
ΕΘΝΙΚΟ ΜΕΤΣΟΒΙΟ ΠΟΛΥΤΕΧΝΕΙΟ
ΣΧΟΛΗ ΕΦΑΡΜΟΣΜΕΝΩΝ ΜΑΘΗΜΑΤΙΚΩΝ
ΚΑΙ ΦΥΣΙΚΩΝ ΕΠΙΣΤΗΜΩΝ
ΤΟΜΕΑΣ ΦΥΣΙΚΗΣ
ΗΡΩΩΝ ΠΟΛΥΤΕΧΝΕΙΟΥ 9 - ΖΩΓΡΑΦΟΥ
157 80 ΑΘΗΝΑ
ΤΗΛ. 210 772 3009, 772 3032 - FAX: 210 772 3025

NATIONAL TECHNICAL UNIVERSITY
OF ATHENS

SCHOOL OF APPLIED SCIENCES
DEPARTMENT OF PHYSICS

ZOGRAFOU CAMPUS
157 80 ATHENS - GREECE

TEL. +30210 772 3009, 772 3032 - FAX: +30210 772 3025

Final Exam ‐ General Theory of Relativity
June 2023 – K. N. Anagnostopoulos

Problem 1
Consider the Schwarzschild metric in the r > 2M region, and the coordinate transformation

(t, r, θ, ϕ) → (t, ξ, θ, ϕ), so that

r − 2M =
ξ2

8M
, ξ > 0 . (1)

The Metric
Show that in the (t, ξ, θ, ϕ) coordinate system

ds2 = − κ2ξ2

κ2ξ2 + 1
dt2 + (κ2ξ2 + 1)dξ2 +

1

4κ2
(κ2ξ2 + 1)2(dθ2 + sin2 θ dϕ2) , (2)

where
κ =

1

4M
. (3)

Tangent Space
Consider the coordinate basis

{∂µ} = {∂0, ∂1, ∂2, ∂3} = {∂t, ∂ξ, ∂θ, ∂ϕ} . (4)

Determine the type (spacelike, timelike or null) of the coordinate basis vectors.
Compute the orthocanonical basis

{êµ} = {ê0, ê1, ê2, ê3} = {êt, êξ, êθ, êϕ} . (5)

Compute a null vector, and write it as a linear combination of the coordinate basis elements
{∂µ}.

Killing Vector Fields (KVF)
Show that the vector fields ∂t and ∂ϕ are KVF of the metric (2).
A massive particle is falling freely following a trajectory (t(τ), ξ(τ), θ(τ), ϕ(τ)). Write down the

equations that give the respective conserved quantities during the particle’s motion.
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Curvature
The components of the Riemann tensor in the {∂µ} basis are:

R1010 = − 4κ4ξ2

(κ2ξ2 + 1)3
(6)

R2020 =
κ2ξ2

2(κ2ξ2 + 1)2
(7)

R2121 = −1

2
(8)

R3030 =
κ2ξ2 sin2 θ
2(κ2ξ2 + 1)2

(9)

R3131 = −1

2
sin2 θ (10)

R3232 =
(κ2ξ2 + 1) sin2 θ

4κ2
. (11)

Compute the components of Rµ̂ν̂ρ̂λ̂ in the {êµ} basis.

Free fall, fixed ξ

An observer is falling freely, following a trajectory with fixed ξ = ξ0.
Compute the angular velocity Ω = dϕ

dt .
How much time elapses according to the observer (her proper time) during one revolution?
The geodesic equations are:

ẗ+
2

κ2ξ3 + ξ
ṫξ̇ = 0 (12)

ξ̈ − 1

2
ξ

[
θ̇2 − 2κ2

(κ2ξ2 + 1)3

(
ṫ2 + (κ2ξ2 + 1)2ξ̇2

)
+ sin2 θ ϕ̇2

]
= 0 (13)

θ̈ +
4κ2ξ

κ2ξ2 + 1
θ̇ξ̇ − cos θ sin θ ϕ̇2 = 0 (14)

ϕ̈+ 2 cot θ θ̇ϕ̇+
4κ2ξ

κ2ξ2 + 1
ξ̇ϕ̇ = 0 . (15)

where

ṫ =
dt

dτ
, ξ̇ =

dξ

dτ
, . . . (16)

Problem 2
Consider the electromagnetic (EM) field, whose Lagrangian density is given by

L = −1

4
FµνF

µν , (17)

where
Fµν = ∇µAν −∇νAµ = ∂µAν − ∂νAµ . (18)

The following questions should be answered for the case of a Minkowski (flat) metric. You may
use equations which are valid for a more general, curved spacetime.

Energy‐Momentum Tensor
Show that the energy-momentum tensor of the EM field can be written in the form:

Tµν = FµρFν
ρ − 1

4
gµνFσρF

σρ (19)
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Given that

Ei = −F0i (20)

Bk =
1

2
ϵkijF

ij , (21)

compute the Tµν components in terms of the Ei, Bi.
Compute the Lagrangian density (17) in terms of the Ei, Bi.
You may use the relations:

ϵkijϵklm = δilδjm − δimδjl (22)
δg = −g gµνδg

µν . (23)

Energy‐Momentum Conservation
Show that when the equations of motion for (17) (Maxwell’s equations) are satified, then

∂µT
µν = 0 . (24)

Problem 3
Consider the covariant derivative ∇µ of the Levi-Civita connection compatible with the metric

gµν .
You may consider the following equations to be given:

∇µV
ν = ∂µV

ν + Γν
µλV

λ (25)
[∇µ,∇ν ]V

ρ = Rρ
λµνV

λ (26)
Rρ

λµν = ∂µΓ
ρ
νλ − ∂νΓ

ρ
µλ + Γρ

µσΓ
σ
νλ − Γρ

νσΓ
σ
µλ . (27)

Connections
The vectors Wµ, Uµ are parallel transported along a curve, whose tangent vector is V µ. Show

that the inner products WµWµ, UµUµ, WµUµ, remain constant along the curve.
Show that, if ωµ is a one-form field, then

∇µων = ∂µων − Γλ
µνωλ . (28)

Curvature
Show that

[∇µ,∇ν ]ωρ = −Rλ
ρµνωλ (29)

[∇µ,∇ν ]F
σ
ρ = Rσ

λµνF
λ
ρ −Rλ

ρµνF
σ
λ . (30)

Symmetries of the Riemann Tensor
Show that

Rµ
[νρσ] = 0 . (31)
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