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Variants	of	the	usual	Peccei-Quinn	axion	theory	for	the	solution	of	the	strong	CP	
problem	allow	to	generate	more	general	axion-like	terms	in	an	effective	
Lagrangean	beyond	the	Standard	Model	(with	a	string	completion).	

One	of	these	extensions	involves	Stuckelberg	axions	and	(gauged)	anomalous	
abelian	symmetries.	

Similar	interactions	are	generated	by	other	methods,	
for	instance	by	a	decoupling	of	chiral	fermions	

from	the	low	energy	spectrum	in	an	anomaly-free	theory.	



First realizations of these models involve 
a field-theory version of the Green-Schwarz mechanism of 

anomaly cancelation (2005). 

A similar action can be generated  by the decoupling of a fermion 
from a high scale. 

The fact that this mechanism is "generic" shows that anomaly actions, 
which are not unique, may well serve the purpose of describing 

the relevant physics at a certain, specific, scale. 

We will try to present first a very simple introduction to 
Stueckelberg fields, and then moving to more 

complex models  
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A"periodic"poten,al"is"generated"at"the"QCD"hadron"transi,on"

The"breaking"of"the"PQ"symmetry""
takes"place"at"a"large"scale"f_a,"but""
The"wiggling"of"the"PQ"poten,al""
Occurs"much"later,"at"the"QCD"phase""
transi,on"""

Clear analogy with the Peccei 
Quinn mechanism

1. tilting of the potential, as we are going to show, in our case may occur at 
different stages (sequential misalignments) 

2. mass and coupling of the axion to gauge fields are UNRELATED

but with 2 
important 
differences
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Compared to a Peccei-Quinn axion, the new axion is gauged



For a PQ axion  a:    m = C/fa,   while the   aFF interaction is 

also suppressed by    :    a/fa  FF   with   fa = 10^9 GeV

 

In the case of these models, the mass of the axion and 

its  gauge interactions are unrelated 



the mass is generated by the combination of the Higgs and 

the Stuckelberg mechanisms combined 

The interaction is controlled by the Stuckelberg mass (M1)



                                              
The axion shares the properties of a CP odd scalar 
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Introduction 

















at this stage nothing special. We are just describing
a model in which the scalar CP odd sector has been 
extended with a real pseudoscalar that contributes to 

SSB thanks to its mixing with the ordinary Higgs















Stueckelberg forms
from effective string int.



The	Standard	Model	with	1	extra	anomalous U(1)	and	an	axion
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Figure 1: Anomalous contributions to the Lagrangian and WZ counterterms

briefly comment on the list of the charge assignments of the single extra U(1) model, which is given

in Table (1).

Specifically, qBL , q
B
Q denote the charges of the left-handed lepton doublet (L) and of the quark

doublet (Q), while qBur
, qBdr , q

B
eR are the charges of the right-handed SU(2) singlets (quarks and leptons).

We denote with ∆qB = qBu − qBd the difference between the two charges of the up and down Higgses

(qBu , q
B
d ) respectively. The trilinear anomalous gauge interactions induced by the anomalous U(1) and

the relative counterterms, which are all parts of the 1-loop effective action, are illustrated in Fig. 1.

The numerical values of the counterterms appearing on the second line of Fig. 1 are fixed by the

conditions of gauge invariance of the Lagrangian and are summarized by the following relations

CBY Y = −
1

6
qBQ +

4

3
qBuR

+
1

3
qBdR −

1

2
qBL + qBeR ,

CY BB = −(qBQ)
2 + 2(qBur

)2 − (qBdR)
2 + (qBL )

2 − (qBeR)
2,

CBBB = −6(qBQ)
3 + 3(qBuR

)3 + 3(qBdR)
3 − 2(qBL )

3 + (qBeR)
3,

CBgg =
1

2
(−2qBQ + qBdR + qBuR

),

CBWW =
1

2
(−qBL − 3qBQ). (7)

They are, respectively, the counterterms for the cancellation of the mixed anomaly U(1)BU(1)2Y and

U(1)Y U(1)2B ; the counterterm for the BBB anomaly vertex or U(1)3B anomaly, and those of the

U(1)BSU(3)2 and U(1)BSU(2)2 anomalies. They are defined in the appendix. From the Yukawa

couplings we get the following constraints on the U(1)B charges

qBQ − qBd − qBdR = 0 qBQ + qBu − qBuR
= 0 qBL − qBd − qBeR = 0. (8)

In Tab. (1) we also show the expressions of the free U(1)B charges appearing on each generation, having

7

f Q uR dR L eR

qB qBQ qBuR
qBdR qBL qBeR

f SU(3)C SU(2)L U(1)Y U(1)B

Q 3 2 1/6 qBQ

uR 3 1 2/3 qBQ + qBu

dR 3 1 −1/3 qBQ − qBd

L 1 2 −1/2 qBL

eR 1 1 −1 qBL − qBd

Hu 1 2 1/2 qBu

Hd 1 2 1/2 qBd

Table 1: Charges of the fermion and of the scalar fields

3 The electroweak potential for massless fields

As in previous works [15], in the construction of the effective action we follow a bottom-up approach

with general charge assignments parameterized just by the set of free charges of U(1)B . These are

shown in Fig. 1, together with the fundamental gauge structure of the Standard Model. The scalar

sector of the anomalous abelian models that we are interested in is characterized by a rather standard

electroweak potential involving, in the simplest formulation, two Higgs doublets VPQ(Hu,Hd) plus

one extra contribution, denoted as V/P /Q(Hu,Hd, b) or V ′, [17] which mixes the Higgs sector with the

Stückelberg axion b, needed for the restoration of the gauge invariance of the effective Lagrangian

V = VPQ(Hu,Hd) + V/P /Q(Hu,Hd, b). (10)

The appearance of the physical axion in the spectrum of the model takes place after that the phase-

dependent terms, here assumed to be of non-perturbative origin and generated at the electroweak

phase transition, find their way in the dynamics of the model and induce a curvature on the scalar

potential. The mixing induced in the CP-odd sector determines the presence of a linear combination

of the Stückelberg field b and of the Goldstones of the CP-odd sector, called χ, which is characterized

by an almost flat direction. To better illustrate this point, we begin our analysis by turning to the

ordinary potential of 2 Higgs doublets,

VPQ = µ2
uH

†
uHu + µ2

dH
†
dHd + λuu(H

†
uHu)

2 + λdd(H
†
dHd)

2 − 2λud(H
†
uHu)(H

†
dHd) + 2λ′ud|H

T
u τ2Hd|2

(11)

9

set limits on their parameter space.
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A Appendix. The model, definitions and conventions

We summarize in this section some results concerning the model with a single anomalous U(1) discussed

in the main sections.

The effective action has the structure given by

S = S0 + SY uk + San + SWZ + SCS (55)

where S0 is the classical action. It contains the usual gauge degrees of freedom of the Standard Model

plus the extra anomalous gauge boson B which is already massive, before electroweak symmetry

breaking, via a Stückelberg mass term, reviewed in Sec. 2. Its complete expression is given in [17].

Here we briefly describe the structure of the anomalous contributions and of the induced counterterms

for the restoration of gauge invariance in the 1-loop effective action.

In Eq. (55) the anomalous contributions coming from the 1-loop triangle diagrams involving abelian

and non-abelian gauge interactions are summarized by the expression

San =
1

2!
⟨TBWWBWW ⟩+

1

2!
⟨TBGGBGG⟩+

1

3!
⟨TBBBBBB⟩

+
1

2!
⟨TBY Y BY Y ⟩+

1

2!
⟨TY BBY BB⟩, (56)

where the symbols ⟨⟩ denote integration. For instance, the contributions in configuration space are

given explicitly by

⟨TBWWBWW ⟩ ≡
∫

dx dy dzT λµν,ij
BWW (z, x, y)Bλ(z)W µ

i (x)W
ν
j (y) (57)

and so on, where TBWW denotes the anomalous triangle diagram with one B field and twoW ’s external

gauge lines. The gluons are denoted by G. The Wess-Zumino (WZ) counterterms are given by

SWZ = CBB⟨b FB ∧ FB⟩+ CY Y ⟨b FY ∧ FY ⟩+CY B⟨b FY ∧ FB⟩

+F ⟨b Tr[FW ∧ FW ]⟩+D⟨b Tr[FG ∧ FG]⟩, (58)

while the gauge dependent Chern-Simons (CS) abelian and non abelian counterterms [40] needed to

cancel the mixed anomalies involving a B line with any other gauge interaction of the SM take the

24



Gauge kinetic 
Stuckeberg mass terms 
Chern Simons abelian interactions

Generic
extension

Stuckelberg axions

Abelian CS	terms



Higgs sector

Typical mass	terms for	the	gauge bosons are	generated both from	
the	Higgs and	the	Stuckleberg contributions



There will be	bilinear mixings in	the	broken (electroweak)	phase

We can	extract the	NG	modes by	a	rotation,	identifying 1	single	physical axion

The	scalar	potential has an	ordinary 2-Higgs	doublet part	and	an	extra	contribution



set limits on their parameter space.
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Axionic contributions

form

SCS = +d1⟨BY ∧ FY ⟩+ d2⟨Y B ∧ FB⟩

+c1⟨ϵµνρσBµC
SU(2)
νρσ ⟩+ c2⟨ϵµνρσBµC

SU(3)
νρσ ⟩. (59)

The non-abelian CS forms given by

CSU(2)
µνρ =

1

6

[

W i
µ

(

FW
i, νρ +

1

3
g2 ε

ijkW j
νW

k
ρ

)

+ cyclic

]

, (60)

CSU(3)
µνρ =

1

6

[

Ga
µ

(

FG
a, νρ +

1

3
g3 f

abcGb
νG

c
ρ

)

+ cyclic

]

. (61)

• The structure of gχγγ

The coefficients in front of the WZ counterterms are determined by requiring gauge invariance of the

effective action. We outline the case of gχγγ and its relation to the fundamental parameters/scales of

the theory. Among these are the Stückelberg mass M , the hypercharge and weak couplings gY and

g2 and the charges of the fermion running inside the anomaly loops. These fix the coefficient of the

anomalies CBY Y and CBWW (for the U(1)B U(1)2Y and SU(2)2 U(1)B anomalies) and the rotation

matrices of the neutral gauge bosons OA and of the CP-odd sector Oχ, defined in Eq. (16). This is

defined as in Eq. (20) in terms of the counterterms

F =
gB
M

ig22
an
2
CBWW , (62)

with

CBWW = −
1

8

∑

f

qBfL, (63)

with an = − i
2π2 being the AV V anomaly, and

CY Y =
gB
M

ig 2
Y
an
2
CBY Y , (64)

which is defined by the charges

CBY Y =
1

8

∑

f

[

qBfR(q
Y
fR)

2 − qBfL(q
Y
fL)

2
]

. (65)

Explicit expressions for CBY Y and CBWW are given in Eq. (9).

• Fermion interactions

The covariant derivatives are defined as

Dµ = ∂µ + igsT
aGa

µ + ig2τ
aW a

µ +
i

2
gY q

Y Yµ +
i

2
gBq

BBµ, (66)

25

form

SCS = +d1⟨BY ∧ FY ⟩+ d2⟨Y B ∧ FB⟩

+c1⟨ϵµνρσBµC
SU(2)
νρσ ⟩+ c2⟨ϵµνρσBµC

SU(3)
νρσ ⟩. (59)

The non-abelian CS forms given by

CSU(2)
µνρ =

1

6

[

W i
µ

(

FW
i, νρ +

1

3
g2 ε

ijkW j
νW

k
ρ

)

+ cyclic

]

, (60)

CSU(3)
µνρ =

1

6

[

Ga
µ

(

FG
a, νρ +

1

3
g3 f

abcGb
νG

c
ρ

)

+ cyclic

]

. (61)

• The structure of gχγγ

The coefficients in front of the WZ counterterms are determined by requiring gauge invariance of the

effective action. We outline the case of gχγγ and its relation to the fundamental parameters/scales of

the theory. Among these are the Stückelberg mass M , the hypercharge and weak couplings gY and

g2 and the charges of the fermion running inside the anomaly loops. These fix the coefficient of the

anomalies CBY Y and CBWW (for the U(1)B U(1)2Y and SU(2)2 U(1)B anomalies) and the rotation

matrices of the neutral gauge bosons OA and of the CP-odd sector Oχ, defined in Eq. (16). This is

defined as in Eq. (20) in terms of the counterterms

F =
gB
M

ig22
an
2
CBWW , (62)

with

CBWW = −
1

8

∑

f

qBfL, (63)

with an = − i
2π2 being the AV V anomaly, and

CY Y =
gB
M

ig 2
Y
an
2
CBY Y , (64)

which is defined by the charges

CBY Y =
1

8

∑

f

[

qBfR(q
Y
fR)

2 − qBfL(q
Y
fL)

2
]

. (65)

Explicit expressions for CBY Y and CBWW are given in Eq. (9).

• Fermion interactions

The covariant derivatives are defined as

Dµ = ∂µ + igsT
aGa

µ + ig2τ
aW a

µ +
i

2
gY q

Y Yµ +
i

2
gBq

BBµ, (66)

25

Abelian/non-abelian Chern Simons terms

With	a	single	anomalous U(1)	these terms care	not essential.



SM x U(1)'

suppressed by the 
Stueckelberg scale M



it is possible to describe the physical axion 
by looking at the phases of the periodic potential



we have a phase that sets the periodicity 
of the potential

one can check
that  chi is 

gauge invariant

combine such gauge transformations 



+

( a ) ( b )

Figure 2: Contributions to the χ→ γγ decay.

the contribution from the Wess-Zumino interactions from those which are obtained from the loop

corrections. We obtain

ΓPQ(a → γγ) =

∑

spin |MPQ|2

2ma

dk⃗1
(2π)3k01

dk⃗2
(2π)3k02

(2π)4δ(4)(k − k1 − k2), (35)

where the squared amplitude is given by

∑

spin

|MPQ|2 =
∑

spin

|Mpoint−like +Mloop|2

= 8

(

caγγ
F a

)2( e2

32π2

)2

m4
a +

1

2

∣

∣

∣

∣

∣

∣

∑

f

Nc(f)i
τf f(τf )

4π2mf
e2Q2

f

(

gf
mf

vPQ

)

∣

∣

∣

∣

∣

∣

2

+ interf.,

(36)

where, in the second term, Nc(f) is the color factor, and the function τf f(τf ) is a function of the

mass of the fermions circulating in the loop. We have introduced the function f(τ), defined in any

kinematic domain, whose real part is given by

Re[f(τ)] =

{

(arcsin 1/
√
τ)2 if τ ≥ 1

−1
4

[

log2
(

1+
√
1−τ

1−
√
1−τ

)

− π2
]

if τ < 1
(37)

while its imaginary part is

Im[f(τ)] =

{

0 if τ ≥ 1
π
2

[

log
(

1+
√
1−τ

1−
√
1−τ

)]

if τ < 1
(38)

where τ = 4m2
f/m

2
χ. In our case we take the branch τ > 1.

As we move to compute the decay of χ and assume a free varying mass for this particle, the WZ

interaction (Fig. 2a) is given by

Mµν
WZ(χ → γγ) = 4gχγγε[µ, ν, k1, k2]. (39)
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Figure 3: Total decay rate of the axi-Higgs for several mass values. Here, for the PQ axion, we have chosen

fa = 1010 GeV.

In Fig. 2a we have isolated the massless contribution to the decay rate coming from theWZ counterterm

χFγF̃γ whose expression is

ΓWZ(χ→ γγ) =
m3

χ

4π
(gχγγ)

2. (40)

Combining also in this case the tree level decay with the 1-loop amplitude, we obtain for χ → γγ

the amplitude

Mµν(χ → γγ) = Mµν
WZ +Mµν

f , (41)

shown in Fig. 2. In this case the rates are derived from the expression

Γχ ≡ Γ(χ→ γγ) =
m3

χ

32π

⎧

⎨

⎩

8(gχγγ)
2 +

1

2

∣

∣

∣

∣

∣

∣

∑

f

Nc(f)i
τf f(τf )

4π2mf
e2Q2

fc
χ,f

∣

∣

∣

∣

∣

∣

2

+ 4gχγγ
∑

f

Nc(f)i
τf f(τf)

4π2mf
e2Q2

fc
χ,f

⎫

⎬

⎭

(42)

and are shown in Fig.3. In the equation above both the direct (∼ (gχγγ)2) and the interference (∼ gχγγ)

contributions are suppressed as inverse powers of the Stückelberg mass. We show the results of this

comparative study in Fig. 3, where in the left panel we present results for the decay rates of χ→ γγ

for several values of the axion mass as a function of tan β = vu/vd. The plots indicate a very mild

dependence of the rates on this parameter, even for rather large variations. In the same plot the rates

for the PQ case are shown as constant lines, just for comparison. Notice that we have chosen a rather
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Figure 3: Total decay rate of the axi-Higgs for several mass values. Here, for the PQ axion, we have chosen

fa = 1010 GeV.

In Fig. 2a we have isolated the massless contribution to the decay rate coming from theWZ counterterm

χFγF̃γ whose expression is

ΓWZ(χ→ γγ) =
m3

χ

4π
(gχγγ)

2. (40)

Combining also in this case the tree level decay with the 1-loop amplitude, we obtain for χ → γγ

the amplitude

Mµν(χ → γγ) = Mµν
WZ +Mµν

f , (41)

shown in Fig. 2. In this case the rates are derived from the expression

Γχ ≡ Γ(χ→ γγ) =
m3

χ

32π

⎧

⎨

⎩

8(gχγγ)
2 +

1

2

∣

∣

∣

∣

∣

∣

∑

f

Nc(f)i
τf f(τf )

4π2mf
e2Q2

fc
χ,f

∣

∣

∣

∣

∣

∣

2

+ 4gχγγ
∑

f

Nc(f)i
τf f(τf)

4π2mf
e2Q2

fc
χ,f

⎫

⎬

⎭

(42)

and are shown in Fig.3. In the equation above both the direct (∼ (gχγγ)2) and the interference (∼ gχγγ)

contributions are suppressed as inverse powers of the Stückelberg mass. We show the results of this

comparative study in Fig. 3, where in the left panel we present results for the decay rates of χ→ γγ

for several values of the axion mass as a function of tan β = vu/vd. The plots indicate a very mild

dependence of the rates on this parameter, even for rather large variations. In the same plot the rates

for the PQ case are shown as constant lines, just for comparison. Notice that we have chosen a rather

17

In the neutral sector both a CP-even and a CP-odd subsectors are present. The CP-even sector is

described by N2 which can be diagonalized by an appropriate rotation matrix in terms of CP-even

mass eigenstates (h0,H0) as

(

ReHu
0

ReHd
0

)

=

(

sinα − cosα

cosα sinα

)

(

h0

H0

)

, (15)

with

tanα =
N2(1, 1) −N2(2, 2) −

√
∆

2N2(1, 2)
(16)

and

∆ = (N2(1, 1))
2 − 2N2(2, 2)N2(1, 1) + 4 (N2(1, 2))

2 + (N2(2, 2))
2 . (17)

The definition of these matrix elements is left to an appendix. The eigenvalues corresponding to the

physical neutral Higgs fields are given by

m2
h0 =

1

2

(

N2(1, 1) + N2(2, 2) −
√

∆
)

m2
H0 =

1

2

(

N2(1, 1) + N2(2, 2) +
√

∆
)

. (18)

We refer to [36] for a more detailed discussion of the scalar sector of the model with more than one

extra U(1).

• The CP-odd sector

The symmetric matrix describing the mixing of the CP-odd Higgs sector with the axion field b is

given by N3. After the diagonalization we can construct the orthogonal matrix Oχ that rotates

the Stückelberg field and the CP-odd phases of the two Higgs doublets into the mass eigenstates

(χ, G 0
1 , G 0

2 )

⎛

⎜

⎝

ImH0
u

ImH0
d

b

⎞

⎟

⎠
= Oχ

⎛

⎜

⎝

χ

G0
1

G0
2

⎞

⎟

⎠
. (19)

The mass matrix of this sector exhibits two zero eigenvalues corresponding to the Goldstone modes

G0
1, G

0
2 and a mass eigenvalue, that corresponds to the physical axion field χ, with a value

m2
χ = −1

2
cχ v2

[

1 +

(

qB
u − qB

d

M1

v sin 2β

2

)2
]

= −1

2
cχ v2

[

1 +
(qB

u − qB
d )2

M2
1

v2
uv2

d

v2

]

, (20)

with the coefficient

cχ = 4

(

4λ1 + λ3 cot β +
b1

v2

2

sin 2β
+ λ2 tanβ

)

. (21)
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Stueckelberg	models	predict	
ultralight	axions	if	the	Stueckelberg	scale	is	sufficiently	large.	

In	general	we	face	a	large	(representation-wise)	
scalar	sector	which	would	be	interesting	to	simplify	
in	some	way













I The running is controlled by the size of the instanton,
g = g(�)

In the functional integral we need to sum over all these
configurations.
Small instantons (R)

I ! large scale � ⇠ 1/R

I ! small coupling g(�) ⌧ 1

I ! large suppression in e
� 8⇡2

g

2

(�) . The contribution is
perturbative, since g is small, but it is negligible.
The instanton contribution to the QCD action is dominated
by large instantons (g(�) large). Unfortunately the
contribution is non-perturbative.

I The saddle point approximation is not valid any more since
the action is O(1).







Experimentally ✓ is very small. We can set this value to zero
assuming a cancellation between

I ✓
0

( reated to gluon dynamics )

I ArgDetM ( related to the electroweak sector, Yukawas and
Higgs )

We can easily derive some properties of the vacuum energy as a
function of ✓.

e�VE(✓) = |
Z

D�e�S[�]� i

32⇡2

✓
R
F

˜

Fd

4

x |


Z

D�|e�S[�]� i

32⇡2

✓
R
F

˜

Fd

4

x | = e�VE(✓=0)

E (✓) � E (0)

It is also even in ✓: E (✓) = E (�✓). Periodic of period 2⇡.


















