K1 ∧ P1 + K2 ∧ P2 + K3 ∧ P3)

Which produces the cocommutators via ,  δ(X) = [X ⊗ 1 + 1 ⊗ X, rΛ] X ∈ {P0, Pa, Ja, Ka}

δ(P0) = δ(Ja) = 0

δ(Pa) =
1
κ

Pa ∧ P0

δ(K1) =
1
κ

(K1 ∧ P0 + P2 ∧ J3 − P3 ∧ J2),

δ(K2) =
1
κ

(K2 ∧ P0 − P1 ∧ J3 + P3 ∧ J1),

δ(K3) =
1
κ

(K3 ∧ P0 + P1 ∧ J2 − P2 ∧ J1) .
• Maslanka, JPA 1993 
•Zakrzewski, JPA 1994



✦ Then the free particle worldline reads                                          

✦ representation of the algebra of symmetries on phase space (Poisson brackets)

•Amelino-Camelia, Barcaroli, GG, Loret, CQG 2013 
•GG, Barcaroli, PRD 2016 

3

A. Redshift

For dS 1 + 1-dimensional spacetime the metric takes
the form (µ, ⌫ = 0, 1)

ds
2 = (dx0)2 � e

2Hx
0

(dx1)2 (1)

while energy p0 and spatial momentum p1 are conjugate
to the spacetime coordinates:

{x
0
, x

1
} = 0, {p0, p1} = 0, {pµ, x

⌫
} = �

⌫

µ
. (2)

Spatial momentum is a conserved charge, for which we
shall use equivalently the notation p1 and ⇧1. Energy
is not conserved, because of spacetime expansion. Time
translations are deformed by spacetime expansion, and
the associated charge ⇧0 has the properties

{⇧0,⇧1} = H⇧1 , {⇧0, x
1
} = �Hx

1
, {⇧0, x

0
} = 1 . (3)

It is useful to notice that ⇧0 = p0 �Hx
1
p1. And it shall

be relevant for rendering more vivid our duality to ob-
serve that in dS spacetime (with comoving coordinates)
the worldlines of massless particles crossing the origin of
the observer take the form

x
1 =

1� e
�Hx

0

H
(4)

For a particle on such a worldline one has that energy
and momentum are related through the particle’s time
coordinate:

p1 = �e
Hx

0

p0 (5)

The conceptual content of redshift in dS spacetime is
particularly intuitive when comparing results for energy
measurements by two observers, say Alice and Bob,
whose origins are connected by a worldline of type (4).
Indeed redshift is an e↵ect such that a blue particle
emitted at some source reaches a distant telescope as a
red particle. For easier comparison with the results we
shall later derive for a curved momentum space, we pre-
fer to characterize quantitatively the redshift e↵ect due
to spacetime curvature by comparing its e↵ects on two
di↵erent particles emitted with the same energy (“both
blue”) and from the same source but at di↵erent times.
We therefore consider two particles emitted with the
same energy by emitter Alice (the two worldlines both
cross Alice’s spatial origin) and derive in Sec. IV the
di↵erence in energy of detection of these two particles
at some distant detector Bob (Bob is such that the two
particles both cross Bob’s spatial origin). We find the
following result:

8
<

:

p̃
@A

0 = p
@A

0 , x̃
0
@A

6= x
0
@A

p̃
@B

0 = e
�H[x̃0

@B
�x

0
@B

]
p
@B

0

(6)

where p
@B

0 and p̃
@B

0 (respectively x
0
@B

and x̃
0
@B

) are the
energies (respectively the times) of detection at Bob, in-
deed for two particles emitted at Alice with the same
energy (p̃@A

0 = p
@A

0 ) but at di↵erent times (x̃0
@A

6= x
0
@A

).

B. Lateshift

In establishing the duality with the results in the previ-
ous subsection we of course describe the metric of (1+1-
dimensional) dS momentum space as follows:

dk
2 = (dp0)

2
� e

2`p0(dp1)
2 (7)

And we introduce spacetime coordinates as conjugate to
the momenta:

{x
1
, x

0
} = 0, {p1, p0} = 0, {x

µ
, p⌫} = �

µ
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, (8)

We shall keep the analogy as close as possible by also
introducing (in analogy with ⇧0,⇧1 of the previous sub-
section) some “relative-locality coordinates” �

0
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1 with
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1
⌘ x

1 and �
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p1, so that
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, p0} = 1 . (9)

�
0 and �

1 generate the translational symmetries of the
dS momentum space, but (again in analogy with the dS
spacetime case) �0 does not generate pure p0 shifts.
We shall show that the on-shell condition for massless

particles on the dS momentum-space takes the form

p1 =
1� e

�`p0

`
, (10)

which is interestingly dual to the Eq. (4) for the world-
lines of massless particles in dS spacetime, while the dS-
momentum-space picture of worldlines of massless parti-
cles is given by

x
1 = �e

`p0x
0 (11)

which is interestingly dual to the Eq.(5) playing the role
of on-shell relation on the dS-spacetime side.
These Eqs.(7),(8),(9),(10),(11) are exactly dual to the

Eqs.(1),(2),(3),(4),(5) valid on the dS spacetime. This
will prove su�cient for our purposes even though there
is an element of our analysis that is not properly dual:
properties of spacetime translations are responsible for
both redshift and lateshift. An even more precise du-
ality would be found if one studied the implications of
momentum-space curvature for momentum-space trans-
lations, but those are of limited interest in physics.
The duality between redshift and lateshift is nonethe-
less strong enough to allow us to derive in Sec.V a result,
which we propose as main characterization of lateshift,
which is indeed dual to the characterization of redshift
we gave in Eq. (6). This is found by considering again an
emitter Alice and a detector Bob, and takes the shape of
the relationship
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A. Redshift

For dS 1 + 1-dimensional spacetime the metric takes
the form (µ, ⌫ = 0, 1)

ds
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Spatial momentum is a conserved charge, for which we
shall use equivalently the notation p1 and ⇧1. Energy
is not conserved, because of spacetime expansion. Time
translations are deformed by spacetime expansion, and
the associated charge ⇧0 has the properties

{⇧0,⇧1} = H⇧1 , {⇧0, x
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0
} = 1 . (3)

It is useful to notice that ⇧0 = p0 �Hx
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p1. And it shall

be relevant for rendering more vivid our duality to ob-
serve that in dS spacetime (with comoving coordinates)
the worldlines of massless particles crossing the origin of
the observer take the form

x
1 =

1� e
�Hx

0

H
(4)

For a particle on such a worldline one has that energy
and momentum are related through the particle’s time
coordinate:

p1 = �e
Hx

0

p0 (5)

The conceptual content of redshift in dS spacetime is
particularly intuitive when comparing results for energy
measurements by two observers, say Alice and Bob,
whose origins are connected by a worldline of type (4).
Indeed redshift is an e↵ect such that a blue particle
emitted at some source reaches a distant telescope as a
red particle. For easier comparison with the results we
shall later derive for a curved momentum space, we pre-
fer to characterize quantitatively the redshift e↵ect due
to spacetime curvature by comparing its e↵ects on two
di↵erent particles emitted with the same energy (“both
blue”) and from the same source but at di↵erent times.
We therefore consider two particles emitted with the
same energy by emitter Alice (the two worldlines both
cross Alice’s spatial origin) and derive in Sec. IV the
di↵erence in energy of detection of these two particles
at some distant detector Bob (Bob is such that the two
particles both cross Bob’s spatial origin). We find the
following result:
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V. DE SITTER MOMENTUM SPACE

Our next task is to analyze the dual picture of dS mo-
mentum space. We start by describing the metric on dS
momentum space, with the same structure of the metric
on dS spacetime considered in the preceding section. So
we have, as already noted in (7),

dk
2 = (dp0)

2
� e

2`p0(dp1)
2
, (55)

and in matrix form

⇣
↵� =

✓
1 0
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2`p0

◆
, ⇣↵� =

✓
1 0
0 �e

�2`p0

◆
. (56)

For the coordinatization of spacetime in this case al-
lowing for curvature of momentum space we find conve-
nient to start with the possibility of spacetime coordi-
nates �

µ which generate translations on dS momentum
space (in analogy with the ⇧µ coordinatization of mo-
mentum space adopted for parts of our analysis of prop-
erties of dS spacetime). For these we have that

{�
0
,�

1
} = `�

1
. (57)

And we shall describe spacetime symmetries of this case
with dS momentum space in terms of charges/generators
of space translation, time translation and boost governed
by the following Poisson brackets3:

{p1, p0} = 0, (58)

{N , p0} = p1, {N , p1} =
1� e

�2`p0

2`
�

`

2
(p1)

2
. (59)

These phase-space Poisson brackets are compatible with
the Jacobi identities upon assuming that the Poisson
brackets involving �

µ and pµ satisfy (also see (9))

{p1,�
1
} = �1 , {p1,�

0
} = `p1,

{p0,�
1
} = 0 , {p0,�

0
} = �1.

(60)

Just like in the dS-spacetime case the possibilities ⇧µ

and pµ for coordintizing momentum space are compa-
rably (though complementarily) convenient, for the dS-
momentum-space case which we are now considering one
can conveniently coordinatize spacetime either with the
coordinates �µ or with the following coordinates xµ:

x
1
⌘ �

1
, x

0
⌘ �

0 + `�
1
p1, (61)

{x
µ
, x

⌫
} = 0 (62)

{pµ, x
⌫
} = ��

⌫

µ
(63)

3
Note that rules of action of boosts on momenta of the type here

given in Eq.(59) have been independently of interest in the lit-

erature on the -poincaré Hopf algebra[28, 29], which indeed in

one of the formalisms forwhich a connection with the possibility

of dS momentum space had been made[30, 31].

The convenience of these spacetime coordinates resides
mainly in the fact that translation transformations act
trivially on them, as shown in (63).
Note that all the phase-space relations (57), (58), (60)

and (63) here given for the case of dS momentum space
are dual to the ones, shown in the previous section, that
hold in the dS-spacetime case for conserved charges ⇧↵

and spacetime coordinates x
↵: they are obtained one

from the other through the substitutions H $ `, xµ
$

pµ and ⇧µ $ �
µ.

In comparing results obtained with the two coordina-
tizations of spacetime suitable for theories with dS mo-
mentum space, �µ and x

µ, it can be useful to also take
notice of the following two possible representations of our
boost generator:

N = p1�
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✓
1� e

�2`p0

2`
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2
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1
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�
1 (64)

N = p1x
0 +

✓
1� e

�2`p0

2`
�

`

2
p
2
1

◆
x
1
. (65)

Once again the duality of these formulae with the rep-
resentations (30) and (31) of the boosts on dS spacetime
is easily seen through the exchange ⇧↵ $ �

↵, p� $ x
�

and H $ `.
The mass-Casimir invariant of the algebra (59) is

C` =

✓
2

`
sinh

✓
`p0

2

◆◆2

� e
`p0p

2
1 . (66)

Therefore for a massless particle on the dS momentum
space one has the on-shell (C` = 0) condition of the form
(10):

p1(p0) =
1� e

�`p0

`
(67)

There have been several studies (see, e.g., Refs.[16, 20,
23]) of the implications of momentum-space curvature for
the properties of spacetime worldlines and travel times.
While these previous studies focused on results applica-
ble at leading order in `, drawing from the strength of
the duality here exposed we are now in position to do
an analogous study of the implications of dS momentum
space to all orders in ` (exact).
The dependence of a coordinates �

↵ on the worldline
parameter ⌧ can be again found using the condition of
on-shellness(66) as Hamiltonian: d�

µ

d⌧
⌘ �̇

µ = {C`,�
µ
}.

This leads to

�̇
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`
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,

which evidently implies
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⌧ ,

�
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�
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�
⌧ ,

P0 = p0

P1 = p1
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where �̄
µ are the initial conditions.

Specializing to the case of massless particles and elim-
inating the parameter ⌧ we find a wordline of the form
(15):

�
1 = �̄

1
� (�0

� �̄
0) . (68)

which is independent on the particle’s energy and mo-
mentum. Notice however that translations on coordi-
nates act non trivially on both the coordinates �

µ and
the momenta, as shown already in (16):

p
B

0 = Ta B p
A

0 = p
A

0 (69)

p
B

1 = Ta B p
A

1 = p
A

1 (70)

�
0
B
= Ta B �

0
A
= �

0
A
� a

0 + a
1
`p1 (71)

�
1
B
= Ta B �

1
A
= �

1
A
� a

1 (72)

where again we denote by a
0 and a

1 the translation pa-
rameters connecting two di↵erent observers. From this
we see that if Alice observes worldlines of the form (68)

�
1
A
� �̄

1
A
= �(�0

A
� �̄

0
A
) . (73)

for a particle emitted at a point (�̄0
A

= �̄
0
, �̄

1
A

= �̄
1),

then a distant observer Bob will observe:

�
1
B

�
p,�

0
�
� �̄

1
B
= �(�0

B
� �̄

0
B
) , (74)

with �̄
1
B
= �̄

1
� a

1 and �̄
0
B
= �̄

0
� a

0 + a
1
`p1.

So when using �
µ coordinates one has that the form of

the worldline is energy-independent but the translation
transformation is momentum dependent.

It is interesting to compare these findings to the ones
using the coordinatization x

µ. The description of the
worldlines in terms of the x

µ is found by observing that

ẋ
0 = {C`, x

0
} =

1

`

�
e
`p0 � e

�`p0
�
� `p

2
1e

`p0

ẋ
1 = {C`, x

1
} = 2 p1 e

`p0
.

From this, by integrating ẋ
1 on the worldline parameter

⌧ , we find

Z
⌧

⌧0

ẋ
1
d⌧ =

Z
x
0

x̄0

ẋ
1

ẋ0
dx

0 = �e
`p0(x0

� x̄
0) (75)

from which is follows that

x
1
� x̄

1 = �e
`p0(x0

� x̄
0), (76)

This shows that with the x
µ coordinates the form of the

worldline of a massless particle is momentum dependent,
and confirms Eq.(13), which in the case of a particle
emitted in the observer’s origin, x̄0 = x̄

1 = 0, reduces
to Eq.(11). As we already noted in Eq.(14), in the x

µ

coordinates translations act trivially:

p
B

0 = Ta B p
A

0 = p
A

0 (77)

p
B

1 = Ta B p
A

1 = p
A

1 (78)

x
0
B
= Ta B x

0
A
= x

1
A
� a

1 (79)

x
1
B
= Ta B x

1
A
= x

0
A
� a

0 (80)

Then is easy to obtain that if Alice observes a worldline
of the form

x
1
A
� x̄

1
A
= �e

`p
A

0 (x0
A
� x̄

0
A
), (81)

the translated observer Bob will agree about the wordline
expression in his coordinates,

x
1
B
� x̄

1
B
= �e

`p
B

0 (x0
B
� x̄

0
B
). (82)

with x̄
1
B
= x̄

1
A
� a

1 and x̄
0
B
= x̄

0
A
� a

0.
Summarizing the issue of the choice of spacetime co-

ordinates we have that the form of the worldline of a
massless particle is momentum independent when using
the �

µ coordinates whereas it is momentum dependent
when using the xµ coordinates. But this di↵erence is bal-
anced by the other di↵erence: translations transforma-
tions are momentum dependent when using the �µ coor-
dinates whereas they are momentum independent when
using the x

µ coordinates.
Following again the logical line of the previous sec-

tion, we also observe that the observers whose origin is
crossed by a given massless particle’s worldline must be
connected (if in relative rest) by a translation with pa-
rameters a1,a0 linked by

a
1 = �e

`p0a
0
. (83)

As in the previous section for dS spacetime, also in this
dS-momentum-space case we are interested in compar-
ing observations made by two observers connected by a
translation transformations. While in the dS-spacetime
case it proved useful to consider two particles emitted
at di↵erent times with same energy, we find useful for
the dS-momentum-space case to consider two particles
emitted simultaneously with di↵erent energies.

So let us consider two massless particles emitted with
di↵erent energies p0 and p̃0, in the origin of the observer
Alice:

x
1
A
= �e

`p0x
0
A

(84)

x
1
A
= �e

`p̃0x
0
A

(85)

Note that in the dS-momentum-space case the momenta
are conserved along the motion and under invariant un-
der translations, so we omit observer’s indices for them
in this section.
For a translated observer Bob such that the worldline en-
ergy p0 intercepts his origin one has a description of the
worldlines in terms of the following equations:

x
1
B
= �e

`p0x
0
B

(86)

and

x̃
1
B

= �e
`p̃0 x̃

0
B

+ e
`p0a

0(1� e
`(p̃0�p0)) (87)

where we made use of the relation (83). So the particle
with energy p̃0 arrives at Bob’s spatial origin at time:

x̃
0
B
(x̃1

B
= 0) = �a

0(1� e
�`(p̃0�p0)) (88)

✦ evolution of phase space coordinates is given by the Hamilton equations with the  
𝜅-Poincaré Casimir as Hamiltonian

v(p) =
ep0/

p
e2p0/ + 1� 2 ep0/ cosh(m/)

1� ep0/ cosh(m/)

x1(x0) = x1(0) + v(p)x0

! ep0/
for m=0

[ℓ ≡ 1/κ]𝜅 -Poincaré phase space: free particle worldlines 
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Particle worldlines and relativity of locality

worldlines seen by Alice 
(local at emission)

worldlines seen by Bob 
(local at detection)

 worldlines of two massless particles emitted simultaneously with different energies

11

where �̄
µ are the initial conditions.

Specializing to the case of massless particles and elim-
inating the parameter ⌧ we find a wordline of the form
(15):

�
1 = �̄

1
� (�0

� �̄
0) . (68)

which is independent on the particle’s energy and mo-
mentum. Notice however that translations on coordi-
nates act non trivially on both the coordinates �

µ and
the momenta, as shown already in (16):
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where again we denote by a
0 and a

1 the translation pa-
rameters connecting two di↵erent observers. From this
we see that if Alice observes worldlines of the form (68)
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for a particle emitted at a point (�̄0
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1
`p1.

So when using �
µ coordinates one has that the form of

the worldline is energy-independent but the translation
transformation is momentum dependent.

It is interesting to compare these findings to the ones
using the coordinatization x

µ. The description of the
worldlines in terms of the x

µ is found by observing that
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From this, by integrating ẋ
1 on the worldline parameter

⌧ , we find
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from which is follows that
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0), (76)

This shows that with the x
µ coordinates the form of the

worldline of a massless particle is momentum dependent,
and confirms Eq.(13), which in the case of a particle
emitted in the observer’s origin, x̄0 = x̄

1 = 0, reduces
to Eq.(11). As we already noted in Eq.(14), in the x

µ

coordinates translations act trivially:

p
B

0 = Ta B p
A

0 = p
A

0 (77)

p
B

1 = Ta B p
A

1 = p
A

1 (78)

x
0
B
= Ta B x

0
A
= x

1
A
� a

1 (79)

x
1
B
= Ta B x

1
A
= x

0
A
� a

0 (80)

Then is easy to obtain that if Alice observes a worldline
of the form
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0
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), (81)

the translated observer Bob will agree about the wordline
expression in his coordinates,
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0
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). (82)

with x̄
1
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1
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1 and x̄
0
B
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0
A
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0.
Summarizing the issue of the choice of spacetime co-

ordinates we have that the form of the worldline of a
massless particle is momentum independent when using
the �

µ coordinates whereas it is momentum dependent
when using the xµ coordinates. But this di↵erence is bal-
anced by the other di↵erence: translations transforma-
tions are momentum dependent when using the �µ coor-
dinates whereas they are momentum independent when
using the x

µ coordinates.
Following again the logical line of the previous sec-

tion, we also observe that the observers whose origin is
crossed by a given massless particle’s worldline must be
connected (if in relative rest) by a translation with pa-
rameters a1,a0 linked by

a
1 = �e

`p0a
0
. (83)

As in the previous section for dS spacetime, also in this
dS-momentum-space case we are interested in compar-
ing observations made by two observers connected by a
translation transformations. While in the dS-spacetime
case it proved useful to consider two particles emitted
at di↵erent times with same energy, we find useful for
the dS-momentum-space case to consider two particles
emitted simultaneously with di↵erent energies.

So let us consider two massless particles emitted with
di↵erent energies p0 and p̃0, in the origin of the observer
Alice:

x
1
A
= �e

`p0x
0
A

(84)

x
1
A
= �e

`p̃0x
0
A

(85)

Note that in the dS-momentum-space case the momenta
are conserved along the motion and under invariant un-
der translations, so we omit observer’s indices for them
in this section.
For a translated observer Bob such that the worldline en-
ergy p0 intercepts his origin one has a description of the
worldlines in terms of the following equations:
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(86)

and
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`p̃0 x̃
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+ e
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0(1� e
`(p̃0�p0)) (87)

where we made use of the relation (83). So the particle
with energy p̃0 arrives at Bob’s spatial origin at time:

x̃
0
B
(x̃1

B
= 0) = �a

0(1� e
�`(p̃0�p0)) (88)

x0
B = Ta . x0

A = x0
A � a0

x1
B = Ta . x1

A = x1
A � a1

✦ using coordinates dual to momenta: 
   (energy dependent worldlines)

[ℓ ≡ 1/κ]
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where �̄
µ are the initial conditions.

Specializing to the case of massless particles and elim-
inating the parameter ⌧ we find a wordline of the form
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So when using �
µ coordinates one has that the form of

the worldline is energy-independent but the translation
transformation is momentum dependent.

It is interesting to compare these findings to the ones
using the coordinatization x

µ. The description of the
worldlines in terms of the x
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This shows that with the x
µ coordinates the form of the

worldline of a massless particle is momentum dependent,
and confirms Eq.(13), which in the case of a particle
emitted in the observer’s origin, x̄0 = x̄

1 = 0, reduces
to Eq.(11). As we already noted in Eq.(14), in the x
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coordinates translations act trivially:
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of the form
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the translated observer Bob will agree about the wordline
expression in his coordinates,
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with x̄
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Summarizing the issue of the choice of spacetime co-

ordinates we have that the form of the worldline of a
massless particle is momentum independent when using
the �

µ coordinates whereas it is momentum dependent
when using the xµ coordinates. But this di↵erence is bal-
anced by the other di↵erence: translations transforma-
tions are momentum dependent when using the �µ coor-
dinates whereas they are momentum independent when
using the x

µ coordinates.
Following again the logical line of the previous sec-

tion, we also observe that the observers whose origin is
crossed by a given massless particle’s worldline must be
connected (if in relative rest) by a translation with pa-
rameters a1,a0 linked by

a
1 = �e

`p0a
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. (83)

As in the previous section for dS spacetime, also in this
dS-momentum-space case we are interested in compar-
ing observations made by two observers connected by a
translation transformations. While in the dS-spacetime
case it proved useful to consider two particles emitted
at di↵erent times with same energy, we find useful for
the dS-momentum-space case to consider two particles
emitted simultaneously with di↵erent energies.

So let us consider two massless particles emitted with
di↵erent energies p0 and p̃0, in the origin of the observer
Alice:
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Note that in the dS-momentum-space case the momenta
are conserved along the motion and under invariant un-
der translations, so we omit observer’s indices for them
in this section.
For a translated observer Bob such that the worldline en-
ergy p0 intercepts his origin one has a description of the
worldlines in terms of the following equations:
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and

x̃
1
B

= �e
`p̃0 x̃

0
B

+ e
`p0a

0(1� e
`(p̃0�p0)) (87)

where we made use of the relation (83). So the particle
with energy p̃0 arrives at Bob’s spatial origin at time:
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where �̄
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Specializing to the case of massless particles and elim-
inating the parameter ⌧ we find a wordline of the form
(15):
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which is independent on the particle’s energy and mo-
mentum. Notice however that translations on coordi-
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µ and
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So when using �
µ coordinates one has that the form of

the worldline is energy-independent but the translation
transformation is momentum dependent.

It is interesting to compare these findings to the ones
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µ. The description of the
worldlines in terms of the x

µ is found by observing that
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ẋ
1
d⌧ =

Z
x
0

x̄0

ẋ
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ẋ0
dx

0 = �e
`p0(x0

� x̄
0) (75)

from which is follows that

x
1
� x̄

1 = �e
`p0(x0

� x̄
0), (76)

This shows that with the x
µ coordinates the form of the

worldline of a massless particle is momentum dependent,
and confirms Eq.(13), which in the case of a particle
emitted in the observer’s origin, x̄0 = x̄

1 = 0, reduces
to Eq.(11). As we already noted in Eq.(14), in the x
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of the form
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the translated observer Bob will agree about the wordline
expression in his coordinates,
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Summarizing the issue of the choice of spacetime co-

ordinates we have that the form of the worldline of a
massless particle is momentum independent when using
the �

µ coordinates whereas it is momentum dependent
when using the xµ coordinates. But this di↵erence is bal-
anced by the other di↵erence: translations transforma-
tions are momentum dependent when using the �µ coor-
dinates whereas they are momentum independent when
using the x

µ coordinates.
Following again the logical line of the previous sec-

tion, we also observe that the observers whose origin is
crossed by a given massless particle’s worldline must be
connected (if in relative rest) by a translation with pa-
rameters a1,a0 linked by

a
1 = �e

`p0a
0
. (83)

As in the previous section for dS spacetime, also in this
dS-momentum-space case we are interested in compar-
ing observations made by two observers connected by a
translation transformations. While in the dS-spacetime
case it proved useful to consider two particles emitted
at di↵erent times with same energy, we find useful for
the dS-momentum-space case to consider two particles
emitted simultaneously with di↵erent energies.

So let us consider two massless particles emitted with
di↵erent energies p0 and p̃0, in the origin of the observer
Alice:
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(84)
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`p̃0x
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(85)

Note that in the dS-momentum-space case the momenta
are conserved along the motion and under invariant un-
der translations, so we omit observer’s indices for them
in this section.
For a translated observer Bob such that the worldline en-
ergy p0 intercepts his origin one has a description of the
worldlines in terms of the following equations:
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and
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where we made use of the relation (83). So the particle
with energy p̃0 arrives at Bob’s spatial origin at time:
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0
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(x̃1
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0(1� e
�`(p̃0�p0)) (88)

✦ using ‘𝜅-Minkowski coordinates’: 
   (energy independent worldlines 
    but deformed action of translations)

�1 = x1

�0 = x0 � `x1p1

{�0,�1} = `�1

{�0, p1} = �`p1

{�0, p0} = 0

[ℓ ≡ 1/κ]
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where �̄
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Summarizing the issue of the choice of spacetime co-

ordinates we have that the form of the worldline of a
massless particle is momentum independent when using
the �

µ coordinates whereas it is momentum dependent
when using the xµ coordinates. But this di↵erence is bal-
anced by the other di↵erence: translations transforma-
tions are momentum dependent when using the �µ coor-
dinates whereas they are momentum independent when
using the x
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tion, we also observe that the observers whose origin is
crossed by a given massless particle’s worldline must be
connected (if in relative rest) by a translation with pa-
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As in the previous section for dS spacetime, also in this
dS-momentum-space case we are interested in compar-
ing observations made by two observers connected by a
translation transformations. While in the dS-spacetime
case it proved useful to consider two particles emitted
at di↵erent times with same energy, we find useful for
the dS-momentum-space case to consider two particles
emitted simultaneously with di↵erent energies.

So let us consider two massless particles emitted with
di↵erent energies p0 and p̃0, in the origin of the observer
Alice:
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Note that in the dS-momentum-space case the momenta
are conserved along the motion and under invariant un-
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in this section.
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ergy p0 intercepts his origin one has a description of the
worldlines in terms of the following equations:
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✦ using coordinates dual to momenta: 
   (energy dependent worldlines)
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origin of each observer) do not depend 
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particles at the same time and Bob 
detects then with a time delay

�x0 = a0
�
e�`�p0 � 1

�

�1 � �̄1 = �0 � �̄0

11

where �̄
µ are the initial conditions.
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µ coordinates one has that the form of

the worldline is energy-independent but the translation
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This shows that with the x
µ coordinates the form of the

worldline of a massless particle is momentum dependent,
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Summarizing the issue of the choice of spacetime co-

ordinates we have that the form of the worldline of a
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As in the previous section for dS spacetime, also in this
dS-momentum-space case we are interested in compar-
ing observations made by two observers connected by a
translation transformations. While in the dS-spacetime
case it proved useful to consider two particles emitted
at di↵erent times with same energy, we find useful for
the dS-momentum-space case to consider two particles
emitted simultaneously with di↵erent energies.

So let us consider two massless particles emitted with
di↵erent energies p0 and p̃0, in the origin of the observer
Alice:

x
1
A
= �e

`p0x
0
A

(84)

x
1
A
= �e

`p̃0x
0
A

(85)

Note that in the dS-momentum-space case the momenta
are conserved along the motion and under invariant un-
der translations, so we omit observer’s indices for them
in this section.
For a translated observer Bob such that the worldline en-
ergy p0 intercepts his origin one has a description of the
worldlines in terms of the following equations:

x
1
B
= �e

`p0x
0
B

(86)

and

x̃
1
B

= �e
`p̃0 x̃

0
B

+ e
`p0a

0(1� e
`(p̃0�p0)) (87)

where we made use of the relation (83). So the particle
with energy p̃0 arrives at Bob’s spatial origin at time:

x̃
0
B
(x̃1

B
= 0) = �a

0(1� e
�`(p̃0�p0)) (88)

✦ using ‘𝜅-Minkowski coordinates’: 
   (energy independent worldlines 
    but deformed action of translations)
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[ℓ ≡ 1/κ]



Duality between classical and quantum deformation 

de Sitter phase space                                             𝜅-Poincaré phase space

{P0,P1} = H P1

{P0,N} = P1 �H N
{P1,N} = P0

{�0,�1} = `�1

{�0,N} = �1 � `N
{�1,N} = �0

{p0, p1} = 0

{p0,N} = p1e
�2Hx

0

{p1,N} = p0 �Hp1x
1

{x0, x1} = 0
{x0,N} = x1e�2`p0

{x1,N} = x0 � `x1p1

{P1,P0} = 0
{N ,P0} = P1

{N ,P1} = 1�e�2`P0

2` � `
2P

2
1

{x1, x0} = 0
{N , x0} = x1

{N , x1} = 1�e
�2Hx

0

2H � H

2 (x
1)2

{xµ, p⌫} = ��µ⌫ {p⌫ , xµ} = ��µ⌫

the Casimir of the algebra                        
determines the dispersion relation 

the Casimir of the algebra 
determines the worldline  
(and is the Newton-Wigner operator)

the Casimir of the algebra 
determines the worldline  
(and is the Newton-Wigner operator) 

the Casimir of the algebra                        
determines the dispersion relation 

{N ,P0,P1}

{N , p0, p1}{N , x0, x1}

{N ,�0,�1}

ℓ ≡ 1/κ
H ≡ Λ

•Amelino-Camelia, Barcaroli, GG, Loret, CQG 2013



•Amelino-Camelia, Barcaroli, Gubitosi, Loret, CQG 2013 

spacetime metric momentum space metric

worldline dispersion relation

dispersion relation worldline

generators of translations ‘k-Minkowski coordinates’

3

A. Redshift

For dS 1 + 1-dimensional spacetime the metric takes
the form (µ, ⌫ = 0, 1)

ds
2 = (dx0)2 � e

2Hx
0

(dx1)2 (1)

while energy p0 and spatial momentum p1 are conjugate
to the spacetime coordinates:

{x
0
, x

1
} = 0, {p0, p1} = 0, {pµ, x

⌫
} = �

⌫

µ
. (2)

Spatial momentum is a conserved charge, for which we
shall use equivalently the notation p1 and ⇧1. Energy
is not conserved, because of spacetime expansion. Time
translations are deformed by spacetime expansion, and
the associated charge ⇧0 has the properties

{⇧0,⇧1} = H⇧1 , {⇧0, x
1
} = �Hx

1
, {⇧0, x

0
} = 1 . (3)

It is useful to notice that ⇧0 = p0 �Hx
1
p1. And it shall

be relevant for rendering more vivid our duality to ob-
serve that in dS spacetime (with comoving coordinates)
the worldlines of massless particles crossing the origin of
the observer take the form

x
1 =

1� e
�Hx

0

H
(4)

For a particle on such a worldline one has that energy
and momentum are related through the particle’s time
coordinate:

p1 = �e
Hx

0

p0 (5)

The conceptual content of redshift in dS spacetime is
particularly intuitive when comparing results for energy
measurements by two observers, say Alice and Bob,
whose origins are connected by a worldline of type (4).
Indeed redshift is an e↵ect such that a blue particle
emitted at some source reaches a distant telescope as a
red particle. For easier comparison with the results we
shall later derive for a curved momentum space, we pre-
fer to characterize quantitatively the redshift e↵ect due
to spacetime curvature by comparing its e↵ects on two
di↵erent particles emitted with the same energy (“both
blue”) and from the same source but at di↵erent times.
We therefore consider two particles emitted with the
same energy by emitter Alice (the two worldlines both
cross Alice’s spatial origin) and derive in Sec. IV the
di↵erence in energy of detection of these two particles
at some distant detector Bob (Bob is such that the two
particles both cross Bob’s spatial origin). We find the
following result:
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where p
@B

0 and p̃
@B

0 (respectively x
0
@B

and x̃
0
@B

) are the
energies (respectively the times) of detection at Bob, in-
deed for two particles emitted at Alice with the same
energy (p̃@A

0 = p
@A

0 ) but at di↵erent times (x̃0
@A

6= x
0
@A

).

B. Lateshift

In establishing the duality with the results in the previ-
ous subsection we of course describe the metric of (1+1-
dimensional) dS momentum space as follows:

dk
2 = (dp0)

2
� e

2`p0(dp1)
2 (7)

And we introduce spacetime coordinates as conjugate to
the momenta:

{x
1
, x

0
} = 0, {p1, p0} = 0, {x

µ
, p⌫} = �

µ

⌫
, (8)

We shall keep the analogy as close as possible by also
introducing (in analogy with ⇧0,⇧1 of the previous sub-
section) some “relative-locality coordinates” �

0
,�

1 with
�
1
⌘ x

1 and �
0
⌘ x

0
� `x

1
p1, so that

{�
0
,�

1
} = `�

1
, {�

0
, p1} = �`p1 , {�

0
, p0} = 1 . (9)

�
0 and �

1 generate the translational symmetries of the
dS momentum space, but (again in analogy with the dS
spacetime case) �0 does not generate pure p0 shifts.
We shall show that the on-shell condition for massless

particles on the dS momentum-space takes the form

p1 =
1� e

�`p0

`
, (10)

which is interestingly dual to the Eq. (4) for the world-
lines of massless particles in dS spacetime, while the dS-
momentum-space picture of worldlines of massless parti-
cles is given by

x
1 = �e

`p0x
0 (11)

which is interestingly dual to the Eq.(5) playing the role
of on-shell relation on the dS-spacetime side.
These Eqs.(7),(8),(9),(10),(11) are exactly dual to the

Eqs.(1),(2),(3),(4),(5) valid on the dS spacetime. This
will prove su�cient for our purposes even though there
is an element of our analysis that is not properly dual:
properties of spacetime translations are responsible for
both redshift and lateshift. An even more precise du-
ality would be found if one studied the implications of
momentum-space curvature for momentum-space trans-
lations, but those are of limited interest in physics.
The duality between redshift and lateshift is nonethe-
less strong enough to allow us to derive in Sec.V a result,
which we propose as main characterization of lateshift,
which is indeed dual to the characterization of redshift
we gave in Eq. (6). This is found by considering again an
emitter Alice and a detector Bob, and takes the shape of
the relationship
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where, consistently with the duality we are exposing, for
this result (12) we consider two particles emitted at the
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to the spacetime coordinates:

{x
0
, x

1
} = 0, {p0, p1} = 0, {pµ, x

⌫
} = �

⌫

µ
. (2)

Spatial momentum is a conserved charge, for which we
shall use equivalently the notation p1 and ⇧1. Energy
is not conserved, because of spacetime expansion. Time
translations are deformed by spacetime expansion, and
the associated charge ⇧0 has the properties

{⇧0,⇧1} = H⇧1 , {⇧0, x
1
} = �Hx

1
, {⇧0, x

0
} = 1 . (3)

It is useful to notice that ⇧0 = p0 �Hx
1
p1. And it shall

be relevant for rendering more vivid our duality to ob-
serve that in dS spacetime (with comoving coordinates)
the worldlines of massless particles crossing the origin of
the observer take the form

x
1 =

1� e
�Hx

0

H
(4)

For a particle on such a worldline one has that energy
and momentum are related through the particle’s time
coordinate:

p1 = �e
Hx

0

p0 (5)

The conceptual content of redshift in dS spacetime is
particularly intuitive when comparing results for energy
measurements by two observers, say Alice and Bob,
whose origins are connected by a worldline of type (4).
Indeed redshift is an e↵ect such that a blue particle
emitted at some source reaches a distant telescope as a
red particle. For easier comparison with the results we
shall later derive for a curved momentum space, we pre-
fer to characterize quantitatively the redshift e↵ect due
to spacetime curvature by comparing its e↵ects on two
di↵erent particles emitted with the same energy (“both
blue”) and from the same source but at di↵erent times.
We therefore consider two particles emitted with the
same energy by emitter Alice (the two worldlines both
cross Alice’s spatial origin) and derive in Sec. IV the
di↵erence in energy of detection of these two particles
at some distant detector Bob (Bob is such that the two
particles both cross Bob’s spatial origin). We find the
following result:

8
<

:

p̃
@A

0 = p
@A

0 , x̃
0
@A

6= x
0
@A

p̃
@B

0 = e
�H[x̃0

@B
�x

0
@B

]
p
@B

0

(6)

where p
@B

0 and p̃
@B

0 (respectively x
0
@B

and x̃
0
@B

) are the
energies (respectively the times) of detection at Bob, in-
deed for two particles emitted at Alice with the same
energy (p̃@A

0 = p
@A

0 ) but at di↵erent times (x̃0
@A

6= x
0
@A

).

B. Lateshift

In establishing the duality with the results in the previ-
ous subsection we of course describe the metric of (1+1-
dimensional) dS momentum space as follows:

dk
2 = (dp0)

2
� e

2`p0(dp1)
2 (7)

And we introduce spacetime coordinates as conjugate to
the momenta:

{x
1
, x

0
} = 0, {p1, p0} = 0, {x

µ
, p⌫} = �

µ

⌫
, (8)

We shall keep the analogy as close as possible by also
introducing (in analogy with ⇧0,⇧1 of the previous sub-
section) some “relative-locality coordinates” �

0
,�

1 with
�
1
⌘ x

1 and �
0
⌘ x

0
� `x

1
p1, so that

{�
0
,�

1
} = `�

1
, {�

0
, p1} = �`p1 , {�

0
, p0} = 1 . (9)

�
0 and �

1 generate the translational symmetries of the
dS momentum space, but (again in analogy with the dS
spacetime case) �0 does not generate pure p0 shifts.
We shall show that the on-shell condition for massless

particles on the dS momentum-space takes the form

p1 =
1� e

�`p0

`
, (10)

which is interestingly dual to the Eq. (4) for the world-
lines of massless particles in dS spacetime, while the dS-
momentum-space picture of worldlines of massless parti-
cles is given by

x
1 = �e

`p0x
0 (11)

which is interestingly dual to the Eq.(5) playing the role
of on-shell relation on the dS-spacetime side.
These Eqs.(7),(8),(9),(10),(11) are exactly dual to the

Eqs.(1),(2),(3),(4),(5) valid on the dS spacetime. This
will prove su�cient for our purposes even though there
is an element of our analysis that is not properly dual:
properties of spacetime translations are responsible for
both redshift and lateshift. An even more precise du-
ality would be found if one studied the implications of
momentum-space curvature for momentum-space trans-
lations, but those are of limited interest in physics.
The duality between redshift and lateshift is nonethe-
less strong enough to allow us to derive in Sec.V a result,
which we propose as main characterization of lateshift,
which is indeed dual to the characterization of redshift
we gave in Eq. (6). This is found by considering again an
emitter Alice and a detector Bob, and takes the shape of
the relationship

8
<

:

p̃
@A

0 6=p
@A

0 , x̃
0
@A

=x
0
@A

x̃
0
@B

� x̃
0
@A

=e
�`[p̃@B

0 �p
@B

0 ](x0
@B

� x
0
@A

) ,
(12)

where, consistently with the duality we are exposing, for
this result (12) we consider two particles emitted at the

ds2 = (dx0)2 � e2Hx
0

(dx1)2 ds2p = dp20 � e2`p0dp21

�1 = x1

�0 = x0 � `x1p1

P1 = p1

P0 = p0 �Hx
1
p1

de Sitter spacetime                           de Sitter momentum space

✦ related to the fact that in Hopf algebras noncommutativity induces curvature in the dual space, 
and viceversa

•Majid ArXiv: hep-th/0604130

Duality between classical and quantum deformation 

ℓ ≡ 1/κH ≡ Λ
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same time at Alice (x̃0
@A

= x
0
@A

) with di↵erent energies
(p̃@A

0 6=p
@A

0 ).
This result (12) evidently characterizes lateshift as the

source of the peculiarities for the correlations between
emission times and detection times previously found in
the curved-momentum-space literature: Eq. (12) con-
firms that in presence of momentum-space curvature two
massless particles emitted simultaneously at Alice with
di↵erent energies (p̃@A

0 6= p
@A

0 ) reach a distant detector
Bob at di↵erent times (x̃0

@B
6=x

0
@B

), indeed governed by
(12).

We stress again that the relativistic duality between
the two cases is exact: formulas (1),(2),(3),(4),(5) famil-
iar for dS spacetime get mapped into the exactly dual
formulas (7),(8),(9),(10),(11) for the novel case of dS mo-
mentum space. But the questions we typically ask exper-
imentally to these exactly dual pictures are not exactly
dual to each other: in both cases one is interested in
spacetime translations, since in both cases one is primar-
ily considering situations with spatially distant emitter
and detector. The relativistic duality we are exposing is
however so strong that it still a↵ects very significantly
the final results (6) and (12).

It is also useful to observe that the duality we are ana-
lyzing becomes trivial when no curvature is present: rel-
ativistic theories of Minkowski spacetime and relativistic
theories of Minkowski momentum space coincide (our du-
ality turns into a self-duality when curvature is absent).
In the Minkowski case massless particles with any dif-
ference in energy p̃

@A

0 � p
@A

0 emitted with any emission-
time di↵erence x

0
@A

� x̃
0
@A

at emitter Alice are then de-
tected at some distant detector Bob (at rest with respect
to the emitter) with same di↵erence of detection times
x
0
@B

� x̃
0
@B

= x
0
@A

� x̃
0
@A

and the same di↵erence of
energies p̃@B

0 � p
@B

0 = p̃
@A

0 � p
@A

0 .
In Figs.1 and 2 we visualize an aspect of the duality

here exposed for the case when curvature is present, also
in reference to the self-duality present when there is no
curvature. For these visualization purposes we find useful
to rely on the correlations that the analysis we present
in later sections finds between time of detection at Bob
and energy of detection at Bob of a massless particle.
The presence of a horizontal dotted line in both Fig.1
and Fig.2 reflects the fact that in absence of curvature
the energy of detection is independent of the time of de-
tection (in absence of curvature there is no redshift, so
the energy of detection is automatically the same as the
energy of emission of the particle) and the time of detec-
tion is independent of the energy of detection (in absence
of curvature there is no lateshift, so the time of detection
is given, for massless particles of any energy, in terms of
the distance between emitter and detector).

Fig.1 also shows (solid line) the quantitative behaviour
of redshift produced by spacetime curvature: for fixed
time and energy of emission at Alice there is a correlation
(governed by the distance between Alice and Bob, left
implicit in figure) between the time of detection at Bob
and the energy of detection at Bob. This correlation is of

course governed by the distance between Alice and Bob,
left implicit in figure (but notice that the graph does
indicate the value of energy for x

0
@B

= 0 which is the
case with Alice as both the emitter and the detector, i.e.
no distance between emitter and detector). For the case
of de Sitter expansion this gives indeed lower values of
detection energy at higher values of detection time.
And Fig.2 also shows (solid line) the quantitative be-

haviour of lateshift produced by momentum-space cur-
vature. Here too lower values of detection energy are
found at higher values of detection time, but, as here
shown in Sec.V the exponential law governing these cor-
relations takes form dual to the corresponding exponen-
tial law found for the spacetime-curvature case.

p@B
0 [H ]

x0
@B [H�1]

Figure 1. We here show how, for fixed time and energy of emission

at Alice, there is a correlation between the time of detection at Bob

and the energy of detection at Bob, for the case of Minkowskian

spacetime (dotted line) and the case of dS spacetime (solid line).

The behaviour here shown for the dS-spacetime case, which is a

characteristic manifestation of redshift, is governed by Eq.(52) here

derived in the later Sec.IV.

x0
@B [`]

p@B
0 [`�1]

Figure 2. We here show how, for fixed time and energy of emission

at Alice, there is a correlation between the time of detection at Bob

and the energy of detection at Bob, for the case of Minkowskian

momentum space (dotted line) and the case of dS momentum space

(solid line). The behaviour here shown for the dS-momentum-space

case, which is a characteristic manifestation of lateshift, is governed

by Eq. (91) here derived in the later Sec.V.

III. TWO TYPES OF RELATIVE LOCALITY

A striking aspect of some of the studies triggered by the
recent interest in Planck-scale curved momentum space is
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Figure 2. We here show how, for fixed time and energy of emission

at Alice, there is a correlation between the time of detection at Bob

and the energy of detection at Bob, for the case of Minkowskian

momentum space (dotted line) and the case of dS momentum space
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III. TWO TYPES OF RELATIVE LOCALITY

A striking aspect of some of the studies triggered by the
recent interest in Planck-scale curved momentum space is

✦  correlation between time of detection and energy, for fixed energy of emission  
(de Sitter spacetime) - redshift 

✦  correlation between time of detection and energy, for fixed time of emission  
(de Sitter momentum space) - time shift

Duality between de Sitter spacetime and de Sitter momentum space 

•Amelino-Camelia, Barcaroli, Gubitosi, Loret, CQG 2013 



Deforming the Poincaré algebra of special relativity

✦ Classical deformations of the Poincaré algebra

✦ Quantum deformations of the Poincaré algebra

Governed by the quantum deformation parameter 𝜅 

Governed by the curvature parameter 𝛬: (Anti-)de Sitter symmetries

𝜅 -Poincaré

𝜅

Poincaré (A-)dS
𝛬



Deforming the Poincaré algebra of special relativity

✦ Classical deformations of the Poincaré algebra

✦ Quantum deformations of the Poincaré algebra

Governed by the quantum deformation parameter 𝜅 

Governed by the curvature parameter 𝛬: (Anti-)de Sitter symmetries

𝜅 -Poincaré 𝜅-(A)dS

𝜅

Poincaré (A-)dS
𝛬

Relevant for high-energies  
& large distances



✦ Classical+Quantum deformations of the Poincaré algebra

The 3+1 𝜅-(A)dS (Poisson) algebra is generated by the r-matrix

rΛ =
1
κ

(K1 ∧ P1 + K2 ∧ P2 + K3 ∧ P3 + ηJ1 ∧ J2)

[η ≡ − Λ2]

Which produces the cocommutators via ,  δ(X) = [X ⊗ 1 + 1 ⊗ X, rΛ] X ∈ (A)dS

δ(P0) = δ(J3) = 0, δ(J1) =
η
κ

J1 ∧ J3, δ(J2) =
η
κ

J2 ∧ J3,

δ(P1) =
1
κ

(P1 ∧ P0 − η P3 ∧ J1 − η2K2 ∧ J3 + η2K3 ∧ J2),

δ(P2) =
1
κ

(P2 ∧ P0 − η P3 ∧ J2 + η2K1 ∧ J3 − η2K3 ∧ J1),

δ(P3) =
1
κ

(P3 ∧ P0 + η P1 ∧ J1 + η P2 ∧ J2 − η2K1 ∧ J2 + η2K2 ∧ J1),

δ(K1) =
1
κ

(K1 ∧ P0 + P2 ∧ J3 − P3 ∧ J2 − η K3 ∧ J1),

δ(K2) =
1
κ

(K2 ∧ P0 − P1 ∧ J3 + P3 ∧ J1 − η K3 ∧ J2),

δ(K3) =
1
κ

(K3 ∧ P0 + P1 ∧ J2 − P2 ∧ J1 + η K1 ∧ J1 + η K2 ∧ J2) .

•Ballesteros, Herranz, Musso Naranjo, PLB 2017

The r-matrix is unique if one asks that  has trivial coproductP0

Classical+Quantum deformation of the Poincaré algebra: 𝜅 -(A)dS



✦ Classical+Quantum deformations of the Poincaré algebra

𝛬 + 𝜅 

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

[P0, Pa] = 0
[Pa, Pb] = 0
[P0, Ja] = 0

𝒞 = P2
0 − P2

Translations sector:  
noncommutativity is induced by curvature, nonlinearity by quantum deformation 

{P1, P2} = − η2
sinh(2 η

κ J3)

2η/κ
−

η
2κ (2P2

3 + η2(J2
1 + J2

2 )) −
η5

4κ3
e−2 η

κ J3 (J2
1 + J2

2)2

{P1, P3} =
1
2

η2J2 1 + e−2 η
κ J3 [1 +

η2

κ2 (J2
1 + J2

2)] +
η
κ

P2P3

{P2, P3} = −
1
2

η2J1 1 + e−2 η
κ J3 [1 +

η2

κ2 (J2
1 + J2

2)] −
η
κ

P1P3

[η ≡ − Λ2]

Classical+Quantum deformation of the Poincaré algebra: 𝜅 -(A)dS



✦ Classical+Quantum deformations of the Poincaré algebra

Deformed rotation sector! This is a pure “ ”  effect and only present in 3+1DΛ + κ

Rotations sector:

{J1, J2} =
e2 η

κ J3 − 1
2η/κ

−
η
2κ (J2

1 + J2
2), {J1, J3} = − J2, {J2, J3} = J1

Δ(J3) = J3 ⊗ 1 + 1 ⊗ J3 Δ(J1) = J1 ⊗ e
η
κ J3 + 1 ⊗ J1 Δ(J2) = J2 ⊗ e

η
κ J3 + 1 ⊗ J2

𝛬 + 𝜅 

[Ja, Jb] = ϵabcJc

[Ja, Pb] = ϵabcPc

[Ja, Kb] = ϵabcKc

[Ka, P0] = Pa

[Ka, Pb] = δabP0
[Ka, Kb] = − ϵabcJc

[P0, Pa] = 0
[Pa, Pb] = 0
[P0, Ja] = 0

𝒞 = P2
0 − P2

[η ≡ − Λ2]

Classical+Quantum deformation of the Poincaré algebra: 𝜅 -(A)dS



Classical+Quantum effects on particle propagation

✦ The interplay of curvature and quantum deformation can be seen at the level of redshift 
and worldlines in the 1+1 case (3+1 case is more complicated because of the nontrivial 
rotation sector) 

the dispersion relation and the worldlines show explicitly the interplay, already at first 
order in the deformation parameters: 

these features are inherited by observable properties, such as the time delay in the 
travel time of photons with different energies and the energy redshift of a photon 
traveling between far away observers:

p0 = �p1

✓
1�Hx

0 � `p1

✓
1

2
�Hx

0

◆◆

x
1 � x̄

1 = (x0 � x̄
0)(1� `p1)�

1

2
H

�
(x0)2 � (x̄0)2

�
(1� 2`p1)

• Barcaroli, Gubitosi, PRD 2016

�x
0 = `a

0�p0(1 +Ha
0)

�p0 = �Hp0x
0(1 +

`

2
p0)

[H = Λ]
[ℓ ≡ 1/κ]



Speed-of-light contractions of the Poincaré algebra

✦ Galilean contraction (speed/space contraction)  1/c → 0

Small-velocities/large time intervals 
‘ Absolute time’: the light cone opens along t=0, spatial leaves at constant time 

Poincaré

1/c

Galilei

•Bacry, Lévy-Leblond, J. Math. Phys. 1968 
•Lévy-Leblond, Ann. Inst. Henry Poincaré, 1965



Speed-of-light contractions of the Poincaré algebra

✦ Carroll contraction (speed/time contraction)  c → 0

Large space intervals 
‘ Absolute space’: the light cone closes along t, time leaves at constant space

Poincaré

1/c

Galilei

c

Caroll •Bacry, Lévy-Leblond, J. Math. Phys. 1968 
•Lévy-Leblond, Ann. Inst. Henry Poincaré, 1965



Speed-of-light contractions of the (A)dS algebra

✦ Galilei and Carroll contractions can be performed also in the presence of curvature

Poincaré (A-)dS

𝛬

1/c

c

Galilei

Caroll

Newton-Hooke

Curved Carroll



Speed-of-light contractions of the (A)dS algebra

✦ Galilei and Carroll contractions can be performed also in the presence of curvature

✦ Galilei: Inönü–Wigner contraction, induced by the algebra automorphism 
 

This allows us to perform the rescaling  

𝒫(P0, Pa, Ka, Ja) = (P0, − Pa, − Ka, Ja)

Pa =
P̄a

c
, Ka =

K̄a

c

(speed-space contraction)

1/c  0→

[Ka, Pb] = δab
1
c2

P0

[Ka, Kb] = − ϵabc
1
c2

Jc

[Pa, Pb] = Λϵabc
1
c2

Jc

[Ka, Pb] = 0

[Ka, Kb] = 0

[Pa, Pb] = 0

1/c  0→

𝒞 = P2
0 − c2P2 − Λ (J2 − c2K2) 𝒞 = P2 − Λ K2

✦ Newtonian spacetimes  are obtained as the coset spaceN3+1
Λ

N3+1
Λ = NΛ /H, H = ISO(3) = {K, J}
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✦ Can we import this classical intuition into the realm of quantum symmetries?
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Poincaré (A-)dS

𝛬

1/c

c

Galilei

Caroll

Newton-Hooke

Curved Carroll

𝜅

𝜅 -Poincaré
𝜅-(A)dS

𝜅-curved Carroll
𝜅-Carroll

𝜅-Galilei 𝜅-Newton-Hooke

✦ One can consider quantum deformations of each of these classical relativistic models



Speed-of-light contraction of quantum-deformed algebras
✦ The easiest way to work out the Galilean and Carrollian quantum algebras is via 

contraction of the 𝜅-(A)dS algebra

✦ This contraction might require a rescaling of the quantum deformation parameter, along 
with the generators, in order to obtain meaningful structures, either at the level of the r-
matrix or at the level of the cocommutators

Galilei contraction (flat case):  

Contraction at the level of the r-matrix 

requires a rescaling of 𝜅, however this produces trivial cocommutators 

Contraction can be performed directly at the level of the cocommutators and does 
not require to rescale 𝜅 

r =
c2

κ (K1 ∧ P1 + K2 ∧ P2 + K3 ∧ P3)

The coproducts are the same as in 𝜅-Poincaré

[Ka, Pb] =
δab

c2 [ κ
2 (1 − e−2P0/κ) + c2 P2

2κ ] −
PaPb

κ

[Ka, Kb] = −
ϵabc

c2
Jc

1/c  0→ [Ka, Pb] = δab
P2

2κ
−

PaPb

κ
[Ka, Kb] = 0

𝒞κ = eP0/κ P2

•Ballesteros, GG, Gutierrez-Sagredo, Herranz, PLB 2020 
•Giller, Kosinski, Majewski, Maslanka, Kunz, PLB 1992
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Carroll contraction (flat case):  

Contraction at the level of the r-matrix  and 

at the level of cocommutators are equivalent and require a rescaling of the 
quantum parameter 
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The coproducts are the same as in 𝜅-Poincaré

𝒞κ = 2κ2 (cosh(P0/κ) − 1)

•Ballesteros, GG, Gutierrez-Sagredo, Herranz, PLB 2020
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The coproducts are the same as in 𝜅-(A)dS

Casimir:

[η ≡ − Λ2]
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Possible relativistic models

Carroll contraction  
restores isotropy

No  
absolute time

Non-commuting  
boosts

Absolute space

The “ ”  effects are milder in the Carroll models Λ + κ



Thanks!


