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• From Geometrizing the Cosmos to Micro-Cosmos

• Geometrizing the Cosmos: . . . , Pythagoras (5c BC)

• Geocentric versus Heliocentric System

Geocentric: Anaximander (6c BC), . . . , Plato (4c BC),
Aristotle (3c BC), Ptolemy (2c AD), . . . Tycho (16c AD)

Heliocentric: Aristarchus (3c BC), Seleucus (2c BC), . . . ,
Copernicus (15c AD), Kepler (16c AD), Galileo (16c AD), . . .

• Absolute versus Relative/Local Inertial Frame in Gravitation

Absolute: Newton (17c AD), . . .

Relative: Einstein (20c AD), . . .

• Geometrizing the Micro-Cosmos as a solution to frame problems in
Quantum Field Theory and Quantum Gravity
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– On the importance of Geometry

NONE IGNORANT OF GEOMETRY 

SHOULD ENTER THIS PLACE

from Plato

CORFU 2021 Geometrizing the Micro-Cosmos on a Supermanifold A Pilaftsis



– Einstein versus Jordan Frame

Action in Einstein Frame: SEF[gµν, ϕ] =
∫
x

[
− 1

2M
2
PR + 1

2(∂µϕ)
2 − V (ϕ)

]

Action in Jordan Frame: SJF[g̃µν, ϕ̃] =
∫
x

[
− 1

2f(ϕ̃)R̃ + 1
2(∂µϕ̃)

2− Ṽ (ϕ̃)
]

Frame equivalence =⇒ SJF[g̃µν, ϕ̃] = SEF[gµν, ϕ] [R. H. Dicke ’62]

S
JF

S
EF

Γ
JF, div
1−loop Γ

EF, div
1−loop

“Quantization”

field parametrization

field parametrization

Field reparametrization

Field reparametrization

ΓJF
1−loop[g̃µν, ϕ̃] 6= ΓEF

1−loop[gµν, ϕ]: Effective action is frame dependent,

except at extrema of the action.
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• Grand Covariance in Quantum Gravity [G. Vilkovisky ’84, B. De Witt, ’84;

K. Finn, S. Karamitsos, AP, ’20]

S =

∫
d4x
√−g

[
− f(ϕ)

2
R +

1

2
kAB(ϕ) g

µν(∇µϕ
A)(∇νϕ

B) − V (ϕ)

]
,

S = S
[
gµν,ϕ; f(ϕ), k(ϕ), V (ϕ)

]
: classical action

f(ϕ), kAB(ϕ), V (ϕ): model functions

Grand or Frame Covariance:

(i) Spacetime diffeomorphisms

xµ → x̃µ = x̃µ(xν), with ds2 = gµν dx
µdxν = g̃µν dx̃

µdx̃ν

(ii) Field reparametrizations

gµν → g̃µν = g̃µν(gκλ,ϕ) = Ω2(ϕ) gµν

ϕA → ϕ̃A = ϕ̃A(gµν,ϕ) = ϕ̃A(ϕ)
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• Grand Covariance in Quantum Gravity [G. Vilkovisky ’84, B. De Witt, ’84;

K. Finn, S. Karamitsos, AP, ’20]

S =

∫
d4x
√−g

[
− f(ϕ)

2
R +

1

2
kAB(ϕ) g

µν(∇µϕ
A)(∇νϕ

B) − V (ϕ)

]
,

S = S
[
gµν,ϕ; f(ϕ), k(ϕ), V (ϕ)

]
: classical action

f(ϕ), kAB(ϕ), V (ϕ): model functions

Grand or Frame Covariance:

(i) Spacetime diffeomorphisms

xµ → x̃µ = x̃µ(xν), with
✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

ds2 = gµν dx
µdxν = g̃µν dx̃

µdx̃ν︸ ︷︷ ︸
Not invariant under (ii)

(ii) Field reparametrizations

gµν → g̃µν = g̃µν(gκλ,ϕ) = Ω2(ϕ) gµν

ϕA → ϕ̃A = ϕ̃A(gµν,ϕ) = ϕ̃A(ϕ)
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– Introduce new model function ℓ(ϕ) to restore (i)

ds2 = ḡµν dx
µdxν , with ḡµν ≡

gµν

ℓ2(ϕ)

– Transformation of model functions

ℓ̃(ϕ) = Ω ℓ(ϕ) ,

f̃(ϕ) = Ω−2 f(ϕ) ,

k̃ÃB̃(ϕ) =
[
kAB − 6f(lnΩ),A(lnΩ),B + 3f,A(lnΩ),B + 3(lnΩ),Af,B

]
∂AϕÃ ∂BϕB̃ ,

Ṽ (ϕ) = Ω−4 V (ϕ) .

– Frame invariance of the classical action S:

S[g̃µν, ϕ̃; ℓ̃(ϕ), f̃(ϕ), k̃(ϕ), Ṽ (ϕ)] = S[gµν,ϕ; ℓ(ϕ), f(ϕ), k(ϕ), V (ϕ)] ∗

Models related by a frame transformation define an equivalence class

————————————
∗ ℓ(ϕ) can be reparametrized to ℓ = 1 at the tree level, by choosing Ω = 1/ℓ.
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– Coordinates of the Grand Configuration Space

Φi ≡ ΦI(xI) =

(
gµν(x)
φA(xA)

)
, with i = {I , xI} , I = {µν , A} , xI = {x , xA} .

– The Grand Configuration Space Metric

Gij ≡
ḡµν
D

δ̄2S

δ̄(∂µΦi)δ̄(∂νΦj)
= ℓ2

(
fPµνρσ −3

4f,B gµν
−3

4f,A gρσ kAB

)
δ̄(D)(xI−xJ),

where δ̄(D)(xI − xJ) ≡ δ(D)(xI − xJ)/
√−ḡ is frame invariant, and

Pµνρσ ≡ G(µν)(ρσ) =
1

2

(
gµρ gσν + gµσ gρν − α gµν gρσ

)

is the gravitational field-space metric.

Condition on the inverse metric G(µν)(ρσ):

G(µν)(ρσ) = gαµgβνgκρgλσG(αβ) (κλ) =⇒ α = 0 or 1.
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– Quantum Effective Action

exp

(
i

~
Γ[ϕ]

)
=

∫
[Dφ] exp

{
i

~

[
S[φ] +

δΓ[ϕ]

δϕa
(ϕa − φa)

]}
.
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– Quantum Effective Action

exp

(
i

~
Γ[ϕ]

)
=

∫
✟
✟
✟
✟✟❍

❍
❍
❍❍

[Dφ] exp
{
i

~

[
S[φ] +

δΓ[ϕ]

δϕa ✘✘✘✘✘✘✘✘✘❳❳❳❳❳❳❳❳❳
(ϕa − φa)

]}
.

Not invariant under frame transformations
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– Quantum Effective Action

exp

(
i

~
Γ[ϕ]

)
=

∫
✟
✟
✟
✟✟❍

❍
❍
❍❍

[Dφ] exp
{
i

~

[
S[φ] +

δΓ[ϕ]

δϕa ✘✘✘✘✘✘✘✘✘❳❳❳❳❳❳❳❳❳
(ϕa − φa)

]}
.

Not invariant under frame transformations.

– VDW Quantum Effective Action

exp

(
i

~
Γ[ϕ]

)
=

∫ [
DΦ

]
M[Φ] exp

{
i

~

[
S[Φ]+

δ̄Γ[ϕ]

δ̄ϕi
Σi[ϕ,Φ]

]}
,

with ϕ = (gµν, φ),

[
DΦ

]
= exp

[∑

I

∫
dDx

√
−ḡ(x) lnDΦI(x)

]
, M[Φ] = VFP

√
det (Gij) ,

and VFP is the Faddeev–Popov determinant [for SU(N), see Rebhan ’87].
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– One- and Two-Loop VDW Effective Actions

Γ(1)[ϕ] = − i
2
ln det

(
∇a∇bS

)
,

Γ(2)[ϕ] = +

=
1

8
∆ab∆cd∇(a∇b∇c∇d)S

− 1

12
∆ab∆cd∆ef

(
∇(a∇c∇e)S

)(
∇(b∇d∇f)S

)
,

with ∆ab =
(
∇a∇bS

)−1
.

– Grand Covariance of the VDW Effective Action

Γ[ϕ; ℓ(φ), f(φ), kAB(φ), V (φ) ] = Γ[ϕ̃(ϕ); ℓ̃(φ), f̃(φ), k̃AB(φ), Ṽ (φ) ]

with ϕ = (gµν, φ).
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• The Fermion problem: Living on a Supermanifold?

Bryce De Witt ‘84The Effective Action
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• The Fermion problem: Living on a Supermanifold?

Bryce De Witt ‘84The Effective Action

=⇒ No known metric for theories with fermions: gXY (φ) ψ
Xiγµ∂µψ

Y
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(continued)

The Effective Action Bryce De Witt ’84
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(continued)

The Effective Action Bryce De Witt ’84

But, are we really living on a Supermanifold?
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• Living on a Supermanifold [K. Finn, S. Karamitsos, AP, EPJC81 (2021) 572]

– Fermions as Coordinates in the Field-Space Supermanifold

Φ ≡ {Φα} =
(
φA , ψ1

a , ψ1
ȧ , ψ2

a , ψ2
ȧ , . . .

)T
,

where φA are scalars and ψX
a are Dirac (or Weyl) fermions.

– Frame-covariant Lagrangian of a scalar theory with fermions

L =
1

2
gµν∂µΦ

α
αkβ(Φ) ∂νΦ

β

︸ ︷︷ ︸
: scalars

+
i

2
ζµα(Φ) ∂µΦ

α

︸ ︷︷ ︸
: fermions

− U(Φ).

Model functions:

αkβ(Φ) : rank-2 tensor of the would-be bosonic metric (with αkX = 0)

ζµα(Φ) : mixed spacetime and field-space vector

U(Φ) : a scalar describing the potential and Yukawa sector
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– Extracting the model functions αkβ and ζµα

αkβ =
gµν
4

−→
∂

∂(∂µΦα)
L

←−
∂

∂(∂νΦβ)
, ζµα =

2

i

(
L − 1

2
gµν∂µΦ

α
αkβ ∂νΦ

β

) ←−
∂

∂(∂µΦα)

– Free theory as an example

L =
∑

A∈Nscalars

1

2
gµν∂µφ

A∂νφ
A − 1

2
m2

A(φ
A)2

+
∑

X∈M fermions

i

2

(
ψXγµ∂µψ

X − ∂µψXγµψX
)
−mXψ

X
ψX .

Model functions:

αkβ =

(
δAB 0N×8M

08M×N 08M×8M

)
,

ζµα =
(
0N , ψ

1
ȧγ

µ
ȧa, γ

µ
ȧaψ

1
a, ψ

2
ḃ
γµ
ḃb
, γµ

ḃb
ψ2
b , . . .

)
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– Deriving the Grand Metric

Define the rank-1 field-superspace tensor,

ζα(Φ) =
δνµ
4

δζµα(Φ)

δγν
=

1

4

δζνα(Φ)

δγν
,

to derive the rank-2 anti-supersymmetric tensor (in analogy to Fµν in QED)

αλβ(Φ) =

−→
∂

∂Φα
ζβ(Φ) − (−1)α+β+αβ

−→
∂

∂Φβ
ζα(Φ) , with λsT = −λ.

Introduce the non-singular rank-2 tensor:

αΛβ ≡ αkβ + αλβ
free theory−→ αNβ ≡




1N 0 0 0 0 · · ·
0 0 14 0 0 · · ·
0 14 0 0 0 · · ·
0 0 0 0 14 · · ·
0 0 0 14 0 · · ·
... ... ... ... ... . . .



.
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– Properties of the Grand Field-Space Metric αGβ(Φ)

The Grand Metric αGβ(Φ) should:

1. Be uniquely determined from the action.

2. Transform as a proper rank-2 field-space tensor.

3. Be supersymmetric and non-singular to produce a non-zero line element.

4. Be ultralocal, i.e. it should not depend on ∂µΦ.

5. Have the local form on each point of the field-space Supermanifold

aHb ≡




1N 0 0 0 0 · · ·
0 0 14 0 0 · · ·
0 −14 0 0 0 · · ·
0 0 0 0 14 · · ·
0 0 0 −14 0 · · ·
... ... ... ... ... . . .



.
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– The Grand Field-Space Metric

Determine first the field-space vielbeins αe
a(Φ) from

αΛβ(Φ) = αe
a(Φ) aNb

besTβ (Φ) ,

and use these to obtain the Grand Field-Space Metric:

αGβ(Φ) = αe
a(Φ) aHb

besTβ (Φ)

– The Christoffell Symbols

αΓβγ =
1

2
αGδ

[
δGβ
←−
∂ γ + (−1)βγ δGγ

←−
∂β − (−1)β−→∂ δ βGγ

]

– The Riemann Tensor

αRβγδ = − αΓβγ
←−
∂ δ + (−1)γδ αΓβδ

←−
∂ γ + (−1)γ(β+ǫ) αΓǫγ

ǫΓβδ

− (−1)δ(ǫ+β+γ) αΓǫδ
ǫΓβγ
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• Grand Covariant Effective Action with Fermions

[K. Finn, S. Karamitsos, AP, EPJC81 (2021) 572]

exp(iΓ[Φ]) =

∫
[DΦq]

√
|sdetG| exp

(
iS[Φq]− i

∫
d4x
√−g Γ[Φ]

←−
∂

∂Φα
Σα[Φ,Φq]

)

– One- and Two-Loop Grand Covariant Effective Actions

Γ(1)[Φ] = − i

2
ln sdet

(−→∇α̂ S
←−∇β̂

)
, ←− [e.g. see talk by A Dedes on SMEFT]

Γ(2)[Φ] = +

=
1

8
S
←−∇{α̂
←−∇β̂

←−∇γ̂
←−∇δ̂}

δ̂γ̂∆ β̂α̂∆

−(−1)γ̂β̂+ǫ̂(δ̂+β̂) 1

12

(
S
←−∇ {̂ǫ
←−∇γ̂
←−∇α̂}

)
α̂∆β̂ γ̂∆δ̂ ǫ̂∆ζ̂

(−→∇ {̂ζ

−→∇δ̂

−→∇β̂}S
)
.

α̂β̂∆ =
(−→∇α̂
−→∇β̂ S

)−1
, α̂∆β̂ =

(−→∇α̂ S
←−∇β̂

)−1
: rank-2 frame-covariant props.
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– Single Fermion Model

L =
1

2
k(φ) ∂µφ∂

µφ +
i

2
g(φ)

(
ψγµ∂µψ − ∂µψ γµψ

)

− 1

2
h(φ)ψγµψ ∂µφ − Y (φ)ψψ − V (φ)

Supermanifold: Φα =
(
φ, ψ, ψ̄

)
, with grand field-space metric

αGβ =




k − g′2 + h2

2g ψψ −1
2(g

′ − ih)ψ 1
2(g

′ + ih)ψ

1
2(g

′ − ih)ψ 04 g14

−1
2(g

′ + ih)ψ −g14 04




But, αRβγδ = 0 =⇒ field-space is flat
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– Frame-reparametrization to a Cartesian Frame, Φ̃α =
(
φ̃, ψ̃, ψ̃

)T
:

φ → φ̃ =

∫ φ

0

√
k(φ) dφ , ψ → ψ̃ =

√
g(φ) exp

( i
2

∫ φ

0

h(φ)

g(φ)
dφ

)
ψ

Lagrangian in the Cartesian Frame:

L =
1

2
∂µφ̃ ∂

µφ̃ +
i

2

(
ψ̃γµ∂µψ̃ − ∂µψ̃ γµψ̃

)
− Ỹ (φ̃) ψ̃ψ̃ − Ṽ (φ̃) ,

with Ỹ (φ̃) = g(φ)Y (φ) and Ṽ (φ̃) = V (φ).

– Grand Effective Action up to one-loop level

Γ[Φ] = S[Φ] − i

2
Tr ln

{
�+ Ṽ ′′(φ̃) + ψ̃

[
2 Ỹ ′ 2(φ̃)

(
/∂ + Ỹ

)−1

− Ỹ ′′(φ̃)

]
ψ̃

}

− iTr ln
(
/∂ + Ỹ (φ̃)

)
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– Model with Multiple Fermions

The most general frame-invariant Lagrangian (up to quadratic kinetic terms)

L =
1

2
gµνkAB(Φ) ∂µφ

A ∂νφ
B +

i

2
gXY (Φ)

(
ψXγµ∂µψ

Y − ∂µψ
X
γµψY

)

− 1

2
hAXY (Φ)ψXγµψY ∂µφ

A +
i

2
jWXY Z(Φ)ψWγµψX

(
ψY ∂µψ

Z − ∂µψY ψZ
)

−YXY (Φ)ψXψY − V (φ) .

New kinetic model functions: hAXY (Φ), jWXY Z(Φ), with jWXY Y = 0.

Grand field-space metric (single scalar and jWXY Z = 0):

αGβ =




k − 1
2 ψ

(
g′ − ih

)
g−1

(
g′ + ih

)
ψ −1

2 ψ
(
g′ − ih

)
1
2 ψ

T
(
g′ + ih

)

1
2

(
g′ − ih

)
ψ

T
0 g 14

−1
2

(
g′ + ih

)
ψ −g 14 0


 ,

with ψ = {ψX}, g = {gXY } = gT and h = {hXY } = hT.

αRβγδ 6= 0 =⇒ field super-space has a non-zero curvature.
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• Conclusions

• Re-formulation of the Grand Covariant Effective Action for Scalar–
Tensor Theories, with a complete set of model functions

• New model function ℓ = ℓ(Φ) determines the uniqueness of the
VDW path-integral measure, with ds2 = gµν/ℓ

2 dxµdxν.

• Rigorous Algorithms for calculating the field-space metric from the
Classical Action S for both bosons and fermions

• Extension of the VDW formalism on Supermanifolds to describe
realistic theories that include fermions, such as the SM.

• Derivation of the Grand Covariant Effective Action for Theories
with Fermions
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Yes, we may well live on a Supermanifold

DΣ2 = dΦα̂
α̂Gβ̂(Φ) dΦβ̂

[K. Finn, S. Karamitsos, AP, EPJC81 (2021) 572]
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Back-Up Slides
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• Field-Space Riemann Tensor R(µν)
(αβ)(ρσ)(γδ) for General Relativity

[K. Finn, S. Karamitsos, AP, PRD102 (2020) 045014]

R
(µν)

(αβ)(ρσ)(γδ) = −
1

32
δ
µ
ρ δ

ν
βgσγgαδ −

1

32
δ
µ
σδ

ν
βgργgαδ −

1

32
δ
µ
β
δ
ν
σgργgαδ −

1

32
δ
µ
β
δ
ν
ρgσγgαδ

−
1

32
δ
µ
ρ δ

ν
βgσδgαγ −

1

32
δ
µ
σδ

ν
βgρδgαγ −

1

32
δ
µ
β
δ
ν
σgρδgαγ −

1

32
δ
µ
β
δ
ν
ρgσδgαγ

−
1

32
δ
µ
αδ

ν
ρgσγgβδ −

1

32
δ
µ
αδ

ν
σgργgβδ −

1

32
δ
µ
ρ δ

ν
αgσγgβδ −

1

32
δ
µ
σδ

ν
αgργgβδ

−
1

32
δ
µ
αδ

ν
ρgσδgβγ −

1

32
δ
µ
αδ

ν
σgρδgβγ −

1

32
δ
µ
ρ δ

ν
αgσδgβγ −

1

32
δ
µ
σδ

ν
αgρδgβγ

+
1

32
δ
µ
γδ

ν
βgρδgσα +

1

32
δ
µ
δ
δ
ν
βgργgσα +

1

32
δ
µ
β
δ
ν
δ gργgσα +

1

32
δ
µ
β
δ
ν
γgρδgσα

+
1

32
δ
µ
γδ

ν
βgραgσδ +

1

32
δ
µ
δ
δ
ν
βgραgσγ +

1

32
δ
µ
β
δ
ν
δ gραgσγ +

1

32
δ
µ
β
δ
ν
γgραgσδ

+
1

32
δ
µ
αδ

ν
γgρδgσβ +

1

32
δ
µ
αδ

ν
δ gργgσβ +

1

32
δ
µ
γδ

ν
αgρδgσβ +

1

32
δ
µ
δ
δ
ν
αgργgσβ

+
1

32
δ
µ
αδ

ν
γgρβgσδ +

1

32
δ
µ
αδ

ν
δ gρβgσγ +

1

32
δ
µ
γδ

ν
αgρβgσδ +

1

32
δ
µ
δ
δ
ν
αgρβgσγ

+
1

4D
gργg

µν
gσβgαδ +

1

4D
gρδg

µν
gσβgαγ +

1

4D
gραg

µν
gσγgβδ +

1

4D
gραg

µν
gσδgβγ

+
1

4D
gργg

µν
gσαgβδ +

1

4D
gρδg

µν
gσαgβγ +

1

4D
gρβg

µν
gσδgαγ +

1

4D
gρβg

µν
gσγgαδ

−
1

4D
g
µν

gρβgσγgαδ −
1

4D
g
µν

gρβgσδgαγ −
1

4D
g
µν

gργgσαgβδ −
1

4D
g
µν

gρδgσαgβγ

−
1

4D
g
µν

gραgσγgβδ −
1

4D
g
µν

gραgσδgβγ −
1

4D
g
µν

gρδgσβgαγ −
1

4D
g
µν

gργgσβgαδ
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– Field-Space Ricci Tensor R(µν)(ρσ)

R(µν)(ρσ) =
1

4
gµνgρσ −

D

8
gµρgνσ −

D

8
gµσgνρ

– Field-Space Ricci Scalar R

R =
D

4
− D

2

8
− D

3

8
< 0 ,

for spacetime dimensions D > 1.

=⇒ Gravity has a curved field space, with negative scalar curvature.
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