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This work is largely motivated by

The goal is to understand symmetries and their consequences in
celestial holography.



Motivation: why celestial holography ?

It

| will focus on the 4D massless case. [figure adapted from Strominger '17]

Celestial holography

4D S-matrix = 2D CFT correlator




Motivation: why celestial holography ?

It

| will focus on the 4D massless case. [figure adapted from Strominger '17]

Celestial holography

4D S-matrix = 2D CFT correlator

@ A new paradigm for flat holography beyond AdS/CFT
@ A new program of reformulating scattering amplitude
@ New insights into classical GR and quantum gravity



Motivation: why symmetries in celestial holography?

Symmetry is one of the most important guiding principles in physics!
The whole story of celestial holography is about symmetry.
It was motivated from and began with symmetries ....
soft theorems <+ BMS asymptotic symmetries

momentum space amplitude <> manifest translational symmetry

celestial amplitude <+ manifest Lorentz symmetry

...but symmetries are still not fully understood!



Outline

@ Introduction & Toolkit
© Holographic chiral algebra: soft-soft OPE

© Ward identity: soft-hard OPE

@ EFT correction
% General formulae for OPE and Ward identitiy

© Outlook



Celestial Amplitude

Celestial sphere variables:
pt = ewqt, gt = (1+22, z+2z, —i(z—2), 1—22) )
@ Mellin transformation gives celestial amplitude

An(Ji, ') = An(Ji, pt) Zp

n oo g ATl Aj=hj+h;
lnf—l Jo~ dwj “j Ji=hj—h;= 2D spin = 4D helicity

Ma(Ai, Jj, 21, 2i) = (OR, 4 (z1,21) - OF (20, Zn))cFT

only focus on out-going ¢ = +1...




Celestial Amplitude

Celestial sphere variables:
pt = ewqt, gt = (1+22, z+2z, —i(z—2), 1—22) )
@ Mellin transformation gives celestial amplitude

An(Ji, ') = An(Ji, pt) Zp

A—1 A.=h:+h;
n oo . j i i N
lnf—l fo dwj “j Ji=h;—hj= 2D spin = 4D helicity
- £ =
Man(Bi, Ji, 21, 2;) = (O, 4 (21,21) - OF (20, Zn))cFT
only focus on out-going ¢ = +1...

@ Soft theorem — Ward identity
@ Collinear factorization — OPE

@ One can also introduce fermionic coordinates ~~ celestial superamplitudes



Celestial operators: soft v.s. hard

On.

Here A € 1+ iR to form a basis, but can be analytically continue

e Soft operator: O y with k = |J|,|J| —1,--- ~» symmetry
% Soft current:

Rk(z,2) = Jlim (A = k)On 4(2,2)
_)

@ Hard operator: the rest




Celestial operators: soft v.s. hard

On.

Here A € 1+ iR to form a basis, but can be analytically continue

e Soft operator: O y with k = |J|,|J| —1,--- ~» symmetry
% Soft current:

Rk(z,2) = Jlim (A = k)On 4(2,2)
_)

@ Hard operator: the rest

v

e Caveat: 0312 and O3z 3 are actually hard, but useful to discuss
2772
together with soft operators

@ Ambiguities arise when scattering soft particles of mixed helicities
~~ only consider positive helicity soft particles with J > 0



Mode decomposition of soft current

@ The soft currents admit decomposition into chiral currents

Rk’J(Zv Z) = —J

—J—k pk,J —J—k—1 pk,J k,J
= z kRu(z)—i-zJ k 1Rk,J+2(z)—|—-~+Rﬂ(z)
2

2 2

Chiral currents Ri?(z) transform in the (J + 1 — k)-dim representation

of SL(2,R).



Mode decomposition of soft current

@ The soft currents admit decomposition into chiral currents

Rk’J(Zv z) = k—J
—-J—k pk,J = k,J k,J
= zI7FRY (2) + 2 TFIRE ki (2) oo+ RI(2)
2
Chiral currents Ri?(z) transform in the (J + 1 — k)-dim representation
of SL(2,R).
@ It is convenient to rescale the chiral currents:
i — (j—1—n)l(i =1+ n)IRIT221J

k
n=1—i2—i--i—1 i= JT+1_1,7,

N W



Light transformation of soft operator

R = (i—1—n)l(i =1+ n)IRI2=2]

Physically, this can be understood as light transformation:
LO)z, @) = [ d2 (%~ 27720, 5(2.2)

Plugging mode expansion gives

eL[Okse)(z, W) = L[R")(z, W)

J—k
2
— E R,I:7J(Z)\/d2 (V—V _ 2)k+€7_]7227n+7j7§76
n:k;J



Light transformation of soft operator

RIJ—(I—].—I’)) (I_1+n)|RJ+2 2i,J

Physically, this can be understood as light transformation:
LO)z, @) = [ d2 (%~ 27720, 5(2.2)

Plugging mode expansion gives

eL[Okse)(z, W) = L[R")(z, W)

=
farst

As a result,

)2, i—1 R',;J
L[O52-2i,4](z. 2) Z 5y

n:l i




Summing over SL(2,R) descendants

@ General OPE takes the form:

Onp,up(22, 22)

_ - Op
Oasn (21, 21)0A2,J2(227 ) ~ C(9102 A +B,—Ap Jt)—Ip t+--

(z122712) 2 (z12/712)" 2

where Op, j, is primary, dots are descendants.



Summing over SL(2,R) descendants

@ General OPE takes the form:

Onp,sp(22, 22)

_ - O
OA1,J1 (21721)OA2,J2(22722) ~ C(91P(92 A 1A, Ap ~
(z12Z12) 7 2 (212/Z12)" 2

where Op, j, is primary, dots are descendants.

@ Want to sum over all SL(2,R) descendants ~» SL(2,IR) OPE block

| 43.05,(2) (04,020, 5,(2)

b2
B /21 dz3 OEP(Z3)

shi+ho+hp—1_ho—hy—hp+1 -hi—hy—hp+1
212 232 413

Jitd—Jp +



Summing over all SL(2,R) descendants

OPE with all SL(2,R) descendants

“N—M
- - Op 2412
Onyu (21, zl)OAz,Jz (22, 22) ~ N(91P(92 SN+M A
12

1
/ dt Opp p(22, 20 + tzip) AT MINZL(1 _ p)Bemlo=MEN-L
0

y

where
M:Al—l-Ag—Ap N:J1+J2—JP
2 ’ 2 ’
cor
op 0,0
NO:E%_ 10,

B(Al—Jl—M—i-N, A2—J2—M+N) '



Celestial OPE

@ In GR, the OPE between two graviton operators:

- - Z12 -
Ony+2(21,21)0n, 12(22, 2) ~ =~ B(A1=1, 80-1)Ons 14, 42(22, 2)

@ More generally, the minimal universal gravitational coupling gives

_ _ z _
Oy, (21, 21)Opy 42(22, 22) ~ _TEB(AI — A+ 1,8, = 1)Onp, 45,4 (22, 22)



Celestial OPE

@ In GR, the OPE between two graviton operators:

- - Z12 -
Ony+2(21,21)0n, 12(22, 2) ~ =~ B(A1=1, 80-1)Ons 14, 42(22, 2)

@ More generally, the minimal universal gravitational coupling gives

_ _ z _
Oy, (21, 21)Opy 42(22, 22) ~ _TEB(AI — A+ 1,8, = 1)Onp, 45,4 (22, 22)

@ Supergravity — super-OPE

- - Z12 - 1o, 1o,
Way (21, 21, m)Wa, (22, 22, 12) ~ == Warsa, (22, 22, 1me? ™ H1pe™2) B(A1—1, Ar—1)
where the celestial on-shell sueprfield /super-operator is

WA(ZaZT)) = OA,+2(Z)Z) + UOA,JF%(Z)Z)



Holographic chiral algebra: soft-soft OPE

@ Let’s start with OPE between graviton and matter

_ _ Z; _
Ony,n (21, 21)On, 12(22, 22) ~ —Z%B(Al =i+ 1,80 = 1)On, 10,5 (22, 22)



Holographic chiral algebra: soft-soft OPE

@ Let’s start with OPE between graviton and matter

Opy, (21, 21)Ony 42(22, 22) ~ _%B(Al —h+1,0: —1)Op, 40,4 (22, 22)

o Applying the SL(2,R) descendant summation formula leads to

Opy,4(21,21)On, 12(22, 22) ~ —— / dt Opy40,,4 (22, 22+ t212) t Al_Jl(l — t.‘)Az_2



Holographic chiral algebra: soft-soft OPE

@ Let’s start with OPE between graviton and matter

Ony,n (21, 21)On, 12(22, 22) ~ —%B(Al =i+ 1,80 = 1)On, 10,5 (22, 22)

o Applying the SL(2,R) descendant summation formula leads to
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@ Taking both operators soft ~~ OPE between two soft currents

Ay —wk=hh—-1,---, Ny —1=2,1,---



Holographic chiral algebra: soft-soft OPE

@ Let's start with OPE between graviton and matter

Opy, (21, 21)Ony 42(22, 22) ~ _%B(Al —h+1,0: —1)Op, 40,4 (22, 22)

o Applying the SL(2,R) descendant summation formula leads to

Ony,n(21,21)Ony 42(22, 22) ~ ——— / dt Op, 40,0 (22, 22+ t212) 5 71— 1) 2272
@ Taking both operators soft ~~ OPE between two soft currents
Ay —wk=hh—-1,---, Ny —1=2,1,---

@ Picking up specific chiral component in each soft current
~» OPE between two chiral currents

; ; 2 . : i
R (2R (22) ~ — = (mli = 1) = nlj = 1)) R (22)




Holographic chiral algebra in supersymmetric EYM theory

The same procedure gives all the chiral OPEs in super-EYM theory:

graviton —  Hi(z)Hp(0) ~ %(m (i—1)—n(— 1)) Hi2(0)
gravitino —  Z,(z)H,(0) ~ %(m (i—=1)=n( - 1)) 20
gluion —  Ki°(2)H,(0) ~ %(m (i—=1)—n( - 1))K;++Jm2 (
gluino —  L£i(2)HL(0) ~ ( i—1)—n(— 1)) £H-22(0) |
. . abc
KRE0) ~ i),
. b fabc 1
Ka(2)Ln°(0)  ~ ﬂztfm “(0) ,

(2K (0) ~ —%(m(i—l)—n(j—l))ﬁﬁ’m“(o)7
IT,LI,LL ~ 0.

Since this algebra is generated by infinite chiral currents, | will call it
holographic chiral algebra (HCA).



Holographic chiral algebra

Hi (2 (0) ~ —= (m(i — 1) — n(j — 1)) Hi722(0)

Using the formula

(A, B)(2) = 75 M Aw)B(2)

27

one gets the commutator

[P, #p] = —2(m(i = 1) = n(j = 1)) 1377

o 1} is a central term: [HJ, Hi] = 0.

3 5
e The soft gravitons up to sub-sub-leading order, H?, H2, H2,
generate the whole tower of chiral currents #;, and thus also the HCA.



Questions?

What is the implication of the co-dim symmetries?

Especially, what are the corresponding Ward identities?



Soft-hard OPE

@ As before, we start with OPE between graviton and matter

_ _ z _
Ony,+2(21,21)Ony 5 (22, 22) ~ —Z%B(& = 1,80 — b+ 1)0n, 405, (22, 22)

@ then sum over all SL(2,R) descendants

- 1

— — V4 _ — _ _
Ony,+2(21,21)Ony, 5 (22, 22) ~ *712 dt On 1,0, (22, 22+ tZi2) t4 72 (1— )22
12 Jo



Soft-hard OPE

@ As before, we start with OPE between graviton and matter

Op, +2(21,21)Ony, (22, 22) ~ *quB(A1 — 1,00 — b+ 1)0n, 405,05 (22, 22) ,

@ then sum over all SL(2,R) descendants

- 1
z -— —_— — —

Op,,+2(21,21)On,, 5, (22, 22) ~ *Zfi dt Opn,40,,5(22, 22+ t212) 81 2(1*1?)A2 %2

0

@ Taking Op, +2 soft, while keeping Oa, 4, hard
Ay —=1=2,1---

~> OPE between soft current and hard operator

HI(Z1751)OA2 »(22, 22)

72 (212 s (=D (A - b+ 1)
7 E T Oat1:45 (22, 22) (—s+1-NDIT(As—h+1+s)’



Ward identities from soft-hard OPE

H/(21721)0A2 »(22, 22)

212 (212) 950 (71)7S+17/ F(A2 — b+ 1)
E Do+ (22, 22)
pore (=s+1-N'T(A2—h+1+5)

The main claim is:

oo Graviton Ward identities [Jiang '21]

<HI( Z, )OAl J1(Zlazl) OAme(Zm,Zm))

m 1—-/ ,_ T
_ (z— 2zt (—1)~=! F(2h, +1)
a ZZ z—z sl (=s+1—=DIT(2h +1+5)

=0
x0;(Opy, (21, 21) - Ongti, s (22, 22) -+ Oy, (2 Zm))




Ward identities up to sub-sub-leading order

@ leading order /| = 1:
(H'(2,2)O0n,,4(21,21) - Oy s (Zmy Zm))

m —_ -
Z — Zk _ - -
= - a— (Onyn(z,21) - Ony1.0 (26, 2) -+ - On s (2, Zm))
k=1

@ sub-leading order / = 0:
(H*(2,2)O0n,,4 (21, 21) - Onpy s (2ms Zm))

mo- N2 T _
> Eo2 LT 2 5.)(0m (2120 Oy (2 )
@ sub-sub-leading order / = —1:

<H71(Z Z)On,, 11(21721) ++= Onp.tp (2Zm, Zm))

— 2hi(2h — 1 4hd =2
Z (Z Zk |: k( k S ) kUk +ak:|
z— 2z (Z— 2k) Z— Z

(OAl,Jl(Zh z1) - Onp—1,5(2i,2Zc) - - O, i (Zm, Zm))



Graviton Ward identities

Graviton Ward identities [Jiang '21]
(H'(2,2)0p,, 1 (21,21) - O g (2 Zm))

_ Z”':lz’(z—zk)s+1 (~1)=s~ T2k +1)

P fpeard Kk SN (=s+1-NIT(hx+1+5)

x5 (Opy 1 (21,21) - Onp1(2ks 2k) - - Oy s (Zms Zm)

@ Since we include all SL(2,R) descendants, the Z dependence is
supposed to be exact.

@ The z dependence is a set of simple poles in the OPE limit z — z
~» meromorphic fcn with only simple poles is determined by the poles
and residues.



Graviton Ward identities

Graviton Ward identities [Jiang '21]

(H!(2,2)O0p, 4 (21,21) - Onpyo s (2Zims Zm))

B Z”':lz’(z—zk)s+1 (-1)=>~" T2~ +1)
e z—z sl (=s+1-D)IT(2hk + 1 +5)

x5 (Opy 1 (21,21) - Onp1(2ks 2k) - - Oy s (Zms Zm)

@ Since we include all SL(2,R) descendants, the Z dependence is
supposed to be exact.

@ The z dependence is a set of simple poles in the OPE limit z — z
~» meromorphic fcn with only simple poles is determined by the poles
and residues.

@ Only the first few Ward identities up to sub-sub-leading orders are
independent, as H', H°, H~1 generate the rest of tower of soft currents.



Graviton Ward identities

Graviton Ward identities [Jiang '21]

(H'(2,2)0p, 1 (21,21) - Onry s (2my Zm))
_ i i Z-z) ()= reR+1)
= iz sl(=s+1— DT (2~ + I + )

x5 (Opy 1 (21,21) - Onp1(2ks 2k) - - Oy s (Zms Zm)

@ Since we include all SL(2,R) descendants, the Z dependence is
supposed to be exact.

@ The z dependence is a set of simple poles in the OPE limit z — z
~» meromorphic fcn with only simple poles is determined by the poles
and residues.

@ Only the first few Ward identities up to sub-sub-leading orders are
independent, as H', H°, H~1 generate the rest of tower of soft currents.
@ Equivalent to the infinite (conformally) soft theorems studied before?



Graviton chiral Ward identities

The mode expansion of soft current is compatible with Ward identity:
comparing coefficient of z" ~~ chiral Ward identities

Graviton chiral Ward identities [Jiang '21]

(Hi(2)Ony 5 (21,21) - Ony s (Zmy Zm))
_ Xm: (=1)t il (i +n— 1) (r—n+i—1)(2h +1)
)

r FRhx +r—n—i+2)

Zk .
k=1 r=max(0,n—i+2

xZp OOy, 4 (21, 21) - - Ong—ita s (26, ) - - Onp i (Zmy Zm))




Shadow Ward identities

Shadow transformation in 2D CFT:

Oun1m(w,w) = / d’z (z = w)?'2(z = w)*" 720, 5(2. 2)

Shadow graviton Ward identities

—
=
N

N—r
a

g

&

—

N

N

N

o OAngm(znh 2m)>

(1 'w " L (s + 1) (2R + 1)
- (3—/)!2% F(2h + I +5)

X (W — Zk)I(VT/ — 2k)/+s—2

X 0x(Opay,n(21,21) - Optt, (26, Zk) - Op, g (Zmy Zm))

v



Shadow graviton Ward identities

@ leading order | = 1:

(HY(w, W)On, (21, 21) -+ Oy sy (2, Zm)

m
T W — Zj _ — —
= ) W— 2 (Ony,n(z1,21) - Ong+1,4+4 (2, 2k) = - Ony s (Zmy Zm))
k=1

@ sub-leading order / = 0:

3N
<;H0(Wv w)Ony, (21, 21) -+ Ongy, i (Zms Zm))

= [ b O }<(9A17J1(zl721)...OAme(Zm’Zm))

— (W —2)?  w— 2
~> stress tensor Ward identity
° sub—sub—lezisjing order | = —1:
(H=Y(w, w)Oa, 5, (z1,21) - - Onpoi (Zmy Zm))
_ i 1 [2hk(2hk —1) 4hy Ok N 302 ]

W—z)  (W—z)?  Ww—Zz

w — Z
k=1 k

x(Ony,u(21,21) - On—1,5(2k, 2) O gy (Zm, Zm))



Question?

How robust are the Ward identities?

Let us first derive some general results!



General spinning OPE

@ In the collinear limit, p1//p2, P = p1 + p2, amplitudes factorize

1

An(151’252’ .. ) M) ZA3(151 + 2527 _Pss)P2

S3

An_l(P*537 .. )

Split(114-22—P~*3)



General spinning OPE

@ In the collinear limit, p1//p2, P = p1 + p2, amplitudes factorize

1

An(151’252’ .. ) M) ZA3(151 + 2527 _’Dss)P2

S3

An_l(P*537 .. )

Split(114-22—P~*3)
@ Three-point on-shell amplitude is fixed by locality and symmetry!

1

Split(1% 4+ 2% — P~%) =

As(1%,2%, —P)

X <12;-[12] [12]51+S2—S3 [1 P]51+S3—52 [2P]52+53—51
[12]51+S2+53—1
X —(\/;)514-53—52(@)52-&-53—51
(12)

where s1 + s, +s3 > 0 and p; = xP, pp = (1 — x)P.



General spinning OPE

@ In terms of celestial variables,
251+52+53*1 1 1
Split(1% +2% — P™%) o 12 @l pntssl,, e
71 1 2 P

@ Mellin transformation gives the general OPE:

Ony,u (Zla Zl)oAsz (227 Z2)

=h+h+S3—1
z1+2+3

~ Chhy2——B(A1+ b+ B — 1,8+ S+ 3 —1)O0n;,—s5(22, 22)
Z1

WhereA3:A1+A2+J1+J2+J3—2.

e Including all the SL(2,R) descendants:

o s \Yh+h+z+s—1
OAth (ZI’ EI)OAZ’JZ (227 22) N ChhJy Z (212)

z s!
12 =0

X0 Opng—1(22,22) B(A1+ 5+ b+ —1, 00+ h + 3 —1)




General Ward identities in CCFT

General formula for Ward identities [Jiang '21]

(R"(2,2)0n,.4(21,21) - Onrpy s (2, Zm))

1—I—J—Jd ,_ /e
_ & (_1)u(u1+...+uk_1)c , Z “ (z —Zk)J+Jk+Jk+ 1
e, e
k=1 s=0
(e MAx+J+J—1)

sl1—=1—s—J—INT(Axk+J+I+2J,+1+s—2)

X0 (Ony, (21, 21) - Ony it st s—2,- 5 (2 26) -+ Oy, 3 (2ms Zm))

where v; = 0,1 for bosonic and fermionc operators, respectively.

@ Applicable to massless theories controlled by cubic interactions,
including fermionic fields.

o Shadow Ward identities for R and Chiral Ward identities for RE
can be similarly derived in a straightforward way.



Now we can apply the general results to discuss the
EFT corrections to graviton Ward identities...



EFT correction to soft graviton theorem

ps—0

Apy1 == (5(0) +sM 4+ 5(2))An + 0(p?)

o SO leading soft factor: exact

o S() sub-leading soft factor: no EFT correction, but has 1-loop
quantum correction

o S sub-sub-leading soft factor: EFT correction



EFT correction to soft graviton theorem

ps—0

Apy1 == (5(0) +sM 4+ 5(2))An + 0(p?)

o SO leading soft factor: exact

o S() sub-leading soft factor: no EFT correction, but has 1-loop
quantum correction

o S sub-sub-leading soft factor: EFT correction

Anr 222 (5O 4 50 1 5@) 4, 1 504, + 6(p2)

$S@4, =N g [Sk]3,ft(k)



EFT correction to soft graviton theorem

Consider cubic vertex of three particles with helicities s1, 55, s3.

B=si—s—s3+1
For soft graviton s; = +2: local unitary EFT ~» 8 < 4
/8 = 37 X? 17
/]\
correction to soft factor
minimal gravitational coupling

For soft photon 3 < 2. As a result, the total helicity s; + s + s3 can
not vanish in theories involving graviton, gravitino, or photon

is forbidden in OPE

>

212712



EFT correction to graviton Ward identities
B=1: ORupo R*P7 . Rupe FF FP7 . RFP74) 7,05 X

=3
On,,+2(21,21)Ony, 5 (22, 22) ~ %EB(A1 + 1,80 — S+ 3)On, 48,42, —2(22, 22)

The resulting Ward identity is
(Hl(z, Z)OALJl(Zlv 21) T OAme(va Zm))

L oy BT )T (At )
N z—zk sW(—I—s—1)IT(Axk—J+1+5s+4)

k=1 s=0

xOf (Ony,n(z1,21) - On 142, —2(2k, Zk) - - Oy, sm (Zmy Zm))

Non-trivial correction starts at sub-sub-leading order / = —1:

(H_l(z7 Z)OA11J1 (21, 21) T OAvam(zmv Zm))

mo- -3
Z — Z — — —

= %(OALA (z1,21) - Onp+1,5—2(2k Z6) - On gyt (2, Zm))
k=1



Outlook

Based on [Guevara, Himwich, Pate, Strominger '21], we propose a
procedure to study Ward identities associated with holographic
chiral symmetries in celestial holography:

celestial OPE — _ —» HCA + Ward identities

We also derive a general formula for OPE arising from cubic
interaction of three spinning massless particles:

triple (J1, )2, J3) — celestial OPE

Negative helicity soft particles?
Quantum corrections?

Higher dims?

Multiple soft theorems?



Thank you!
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