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The Poincareé algebra of special relativity

+ Special relativistic symmetries are described by the Poincaré Lie algebra p(3 + 1)
generated by time translations P, spatial translation P,, boosts K, and rotations J,

[‘Ia’ Jb = achc :Ka’ PO: — Iy [PO’ Pa: =0

[Ja’ Pb = eabcPc :Ka’ Pb = abPO [Pa’ Pb =0

[J a’ Kb: — €achc :Ka’ Kb: - = achc [P 0 J a: =
Casimir: C = Pg — P?

+ Minkowski spacetime M>*! is obtained as the homogeneous space of the Poincaré Lie
group with isotropy subgroup given by Lorentz

M3+ = 1SO(3,1)/SO(3,1)




Classical deformation of the Poincareé algebra: (A)dS symmetries

+ Classical deformations of the Poincaré algebra

Governed by the curvature parameter A: (Anti-)de Sitter symmetries

Squared-length scale: the induced modifications are relevant at length scales
comparable to 4/ A

Poincaré e o (A-)dS




Classical deformation of the Poincareé algebra: (A)dS symmetries

+ Classical deformations of the Poincaré algebra

Linearly deformed commutation rules:

[]a’ ]b — achc :Ka’ PO — L [PO’ Pa: =0
[Ja’ Pb — €abcPc :Ka’ Pb: — abPO [Pa’ Pb: =0
[Ja’ Kb = €achc :Ka’ Kb - = abc‘] C [P 0> J a: —
_ p2 2
% =P2—P .
v
[Ja’ Jb — abc‘]c :Ka’ PO — Iy, [PO’ Pa: - = AKa
[Ja’ Pb — abcPc :Ka’ Pb: = 5abPO [Pcv Pb: = Aeabc Jc
[J as Kb — achc :Ka’ Kb - = abc‘]c [P 0> Ja: —

€ =P;—P°—A(JF-K?)




Classical deformation of the Poincareé algebra: (A)dS symmetries

+ (Anti-)de Sitter algebra in the kinematical basis

[Ja’ Jb — abc]c :Ka’ P() — Pa [PO’ Pa: - = AKa

[Ja’ Pb — abcPc :Ka’ Pb: — abPO [Pa’ Pb: — Aeabc Jc

[]a’ Kb — achc :Ka’ Kb - = abc‘]c [P 0» J a: =0
Casimir: € =P;—P - A(JF-K°)

+ (anti-)de Sitter spacetime (A)dS?’Jrl is obtained as a homogeneous space:
A < 0: AdS’*! = 50(3,2)/50(3,1)
A > 0:dS’* = 50(4,1)/S0(3,1)
A =0: M’ = 1SO(3,1)/S0(3,1)




Classical deformation of the Poincareé algebra: (A)dS symmetries

+ (Anti-)de Sitter algebra in the kinematical basis

[Ja’ Jb — abc‘]c :Ka’ P() — Iy qua: - = ‘9
[Ja’ Pb — abcPc :Ka’ Pb: — abPO Pp: — A€a
[]aa Kb: — K :Kaa Kb: — J

abct™c

Casimir: € = Pg — P(A(Jz _ K2)>

+ (anti-)de Sitter spacetime (A)dS?’Jrl is obtained as a homogeneous space:

A < 0: AdS*T = S0(3,2)/50(3,1)
A > 0:dS*! = 50(4,1)/S0(3,1)
A = 0: M3+ = [SO(3,1)/S0(3,1)




de Sitter spacetime, phase space and particle kinematics

+ line element in comoving coordinates (1+1 dimensions) [H = \/K]

ds? = (dz°)? — eQHwO(dazl)Q

+ algebra of symmetries in the comoving basis {Po,Pr} = HP
(Poisson brackets!) {Po,N} = P1—HN
{P1,N} = Po

+ mass Casimir  Cys = P5 — P +2HNP;

+ representation of symmetry generators:

{xuaxlj} — 0, 730 = Po — Hﬂflpl
{x'uapl/} — —55, a» 731 = D1 )
__ _—2H«x
{pupvy = 0. N = x'po+pi (1 SH T %(331)2>

+ the massless condition Cgs = Orelates energy and spatial momentum, encoding energy redshift

po = |p1 \G_on

+ particles worldline (using Hamiltonian formalism)

. 1 1 —2Hz° : —Hz° — Hz"
T {Cys,x" } = —2e »1 1708 =1 _ T, [e —e
.0 Y * X (x ) — L —= , _330 dZU =

T {Cys, 2"} = 2pg




Deforming the Poincaré algebra of special relativity

+ Classical deformations of the Poincaré algebra

Governed by the curvature parameter A: (Anti-)de Sitter symmetries

Squared-length scale: the induced modifications are relevant at length scales
comparable to 4/ A

Poincaré e o (A-)dS




Deforming the Poincaré algebra of special relativity

+ Classical deformations of the Poincaré algebra

Governed by the curvature parameter A: (Anti-)de Sitter symmetries

Squared-length scale: the induced modifications are relevant at length scales
comparable to 4/ A

+ Quantum deformations of the Poincaré algebra

Governed by the quantum deformation parameter x

Energy scale: the induced modifications are relevant at energies comparable to «

A
Poincaré ¢ > . (A-)dS

v

k -Poincaré




Quantum deformation of the Poincareé algebra: « -Poincare

+ Quantum deformations of the Poincaré algebra = Hopf algebra
(we show the k -Poincaré algebra in the bicrossproduct basis)

Nonlinearly deformed commutation rules:

[]a’ Jb — abc‘l c

[Ja’ P b: — abcP c

[J as Kb: — achc
€ =P;— P

Casimir:

:ch PO:
:Kaa Pb:

:Kaa Kb:

— Cl [Po, Pa: — O
— CleO [Pa’Pb; — O
- = Gabc‘]c [PO’ Ja‘ —
K

1 1
K.,P,] =6, (% (1—e2Po) + — P2> —-—PP,

€ . = 4x* sinh*(Py/2x) — e/ P>

2K K

Lukierski, Nowicki, Ruegg, PLB 1992
Lukierski, Ruegg, Nowicki, Tolstoi, PLB 1991
*Majid, Ruegg, PLB 1994




Quantum deformation of the Poincareé algebra: « -Poincare

+ Quantum deformations of the Poincaré algebra = Hopf algebra
(we show the k -Poincaré algebra in the bicrossproduct basis)

Nonlinearly deformed commutation rules:

[‘Ia’ Jb = abc‘l c :Ka’ P O: — Iy [PO’ Pa: =0
[Ja’ Pb — abcPc :Ka’ Pb — abPO [Pa’ Pb =0
[J a’ Kb: — achc :Ka’ Kb — = abc‘]c [PO’ Jd* =
€ =P, —P?
K
v
(K, P, =6 f(l—e—zPo/K)+iP2 Lpp
a*t b ab y Vi " a’ b
Casimir: %K — 4K2 Slnhz(Po/zk) — €P0/K P2 eLukierski, Nowicki, Ruegg, PLB 1992

Lukierski, Ruegg, Nowicki, Tolstoi, PLB 1991
*Majid, Ruegg, PLB 1994




Quantum deformation of the Poincareé algebra: « -Poincare

+ Quantum deformations of the Poincaré algebra = Hopf algebra
(we show the k -Poincaré algebra in the bicrossproduct basis)

Deformed action on multi-particle states (coproducts)
(and conservation rules of energy-momentum in interactions)

AX)=X®1+1Q®X

v
AUV)=J,1+1Q®J,
AP)=P,@1+et*QP,

1
AK)=K @1 +e*"QK +—¢, P, QJ..
K

Lukierski, Nowicki, Ruegg, PLB 1992
Lukierski, Ruegg, Nowicki, Tolstoi, PLB 1991
*Majid, Ruegg, PLB 1994




Quantum deformation of the Poincareé algebra: « -Poincare

+ Quantum deformations of the Poincaré algebra

The x-Poincaré algebra (as a Lie bialgebra) is generated by the r-matrix

1

Which produces the cocommutators via 0(X) = [X® 1 + 1 @ X, r\], X € {Py, P, J,, K }

o(Py) =0(J,) =0

1
5(P)=—P,AP,

K

1
5(K1):_(Kl/\PO+P2/\J3—P3/\J2),

K

1

K

|
5(K3)=—(K3/\PO+P1/\J2—P2/\J1)
K

» Maslanka, JPA 1993
oZakrzewski, JPA 1994




x -Poincaré phase space: free particle worldlines [ = 1/k]

+ representation of the algebra of symmetries on phase space (Poisson brackets)

{p1,po} =0 Po = po
{2, 2%} =0 — P1=p1 2
— e 0
{z*,p,} = & N=pu+ ( 2w #) g

+ evolution of phase space coordinates is given by the Hamilton equations with the
x-Poincaré Casimir as Hamiltonian

1
x-o — {CE,CEO} _ Z (eﬁpo . 6—€p0) B Zp%65p0

jjl — {Ceaxl} — 2]71 eEpO.

+ Then the free particle worldline reads  z'(z") = 2'(0) + v(p)z”

ePo/r fe2po/r 41 — 2 ePo/k cosh(m/k)

po/k
1 — ePo/k cosh(m/k) €

—_—> v(p) =

for m=0

*Amelino-Camelia, Barcaroli, GG, Loret, CQG 2013
GG, Barcaroli, PRD 2016




Particle worldlines and relativity of locality

worldlines of two massless particles emitted simultaneously with different energies

+ using coordinates dual to momenta:
(energy dependent worldlines)

worldlines seen by Alice

(local at emission)

-xl A Bob
Alice >
XO
rl = —efPogf
rl = —ePogf

[ = 1/k]

worldlines seen by Bob
(local at detection)

xIA
Bob >
XO
Alice
0 0 _ ..0 0
:C{B — 7;>x114 x{l—al
ry = TadTy=2,4—a

*Amelino-Camelia, Loret, Rosati, PLB 2011

*Amelino-Camelia, Barcaroli, GG, Loret, CQG 2013




Particle worldlines and relativity of locality

[ = 1/k]

worldlines of two massless particles emitted simultaneously with different energies

worldlines seen by Alice worldlines seen by Bob
(local at emission) (local at detection)_xl A
+ using coordinates dual to momenta: LA . ot
. - r
(energy dependent worldlines) X
Alice Alice
+ using ‘k-Minkowski coordinates’: xh = —ePoxh % = Tova9 =29% —a°
: : 1 5o .0 1 _ 1 _ .1 _ 1
(energy independent worldlines Ty =00 Tp Tapzy=24—0
. . Rvat
but deformed action of translations) XA
0 I\ _ 1
Xl . {X07X }=Lx x1A —e Bob 4 - Bob >
0 0 / 1 {X ,pl} = —Ip X
=z —lx
X pl {Xo,po} — O
Alice ..-" > Alice ..~" ._
X' —x' =x"-x X5 =Ta> X% =x% —a® +a'lp
X5 =Ta> X4 =xa—a

*Amelino-Camelia, Loret, Rosati, PLB 2011
*Amelino-Camelia, Barcaroli, GG, Loret, CQG 2013




Particle worldlines and relativity of locality

[ = 1/k]

worldlines of two massless particles emitted simultaneously with different energies

worldlines seen by Alice worldlines seen by Bob
(local at emission) (local at detection)_xl A
+ using coordinates dual to momenta: LA . e
(energy dependent worldlines) X
Alice Alice
+ using ‘k-Minkowski coordinates’: xh = —ePoxh % = Tova9 =29% —a°
: : 1 _po,0 T _ 1 _ .1 _ 1
(energy independent worldlines Ty = "€y Tp Tapzy=24—0
. . vl
but deformed action of translations) XA
0 I\ _ 1
Xl . {Xoyx }=4lx x1A — Bob —4 . Bob >
0_ 0 / 1 {X ,Pl} = —Ip X
. . Alice L Alice
+ measurements done locally (i.e. at spatial r >0 N
origin of each observer) do not depend T . o 0 o 1
: : UNT : X —X =X —X X =Ta>Xxa=xa—0a +ailpm
on choice of coordinates: Alice emits the ! AT AATT
particles at the same time and Bob Xp=Ta>Xa=Xa—a

detects then with a time delay

A 0 __ 0 —¢Apg 1 *Amelino-Camelia, Loret, Rosati, PLB 2011
r =a € _ *sAmelino-Camelia, Barcaroli, GG, Loret, CQG 2013




Duality between classical and quantum deformation

de Sitter phase space

HE\/X

{x'uapv} — _5#

{xlaxo} = 0

{N,2°} = =t
Wia'y = g - f@h)?
{p07p1} = 0 . |
{pOaN} — 1?16_2}151j

{pi,N} = po— Hpiz'

{P07 7)1} — le
(PoN} = Pi—HN
{731,/\/} — 7DO

the Casimir of the algebra{N, Py, P1 }

determines the dispersion relation

the Casimir of the algebra {N, 2V, ')
determines the worldline
(and is the Newton-Wigner operator)

x-Poincaré phase space

{pl/ax'u} = _55 = 1/k
{P1,Po} = 0

{N7 PO} - Pl — 24P

{N, 7)1} — 1_6% - — 57312

{2%, 21} = 0

{29 N} = zle 2o

(N} = 2% —tlalp,

XXy = &

XN} = x' =N

xX"N} = X’

the Casimir of the algebra {N, Y, xt}
determines the worldline
(and is the Newton-Wigner operator)

the Casimir of the algebra {N, po, p1}
determines the dispersion relation

Amelino-Camelia, Barcaroli, GG, Loret, CQG 2013




Duality between classical and quantum deformation

de Sitter spacetime

spacetime metric

ds2 — (dx0)2 . €2Hazo(dx1)2

de Sitter momentum space

momentum space metric

dsi = dpg — e2tpo dpy

=1/

dispersion relation

1 — e *tPo

.......................................................................................................................................................................................................................

generators of translations

Pr = p
Po = po— Hzx'ps

‘k-Minkowski coordinates’

Xlle

X" = a2’ — lx'p

*Amelino-Camelia, Barcaroli, Gubitosi, Loret, CQG 2013

+ related to the fact that in Hopf algebras noncommutativity induces curvature in the dual space,

and viceversa

*Majid ArXiv: hep-th/0604130




Duality between de Sitter spacetime and de Sitter momentum space

+ correlation between time of detection and energy, for fixed energy of emission

(de Sitter spacetime) - redshift

xgp [H™'

+ correlation between time of detection and energy, for fixed time of emission

(de Sitter momentum space) - time shift

A X@B [Z]

po " [¢71]

*Amelino-Camelia, Barcaroli, Gubitosi, Loret, CQG 2013




Deforming the Poincaré algebra of special relativity

+ Classical deformations of the Poincaré algebra

Governed by the curvature parameter A: (Anti-)de Sitter symmetries

+ Quantum deformations of the Poincaré algebra

Governed by the quantum deformation parameter x

Poincaré ¢ o (A-)dS

v

k -Poincaré




Deforming the Poincaré algebra of special relativity

+ Classical deformations of the Poincaré algebra

Governed by the curvature parameter A: (Anti-)de Sitter symmetries

+ Quantum deformations of the Poincaré algebra

Governed by the quantum deformation parameter x

Poincaré

v

x -Poincaré

¢ (A-)dS

Relevant for high-energies
& large distances

d K—(A)ds \-—j




Classical+Quantum deformation of the Poincaré algebra: « -(A)dS

+ Classical+Quantum deformations of the Poincaré algebra

n=- A

The 3+1 k-(A)dS (Poisson) algebra is generated by the r-matrix
1
K
Which produces the cocommutators via 6(X) = [X® 1 + 1 @ X, r\], X € (A)dS

5(Py) =8y =0,  &(J;) = %Jl Ay 8 = % Jy A Js,
S(P)) = %(P1 APy—nPy AT —n?Ky A Jy+ 07Ky A ),

S(Py) = %(P2 APy—nPy AL+ n°K Ay —n?Ky A JY),

S(P3) = %(P3 APy +nP AT +nPy ANy —n?K A Jy+ 02Ky AJY),
o(K,) = %(K1 APy+P,ANJ;—PsANJ, —n K5 A J)),

o(K,) = %(K2 APy—P ANJz+PsANJ —nK5 A D),

5(K5) =%(K3/\PO+P1/\JZ—P2/\11 +nK A+ 0K A D).

The r-matrix is unique if one asks that Py has trivial coproduct

Ballesteros, Herranz, Musso Naranjo, PLB 2017




Classical+Quantum deformation of the Poincaré algebra: « -(A)dS

+ Classical+Quantum deformations of the Poincaré algebra

[J a’ Jb — ach c :Ka’ P O:
[Ja’ P b: = abcP c :Ka’ P b:
[J a’ Kb = achc :Ka’ Kb —
€ = Py — P*
A+ K
Translations sector: v

=Pa
— abPO

abc

J

Cc

[PO,Pa:=O
[Pa,Pb:=O
[PO’JCI:=O

noncommutativity is induced by curvature, nonlinearity by quantum deformation

sinh2—J;)

{Proba ==’ ik 2% (2PF + (7 + 1)
1 2 21 772 o) )
{PI’P3}=5'712 1 +e x5 1+§(J1+Jz) +
1 2 217 ’72 2 )
{Pz,P3}=—EI/] J|1+e x5 1+§(J1+J2)

_P2P3
K

5
_ I onp 2 1202
453 ¢ ’ (‘]1 + J2)

n

_EPIP?’
K




Classical+Quantum deformation of the Poincaré algebra: « -(A)dS

+ Classical+Quantum deformations of the Poincaré algebra

[Ja’]b: = achc :Ka’PO: =Pa [PO’Pa: =0

[Ja’ Pb = abcPc :Ka’ Pb: — abPO [Pa’ Pb: =0

[Ja’ Kb = achc :Ka’ Kb - = abc]c [P 0 Ja: =0

€ =P, —P°
A+ K
— 2
Rotations sector: v [}7 =-A ]
{JI’J2} = i _i(flz"‘Jzz)’ {11,13} =—J {Jzaf3} =J
2nlx 2K

AR =LR1+1®J AU)=J,Qe¢+1QJ, AU)=/,Q¢e3+1®J,

Deformed rotation sector! This is a pure “A + k" effect and only present in 3+1D




Classical+Quantum effects on particle propagation

+ The interplay of curvature and quantum deformation can be seen at the level of redshift
and worldlines in the 1+1 case (3+1 case is more complicated because of the nontrivial
rotation sector)

the dispersion relation and the worldlines show explicitly the interplay, already at first
order in the deformation parameters: '
P H=1/A

Do = —P1 (1 — Hz® — tp, (% —Hx())) f = I/Kf

ot — 3t = (2 —z2°)(1 — Ipy) — %H (") = (@")7) (1 — 24py)

these features are inherited by observable properties, such as the time delay in the
travel time of photons with different energies and the energy redshift of a photon
traveling between far away observers:

Az’ = la’ Apo(1 + Ha")

14
Apg = —Hpox" (1 + 5290)

 Barcaroli, Gubitosi, PRD 2016




Speed-of-light contractions of the Poincaré algebra

+ Galilean contraction (speed/space contraction) 1/¢ = 0

Small-velocities/large time intervals
* Absolute time’: the light cone opens along t=0, spatial leaves at constant time

Galilei 4

1/c

v

Poincaré e

*Bacry, Lévy-Leblond, J. Math. Phys. 1968
*[évy-Leblond, Ann. Inst. Henry Poincaré, 1965




Speed-of-light contractions of the Poincaré algebra

+ Carroll contraction (speed/time contraction) ¢ = 0

Large space intervals
* Absolute space’: the light cone closes along t, time leaves at constant space

Galilei 4

1/c

v
Poincaré ¢

&

Caroll *Bacry, Lévy-Leblond, J. Math. Phys. 1968
*[évy-Leblond, Ann. Inst. Henry Poincaré, 1965




Speed-of-light contractions of the (A)dS algebra

+ Galilei and Carroll contractions can be performed also in the presence of curvature

A
'
Galilei 4 o Newton-Hooke
1/c
v
Poincaré ¢ ¢ (A-)dS
A
C
. ¢ (Curved Carroll

Caroll




Speed-of-light contractions of the (A)dS algebra

+ Galilei and Carroll contractions can be performed also in the presence of curvature

+ Galilei: Inoni—Wigner contraction, induced by the algebra automorphism
PPy, P,K,,J,)=(Py,— P, —K,,J,) (speed-space contraction)

. . Pa Ka
This allows us to perform the rescaling P, = — , K, = —
C C
: : 1
Ko Py = abZPO _
[Ka, Pb —_ O
K, Ky = — €pe 1/c =0 ?
Ra Bp] = = €ane 30 N K.K,| =0
1 ] —
[Pa’ Pb] = Aeabc_z‘,c [Pa, Pb- =0
C
1/c— 0
€ =P;— P> — A (J? - ’K?) > Z = P2 _ AK2

+ Newtonian spacetimes N?\“ are obtained as the coset space

N3*'=N,/H, H=1ISO@3) = (K.J)




Speed-of-light contractions of the (A)dS algebra
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+ Galilei: Inoni—Wigner contraction, induced by the algebra automorphism
PPy, P,K,,J,)=(Py,— P, —K,,J,) (speed-space contraction)
. . Pa Ka
This allows us to perform the rescaling P, = — , K, = —
C C

i i 1
_Ka’Pb_ = 0Py

¢ 1 Cp{a’ Pb: — O)
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! ] C ‘ o Kp| =
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Speed-of-light contractions of the (A)dS algebra

+ Galilei and Carroll contractions can be performed also in the presence of curvature

+ Galilei: Inoni—Wigner contraction, induced by the algebra automorphism
PPy, P,K,,J,)=(Py,— P, —K,,J,) (speed-space contraction)

. , P, K,
This allows us to perform the rescaling P, = — , K, = —
C C
: : 1
Ko Py = abZPO _
{ K. P,| =0
_Ka’ Kb_ - = eabczjc 1/(: — O > [Ka, Kb' n: 0
| 1 =
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Speed-of-light contractions of the (A)dS algebra

+ Galilei and Carroll contractions can be performed also in the presence of curvature

+ Carroll: In6nii—-Wigner contraction, induced by the algebra automorphism
JPy,P,K,J)=(—Py,P,—K,J,) (speed-time contraction)
This allows us to perform the rescaling Py = cP,, K, = cK,

K, K| =-¢,.c*. ' | =
S B b c— 0 K, K, =0
i a’P()_ :C2Pa > a’Po: =0
i a’Pb_ =A€abc‘]c a’Pb: =A€abc‘]c
| i c—>0
€=—P2—P2—A(J?- =K > € = Py* + AK?
c2 ! c?

+ Carrollian spacetimes Ci“ are obtained as the homogeneous space

C:*'=C,/H, H=IS0Q3)={K,J}
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Speed-of-light contractions of the (A)dS algebra

+ Galilei and Carroll contractions can be performed also in the presence of curvature

+ Carroll: In6nii—-Wigner contraction, induced by the algebra automorphism
JPy,P,K,J)=(—Py,P,—K,J,) (speed-time contraction)
This allows us to perform the rescaling Py = cP,, K, = cK,

K, K| =-¢,.c*. ' | =
S B b c— 0 K, K, =0
i a’P()_ :C2Pa > a’Po: =0
i a’Pb_ =A€abc‘]c a’Pb: =A€abc‘]c
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€=—P2—P2—A(J?- =K > € = Py* + AK?
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+ Carrollian spacetimes Ci“ are obtained as the homogeneous space
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Speed-of-light contractions of the (A)dS algebra

Galilean limit  (A)dS Carrollian limit
:Ja’ Jb] €abedc
:Ja,, Pb] €abe Pe
:Ja,Kb] eachc
Ja, Po) 0
:Ka,Kb] 0 —€abeJe 0
:Kaa Pb] 0 5a,bP0 6abP0
:Ka7 PO] Pa Pa, 0
:Pa, Pb] 0 Aeachc Aeachc
Py, Py] AK, AK, AK,




Speed-of-light contractions of the (A)dS algebra

Nonrelativistic boost
| Oab “

Galilean limit  (A)dS Carrollian limit
:Ja,Jb] 6a.chc
:Ja,, Pb] €abe Pe
:Ja,Kb] ea.bc-l{c
Ja, Po) 0
:Ka,Kb] ( 0 > —€abeJe
:Kaa Pb] 0 5a,bP0
:Kad PO] Pa Pa, 0
:Pa,, Pb] 0 Aeachc Aeachc
Py, Py] AK, AK, AK,




Speed-of-light contractions of the (A)dS algebra

Nonrelativistic boost

Galilean limit  (A)dS Carrollian limit
:Ja,Jb] Ea.chc
:Ja, Pb] €abe Pe
:Ja,Kb] 6a.bc-l{c
Ja, Po 0
:Ka, Kb] —€abeJe
Absolute time Ko, Py] 0 SabPo
w P, P, 0
:Pa, Pb] 0 Aeachc Aeabc']c
Py, Py] AK, AK, AK,




Speed-of-light contractions of the (A)dS algebra

Absolute time

w P, P,

Galilean limit  (A)dS Carrollian limit
:Ja,Jb] Ea.chc
:Ja, Pb] 6a.bc:ljc
:Ja,Kb] 6a.bc-l{c
Ja, Po 0
:Ka’Kb] —€abeJe
:Kaa Pb] 0 6a,bP0

Nonrelativistic boost

Absolute space

0 Aeabc Jc
AK,




Speed-of-light contractions of the (A)dS algebra

Galilean limit  (A)dS Carrollian limit
:Ja,t]b] ea.bc-]c
:Ja, Pb] 6a.bcIDc
:Ja,Kb] 6abc-[{c
Ja, Po 0

:Ka,Kb] _fachc
Absolute time Ko, Py] 0 SabPo

w P, P,

Nonrelativistic boost

Absolute space

:Pa, Pb] (: 0 > Aeachc

P,, Py v AK, AK,

Flat spatial slices even when curvature is nonzero




Speed-of-light contractions of the (A)dS algebra

Galilean limit  (A)dS Carrollian limit
:Ja,Jb] ea.chc
:Ja, Pb] 6a.bcljc
:Ja, Kb] 6a.bcl{c
Ja, Po 0

:Ka,Kb] _fachc
Absolute time Ko, Py] 0 SabPo

w P, P,

Nonrelativistic boost

Absolute space

:Pa, Pb] (:: 0 > Aeachc

P,, Py v AK, AK,

Flat spatial slices even when curvature is nonzero

+ Can we import this classical intuition into the realm of quantum symmetries?




Possible relativistic models

+ One can consider quantum deformations of each of these classical relativistic models
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Possible relativistic models

+ One can consider quantum deformations of each of these classical relativistic models

.
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Speed-of-light contraction of quantum-deformed algebras

+ The easiest way to work out the Galilean and Carrollian quantum algebras is via
contraction of the x-(A)dS algebra

+ This contraction might require a rescaling of the quantum deformation parameter, along
with the generators, in order to obtain meaningful structures, either at the level of the r-
matrix or at the level of the cocommutators

Galilei contraction (flat case):
)

C
Contraction at the level of the r-matrix r = — (Kl AP+ K, AP, + K5 A P3)
K

requires a rescaling of k, however this produces trivial cocommutators

Contraction can be performed directly at the level of the cocommutators and does
not require to rescale x

2 2
[Ka, Pb] B % g (1 - e_ZPO/K> " 6212)_K - P‘;Pb 1/c = 0 a’ Pb: = Oyp ;)K - chCPb
Ko K| = - Gzz;c Je ¥ [KaK] =0
(‘gK — ePO/K P2
The coproducts are the same as in k-Poincaré *Ballesteros, GG, Cutierrez-Sagredo, Herranz, PLB 2020

*Giller, Kosinski, Majewski, Maslanka, Kunz, PLB 1992
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Galilei contraction (flat case):
)

C
Contraction at the level of the r-matrix r = — (Kl AP+ K, AP, + K5 A P3)
K

requires a rescaling of k, however this produces trivial cocommutators
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2
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> ) T
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Speed-of-light contraction of quantum-deformed algebras

+ The easiest way to work out the Galilean and Carrollian quantum algebras is via
contraction of the x-(A)dS algebra

+ This contraction might require a rescaling of the quantum deformation parameter, along
with the generators, in order to obtain meaningful structures, either at the level of the r-
matrix or at the level of the cocommutators

Carroll contraction (flat case):

1
Contraction at the level of the r-matrix r = — (Kl AP+ K, AP, + K5 A P3) and
CK

at the level of cocommutators are equivalent and require a rescaling of the
quantum parameter Kk = cK

K P, =P c? i _

a2 0 a _Ka, PO — O

: : K Pc P P - :

Ka’ Pb — Céab T (1 . e—ZPO/K) +—| —¢ a" b C > O Ka’ Pb — 5ab_ (1 _ e—ZP()/K)
' : 2c 2K K B ] '

:Ka’ Kb - C2€abc‘]c -Ka’ Kb- =0

G = 2k* (cosh(PO/K) — 1)

The coproducts are the same as in k-Poincaré

*Ballesteros, GG, Gutierrez-Sagredo, Herranz, PLB 2020
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+ The easiest way to work out the Galilean and Carrollian quantum algebras is via
contraction of the x-(A)dS algebra

+ This contraction might require a rescaling of the quantum deformation parameter, along
with the generators, in order to obtain meaningful structures, either at the level of the r-
matrix or at the level of the cocommutators

Carroll contraction (flat case):

1
Contraction at the level of the r-matrix r = — (Kl AP+ K, AP, + K5 A P3) and
CK

at the level of cocommutators are equivalent and require a rescaling of the
quantum parameter Kk = cK

K . P,| =P c? ] i
et ’ _Ka»Po_z())

I : K P2C P P - - K
K,P|=c5,|—(1—-e2P/f) 4 —| — L2 c—>0 K,P|=65,—(1—e 2Pk
| a2 * b ab 26( ) Y ) > | Dar D] ab2< )
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The coproducts are the same as in k-Poincaré

*Ballesteros, GG, Gutierrez-Sagredo, Herranz, PLB 2020




Speed-of-light contraction of quantum-deformed algebras

+ Galilei contraction of the k-(A)dS algebra

e2ls/k _1

n=— A

= . 2 = — =
{J1, 2} = 2n7r o (Ji+J3), AN, Js}=—, {hJ3}=J,
{J1,Pi} = 101 Py, {J1, P2} = P3 — 1), Py, {J1, P} = — P,
{Jo, P} = —P3 + 112 P, {Jo, P2} = =L Lo Py, {J2, P3} = P,
{J3, P} = P, {J3, Py} = =P, {J3,P3} =0,
{J1, K1} = L1 Ko, {1, Ko} = K3 — 11 K1,  {J1,K3} = — Ko,
{J2, K1} = —K3 + LKy,  {J2, K2} = — 1)K, {J2, K3} = K1,
{J37K1} = KQ: {J33K2} = _K17 {J37K3} = 07
{Kaa PO} = Paa {P()) Pa} = 772Ka7 {P07 Ja} = 07
1 2 1
{K1, P} = o (P + Py — PY) + ’27—& (K3 + K3 — K1), {P1, K3} = — (PiPs+ 1P KKy + 1Ko Py),
1 2 1
{Ka, P} = o (P{ + P — ;) + ;7; (K + K3 - K3), {Ps, K1} = — (PPs + 0" K1 K3 — nPK3)
1 1
{K3, Ps} = o (P +nK2)* + (P, — nK1)® — P§ —n°K3], {P,Ks} = - (P2Ps + n° Ko K3 — nK 1 P3),
1 1
{P1, K2} = - (PP, + n°K1Ky — nP3K3) {P3, Ky} = p (P2Ps + n°K2K3 +nP1K3),
1
{PQ,KI} = — (P1P2 + 772K1K2 + 77P3K3) , {KaaKb} = _"7 EachcK& {Paa Pb} = _Z 6ab(:P)cF)B-

N

Casimir: ¢, = efo/® (P? +n°K?) [COSh(’I]J3/K,) +

sinh(nJ3/k)
n

_2,)726130//{ |:

The coproducts are the same as in x-(A)dS

n?
ﬁ(Jf + Jzz)e_n‘]?’/n]

1 M2 g2 —nJs/k
Ry + - (J1R1 + JoRy + 5 (JF + Jz)Rg) e

*Ballesteros, GG, Gutierrez-Sagredo, Herranz, PLB 2020




Speed-of-light contraction of quantum-deformed algebras

+ Galilei contraction of the k-(A)dS algebra

n=— A

e2ls/k _1

e E—— . 2 = — =
@2} = " 2n/n o (Ji+J3), AN, Js}=—, {hJ3}=J,
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sinh(nJ3/k)
n

_2,'726130//{ |:

The coproducts are the same as in x-(A)dS

n?
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+ Galilei contraction of the k-(A)dS algebra
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Speed-of-light contraction of quantum-deformed algebras
n=-A

+ Galilei contraction of the k-(A)dS algebra

e2ls/k _1

= . 2 = — =
{J1, 2} = 2n7r o (JT+ J5), {J1, J3} Ja, {J2, I3} = Ju,
{J1,Pi} = 101 Py, {J1, P2} = P3 — 1), Py, {J1, P} = — P,
{Jo, P} = —P3 + 112 P, {Jo, P2} = =L Lo Py, {J2, P3} = P,
{J3, P} = P, {J3, Py} = =P, {J3,P3} =0,
{1, K1} = LK, {J1, Ko} = K3 — L1 K1,  {J1,K3} = — K>,
{J2, K1} = —K3 + LKy,  {J2, K2} = — 1)K, {J2, K3} = K1,
{J37K1} = KQ: {J33K2} = _K17 {J37K3} = 07
{Kaa PO} = Paa {P07 Pa} = 772K0n {P07 Ja} = 07
1 2 1
thl} = 5. (P + P — Pf) + 727—& (K3 + K3 — K7), {P, K3} = p (PLP3 +n°K1K3 + nK2Ps3),
: 2 1
{Ks, Py} = P (P + Py —F5) + P Ki + K3 — K3), {P3, K1} = p (PPs + n°K1K3 — nP2K3),
1 1
{K3, Ps} = o (P +nK2)? + (P, —nK1)® — P§ —n°K3], {P», K3} = - (P2Ps + n° Ko K3 — nK 1 P3),
1 1
{P1, K2} = - (PP, + n°K1Ky — nP3K3) {P3, Ka} = p (P2Ps + n°K2K3 +nP1K3),
1
{Pz, KI} = E (P1P2 + 772K1K2 + 77P3K3) , {Kaa Kb} = _Z €abc K K3, {Paa Pb} = _g €abePeP3.

2

inh(n.J 1
_on2efo/x {sm (7777 3/F) Ry 4 - (J1R1 + 2R, + %(Jf + J22)R3) e_"J3/”]

The coproducts are the same as in x-(A)dS
*Ballesteros, GG, Gutierrez-Sagredo, Herranz, PLB 2020




Speed-of-light contraction of quantum-deformed algebras

+ Galilei contraction of the k-(A)dS algebra
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1
{PQ,KI} = — (P1P2 + 772K1K2 + 77P3K3) , {KaaKb} = _"7 EachcK& {Paa Pb} = _Z 6ab(:P)cF)B-

N

Casimir: ¢, = efo/® (P? +n°K?) [COSh(’I]J3/K,) +

sinh(nJ3/k)
n

_2,)726130//{ |:

The coproducts are the same as in x-(A)dS

n?
ﬁ(Jf + Jzz)e_n‘]?’/n]

1 M2 g2 —nJs/k
Ry + - (J1R1 + JoRy + 5 (JF + Jz)Rg) e

*Ballesteros, GG, Gutierrez-Sagredo, Herranz, PLB 2020




Speed-of-light contraction of quantum-deformed algebras
n=-A

+ Galilei contraction of the k-(A)dS algebra
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1
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N

2

sinh(nJ3/k)
n

1
—ontelu/x { Rs + — (J1R1 + JoRy + %(Jf + J22)R3) e_"J3/”]
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Speed-of-light contraction of quantum-deformed algebras

+ Carroll contraction of the x-(A)dS algebra [7/] = — Az]
{Ja, Jb} = €abcdey {Ja, Pb} = €gbeles {Jaa Kb} = €gpc Ko,
{Ka) PO} — 07 {Ka) Kb} - 07 {P07 Ja} — 07
{P07 Pa} = 772Ka7 {Paa Pb} = _772€abc']ca

1_e—2P0/K ,,,’2 772
K, B} =94, K?| -~ K,K,.
{ a b} b( 2//{ +2K, < af)p

Casimir: C,. = 2k (cosh(Py/k) — 1) — n2efo/F K2,

Coproducts: AP)=P®1+1Q P, Ay =J,®1+1R Jg,
2
A(Pa) - Pa®1+e—P0/n®Pa_ 7”;Eabc[{b®‘]ca

A(Ka) =K,®1+ e_PO/R X Ka,
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Speed-of-light contraction of quantum-deformed algebras

+ Carroll contraction of the x-(A)dS algebra

C (a1} = eUb_JD Ua P} =ancPer (o Ko} = canekies

{?(a,POJ’ =Y, {KaaKb} :07 {P07Ja} =07
{P07 Pa} — 772Ka7 {Pa7 Pb} = _77260,60']07

. —2P0/K

1—e 7 o) 0
K, P} =4, K| - —K, K.

Casimir: C,. = 2k (cosh(Py/k) — 1) — n2efo/F K2,

Coproducts: AP)=P®1+1Q P, Ay =J,®1+1R Jg,
2
A(Pa) - Pa®1+e—PO/K®Pa,_ 7726(1,()6-[{()®‘]67

A(Ka) =K,®1+ e—PO/K X Km

n=-A%
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Possible relativistic models

(curved) k-Galilei k-(A)dS (curved) k-Carroll
:Ja: Jb]
Ja, Pyl anisotropy ~ % anisotropy ~ % isotropy
o K \ \ \
Ja, Po] 0
Ka, Kb O(2) —€abede + O(¥2) 0
Ka, Py O(¥A L SubPo+0(2, 1) bR +0O(2, 1
Ko, Po) P, P, 0
:Pa, Pb] O(\/TX) Afachc = O(%) Aeachc
P,, Py AK, AK, AK,

The “A + k” effects are milder in the Carroll models
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Possible relativistic models

(curved) k-Galilei

k-(A)dS

(curved) k-Carroll

Carroll contraction

Ja; Jo] restores isotropy
Ja, Pb) anisotropy ~ % anisotropy ~ % isotropy
e \
Non-commuting . py] 0
boosts
Ka, Kb —€abede + O(X2) 0

No

: Ko, Py] SavPo+O0(2, 1) suPy+0O(2, 2
absolute time | — .. Absolute space
N iy P r
Pa, Py] O(¥2) Aéapede + O(Y2) '
:Pa’ PO] AKa. AKa

The “A + k” effects are milder in the Carroll models




Thanks!




