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Problow 1

Problem 1

Consider the Schwarzschild metric in the » > 2M region, and the coordinate transformation
(t.r. 8, ¢) = (t,£.0, ), so that

&-2
e IR — =
r— 2M TR £> 0. (1)
The Metric '0
Show that in the (¢, £. 6, ¢) coordinate system
ds? = —iﬁ'?‘z + (k2€2 +1)d€? + i[h-zgz + 1)*(d#” + sin® # d”) (2)
’ k2241 = T gt | gt
where .
R = m . {3]
Tangent Space 5
(Consider the coordinate basis
{0, ={h. 01, b, 03} = {h,0:, 00,05} . (4)

Determine the type (spacelike, timelike or null) of the coordinate basis vectors.
Compute the orthocanonical basis

- - - - - - fad - - =
{é.} = {é0,81,62,83} = {&:.6¢. 80,64} . (5)
Cc:mpute a null vector, and write it as a linear combination of the coordinate basis elements

{0,.}.

Killing Vector Fields (KVF) 5

Show that the vector fields ¢, and d; are KVF of the metric @

A massive particle is falling freely following a trajectory (t(7).&(7).0(7).¢(7)). Write down the
equations that give the respective conserved quantities during the particle’s motion.

Curvature

| 5

The components of the Riemann tensor in the {J,} basis are:

drte?
Ripo = — (K2€Z + 1)
Hapzo = Eth__;i 1)2
Hay0y = _%
Rapzo = g o

2(Kk2E2 4+ 1)2
1
Ry = gl sin® ¢

(k262 +1) sin” #
452 :

Raoge =

Compute the components of R, .; in the {¢,} basis.

Free fall, fixed ¢

An observer is falling freely. following a trajectory with fixed £ = &;.

Compute the angular velocity 2 = 5=

25

b
df *

(6)

(7)

(8)

(9)

(10)

(11)

How much time Elapses accordmg to the observer (her proper time) during one revolution?
The geadesic equations are:

where

3 2 20
f+ ——1t=0
k23 4+ ¢ ¢
Lelen - Ehe (52 + (K262 + 1}252) +sin? 8¢ | = 0
2 (k262 4+1)3 \ ' '
. 4k2¢ ;. :
§+ —— 6 — cosfsinf¢® =0
k262 +1 ¢ '
" . -1.r~.'_2£ -
¢+ 2cotBllp+ ———Edb =1,
' T Rzee 1 T

(12)

(13)

(14)

(15)

(16)
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Problem 2

Consider the electromagnetic (EM) field, whose Lagrangian density is given by

1
£= -3 FuF", (17)

where
.E'.“f_r - ?“_11;; - ?f_r _"'.1“ . f']“_"'.lg_r - I::]g_r _".1“ . {18)

The following questions should be answered for the case of a Minkowski (flat) metric. You may
use equations which are valid for a more general. curved spacetime.

Energy-Momentum Tensor

Show that the energy-momentum tensor of the EM field can be written in the form:

P e 1 i
I;:rr - -E'g:p-l!:'rrp - I_’fh:zrf'n:r,rrf' L X {19)

Given that

By = —Foi (20)
1 .
.U.;; — 5:’;‘-!'_]:1:‘?"-" . {21}
compute the T, components in terms of the F;, B,. :,'
Compute the Lagrangian density in terms of the E;, B;. S
You may use the relations:
EhijClim = fiz'ifij:lu = 5;!'Ji-|'§ji [22]
69 = —g guig"” . (23)

Energy-Momentum Conservation

Show that when the equations of motion for { (Maxwell’s Equatiﬂnsj are satified. then

8T =0. 20 (26)
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Problem 3

Consider the covariant derivative ¥V, of the Levi-Civita connection compatible with the metric

Gy
You may consider the following equations to be given:

V. VY = g VY 4T,V (25)
Iv“, v”] L__.'I[_l = I_‘J{JA“”L_:'.-:\ [EEF]
-Hlp}urrr = '-;}grl-.ﬂrr)-. - '-;jrrl.-pgrz"-. T l-pgrnl-nr:z'\ - l.-pr:nl-.ngrz"-. . {-2?}

Connections

The vectors W*#, U* are parallel transported along a curve, whose tangent vector is V#. Show
that the inner products W+*W,, U*U,, W#U,, remain constant along the curve. S
Show that, if w), is a one-form field, then

Vw, = 8w, — T w;. 5 (28)
Curvature
Show that
Vo, Vo i, = —H*"‘wr,ui g (29)
LTI D S T L P - [ ) q (30)
Symmetries of the Riemann Tensor
Show that
R¥(poy = 0. | § (31)
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