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Description of de Sitter space

Four-dimensional de Sitter space dS4 is a one-sheeted hyperboloid in R4,1 via

δijy
iyj − (y5)2 = R2 where i, j = 1, . . . ,4

Topologically, dS4 ' R× S3. Closed-slicing global coordinates (τ, χ, θ, φ):

yi = Rωi cosh τ , y5 = R sinh τ with τ ∈ R and δij ω
iωj = 1

ωi = ωi(χ, θ, φ) embeds unit S3 with metric dΩ2
3 into R4:

ds2 = R2
(
−dτ2 + cosh2τ dΩ2

3

)

Introduce orthonormal basis {ea}, a = 1,2,3, of SU(2) left-invariant one-forms via

ea = −ηaij ω
idωj ⇒ dea + εabc e

b ∧ ec = 0

with self-dual ’t Hooft symbols ηaij dΩ2
3 = (e1)2 + (e2)2 + (e3)2



dS4 is conf. equivalent to a finite Lorentzian cylinder I × S3 via conformal coordinates

t = arctan(sinh τ) = 2 arctan(tanh τ
2) ⇔

dτ

dt
= cosh τ =

1

cos t
Range: τ ∈ R ⇔ t ∈ I = (−π2,+

π
2) open interval

metric: ds2 =
R2

cos2t

(
−dt2 + δabe

aeb
)

=
R2

cos2t
ds2

cyl

Static coordinates (σ, ρ, θ, φ) cover half of de Sitter space:

ya = Rρλa , y4 = R
√

1−ρ2 coshσ , y5 = R
√

1−ρ2 sinhσ with σ ∈ R , ρ ∈ [0,1)

λ1 = sin θ sinφ , λ2 = sin θ cosφ , λ3 = cos θ ⇒ δabλ
aλb = 1

Induced metric on dS4:

ds2 = R2
(
−(1−ρ2)dσ2 + dρ2

1−ρ2 + ρ2dΩ2
2

)
with dΩ2

2 = dθ2 + sin2θ dφ2

useful: ρ = sinα ⇒
√

1−ρ2 = cosα



Reduction of Yang–Mills to matrix equations

Consider rank-N hermitian vector bundles over the cylinder I × S3 conf. equiv. to dS4

de Sitter space has a boundary ⇒ frame the gauge bundle over the boundary:

gauge-group elements g subject to g(∂dS4) = Id on ∂dS4 = S3
t=+π

2
∪S3

t=−π2

Gauge potentialA and gauge field F = dA+A∧A in su(N) in temporal gaugeA0 = 0

SU(2)-equivariant ansatz: A = Xa(t) ea with Xa ∈ su(N)

Resulting gauge field:

F = F0a e
0∧ea + 1

2Fbc e
b∧ec = Ẋa e

0∧ea + 1
2

(
−2εabcXa + [Xb, Xc]

)
eb∧ec

with e0 := dt and Ẋa := dXa/dt

Yang–Mills equations:

Ẍa = −4Xa + 3 εabc [Xb, Xc]−
[
Xb, [Xa, Xb]

]
and [Ẋa, Xa] = 0

three coupled ordinary differential equations for three N×N matrix functions



Further reduction to quintuple-well dynamics

Restrict Xa to some su(2) ⊂ su(N) by embedding spin-j of su(2) into su(2j+1)

The three SU(2)-generators Ia are normalized to C(1
2) = 1

2, C(1) = 2

[Ib, Ic] = 2 εabcIa and tr(IaIb) = −4C(j) δab for C(j) = 1
3 j(j+1)(2j+1)

Simplest choice for the matrices Xa:

X1 = Ψ1I1 , X2 = Ψ2I2 , X3 = Ψ3I3 with Ψa = Ψa(t) ∈ R
Resulting simplification of Yang–Mills Lagrangian density:

L = 1
8 trFµνFµν = −1

4 trF0aF0a + 1
8 trFabFab

= 4C(j)
{

1
4Ψ̇aΨ̇a − (Ψ1 −Ψ2Ψ3)2 − (Ψ2 −Ψ3Ψ1)2 − (Ψ3 −Ψ1Ψ2)2

}
Interpretation: {Ψa} = particle coordinates in R3 ⇒ Newtonian dynamics with

potential 1
2V (Ψ) = (Ψ1−Ψ2Ψ3)2 + (Ψ2−Ψ3Ψ1)2 + (Ψ3−Ψ1Ψ2)2





Euler-Langrange equations:

1
4Ψ̈1 = −Ψ1 + 3 Ψ2Ψ3 −Ψ1(Ψ2

2 + Ψ2
3)

1
4Ψ̈2 = −Ψ2 + 3 Ψ1Ψ3 −Ψ2(Ψ2

1 + Ψ2
3)

1
4Ψ̈3 = −Ψ3 + 3 Ψ1Ψ2 −Ψ3(Ψ2

2 + Ψ2
3)

Too hard to solve analytically in general, but invariant under S4 (tetrahedral symmetry)
Try to find trajectories invariant under a maximal subgroup: A4, D8 or S3

A4 : Ψ1 = Ψ2 = Ψ3 = 0 ⇒ trivial

D8 : Ψ1 = Ψ2 = 0 , Ψ3 =: ξ ⇒ abelian

⇒ Vξ = 2 ξ2 and ξ̈ = −4 ξ

harmonic oscillator: ξ(t) = −1
2 γ cos 2(t−t0)



S3 : Ψ1 = Ψ2 = Ψ3 =: 1
2(1 + ψ) ⇒ nonabelian

⇒ Vψ = 1
2 (1−ψ2)2 and ψ̈ = 2ψ (1−ψ2)

double well: ψ(t) = ±1 , ψ(t) = 0 , ψ(t) = bounce:

ψ(t) =
√

2 sech
(√

2(t−t0)
)

=

√
2

cosh
(√

2(t−t0)
)

Vψt-t0

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
ψ

‘energy conservation’:

1
2 ψ̇

2 = V0 − Vψ(ψ) = V0 − 1
2(1−ψ2)2

where V0 is the potential at turning point

V0 6= 0, 1
2: anharmonic oscillations



Yang–Mills configurations on de Sitter space

For the Lorentzian cylinder: substitute solution ψ(t) into the gauge potential and field:

A = 1
2 (1 + ψ) eaIa and F =

(
1
2 ψ̇ e

0∧ea − 1
4 (1−ψ2) εabc e

b∧ec
)
Ia

SU(2) color electric and magnetic fields:

Ea = F0a = 1
2 ψ̇ Ia and Ba = 1

2εabcFbc = −1
2 (1−ψ2) Ia

Their energy densities:

ρe = −1
4trEaEa = 3

4 C(j) ψ̇2 and ρm = −1
4trBaBa = 3

4 C(j) (1−ψ2)2

Total field energy:

Et =
∫
S3
e1∧e2∧e3 (ρe + ρm) = 3

4 C(j) vol(S3)
(
ψ̇2 + (1−ψ2)2

)
= 3π2C(j)V0

For de Sitter space: time variable is τ̃ = Rτ thus

Eτ̃ =
dt

dτ̃
Et =

1

R

dt

dτ
Et =

1

R cosh τ
Et =

3π2C(j)V0

R cosh τ
finite at all times



Action functional on the Lorentzian cylinder:

S = 1
8

∫
I×S3

e0∧e1∧e2∧e3 tr(−2F0aF0a + FabFab) =
∫
I

dt vol(S3) (ρe − ρm)

= 3
2π

2C(j)
∫ π/2

−π/2
dt
(
ψ̇2 − (1−ψ2)2

)
= 3π3C(j)V0 − 6π2C(j)

∫ π/2

−π/2
dt Vψ

(
ψ(t)

)

Action functional on de Sitter space:

A = Ãa ẽa and F = F̃0a ẽ
0∧ẽa + 1

2F̃bc ẽ
b∧ẽc

with ON system ẽ0 := Rdτ and ẽa := R cosh τ ea hence

Aa = R cosh τ Ãa , Fbc = R2 cosh2τ F̃bc , F0a = ∂tAa = R2 cosh2τ ∂τ̃Ãa

Result:

S = 1
8

∫
dS4

ẽ0∧ẽ1∧ẽ2∧ẽ3 tr(−2F̃0aF̃0a + F̃abF̃ab) =
∫
R

dτ vol(S3)
ρe − ρm
cosh τ

agrees with the value on Lorentzian cylinder X finite and bounded below



For a very explicit representation pick some coordinates on S3:

ω1 = sinχ sin θ sinφ , ω2 = sinχ sin θ cosφ , ω3 = sinχ cos θ , ω4 = cosχ

Corresponding left-invariant one-forms:

e1 = sin θ sinφdχ+ sinχ cosχ (tanχ cosφ+ cos θ sinφ) dθ + sin2χ sin θ (cotχ cosφ− cos θ sinφ) dφ

e2 = sin θ cosφdχ− sinχ cosχ (tanχ sinφ− cos θ cosφ) dθ − sin2χ sin θ (cotχ sinφ+ cos θ cosφ) dφ

e3 = cos θ dχ− sinχ cosχ sin θ dθ + sin2χ sin2θ dφ

Define three matrices I∗ by decomposing

eaIa =: dχ Iχ + dθ Iθ + dφ Iφ



In the fundamental (spin j=1
2) representation of su(2):

Iχ = −i

(
cos θ −i sin θ eiφ

i sin θ e−iφ − cos θ

)

Iθ = −i sinχ cosχ

( − sin θ (tanχ−i cos θ)eiφ

(tanχ+i cos θ)e−iφ sin θ

)

Iφ = −i sin2χ sin θ

(
sin θ (cotχ+i cos θ)eiφ

(cotχ−i cos θ)e−iφ − sin θ

)

Field-strength components:

Eχ = 1
2

dψ
dτ Iχ , Eθ = 1

2
dψ
dτ Iθ , Eφ = 1

2
dψ
dτ Iφ

Bχ = −1
2 (1−ψ2) Iχ , Bθ = −1

2 (1−ψ2) Iθ , Bφ = −1
2 (1−ψ2) Iφ



Explicit examples

Minima ψ = ±1 =⇒ F = 0 vacua

Maximum ψ = 0 =⇒

A = 1
2 e

a Ia =
cos t

2R
ẽa Ia =

1

2R cosh τ
ẽa Ia

F = −1
4 ε

a
bc e

b∧ec Ia = −
cos2t

4R2
εabc ẽ

b∧ẽc Ia = −
1

4R2 cosh2τ
εabc ẽ

b∧ẽc Ia

Ẽa = F̃0a = 0 and B̃a = 1
2εabcF̃bc = −

cos2t

2R2
Ia = −

1

2R2 cosh2τ
Ia

Purely magnetic & spatially homogeneous action S = −3
2π

3C(j) minimal?



Bounce ψ =
√

2 sech
(√

2(t−t0)
)

=⇒

A =
cos t

2R

{
1 +

√
2

cosh
(√

2(t−t0)
)} ẽa Ia

F = −
cos2t

4R2

{
4

sinh
(√

2(t−t0)
)

cosh2
(√

2(t−t0)
) ẽ0∧ẽa +

(
1−

2

cosh2
(√

2(t−t0)
)) εabc ẽb∧ẽc

}
Ia

Electric-magnetic spatially homogeneous configuration with Eτ̃ = 3π2C(j)
2R cosh τ

S

C(j)
= −3

2π
3 + 12π2

∫ π/2

−π/2
dt

sinh2
(√

2(t−t0)
)

cosh4
(√

2(t−t0)
)

= −3
2π

3 +
√

8π2
(
tanh3( π√

2
+δ) + tanh3( π√

2
−δ)

)
Bounce modulus δ =

√
2 t0 is nontrivial because t ∈ I = (−π2,

π
2) 6= R



Abelian ξ = −1
2 γ cos 2(t−t0) =⇒

A = −1
2 γ cos 2(t−t0) e3 I3 = − γ

2R cos t cos 2(t−t0) ẽ3 I3

F = dA = γ
R2 cos2t

{
sin 2(t−t0) ẽ0∧ẽ3 + cos 2(t−t0) ẽ1∧ẽ2

}
I3

Ẽ3 = γ
R2 cos2t sin 2(t−t0) I3 and B̃3 = γ

R2 cos2t cos 2(t−t0) I3

ρe = γ2C(j) sin22(t−t0) and ρm = γ2C(j) cos22(t−t0)

Eτ̃ =
dt

dτ̃

∫
S3
e1∧e2∧e3 (ρe + ρm) =

2π2γ2C(j)

R cosh τ

S =
∫
I

dt vol(S3) (ρe−ρm) = 2π2 γ2C(j)
∫
I

dt
(
sin22(t−t0)−cos22(t−t0)

)
= 0



Instantons on de Sitter space

dS4
Wick rotation−→ S4 conf. equiv.−→ R× S3

(τ, χ, θ, φ) −→ (ϕ, χ, θ, φ) −→ ( rT , χ, θ, φ)

τ = i (ϕ−π2) ϕ = 2 arctan r
R

r
R = eT ⇒ sinϕ = 1

coshT

ds2 = R2(dϕ2+sin2ϕdΩ2
3) =

4R4

(r2+R2)2
(dr2+r2 dΩ2

3) =
R2

cosh2T
(dT2+dΩ2

3)

Euclidean dS4 is conformally equivalent to Euclidean cylinder over S3

Stereographic coordinates xi = r ωi(χ, θ, ψ) : ds2 =
4R4

(r2+R2)2
δij dxidxj



Instanton equation: Fij = 1
2

√
det g εijkl Fkl

Go to the Euclidean cylinder with ds2
cyl = dT2 + dΩ2

3 and temporal gauge A0 = 0

SU(2)-equivariant ansatz: A = Xa(T ) ea with Xa ∈ su(N)

⇒ F4a =
dXa
dT

and Fab = −2 εabcXc + [Xa, Xb]

Instanton equation reduces to generalized Nahm equation

dXa
dT

= 2Xa − 1
2 εabc [Xb, Xc]



Same ansatz as before:

X1 = Ψ1I1 , X2 = Ψ2I2 , X3 = Ψ3I3 with Ψa = Ψa(T ) ∈ R
yields Wick-rotated Newtonian dynamics in R3, or V (Ψ)→ −V (Ψ), and thus

Ψ̈a = +
∂V

∂Ψa
⇐ Ψ̇a =

∂U

∂Ψa
with V = 1

2
∂U

∂Ψa

∂U

∂Ψa

for a superpotential

U(Ψ) = Ψ2
1 + Ψ2

2 + Ψ2
3 − 2 Ψ1Ψ2Ψ3

Take again

Ψ1 = Ψ2 = Ψ3 = 1
2 (1+ψ) ⇒ Uψ(ψ) = ψ− 1

3ψ
3 & ψ̇ = 1−ψ2

Simplest solution is the kink:

ψ(T ) = tanh 2(T−T0) ⇒

Xa(T ) =
[
1 + exp(−2(T−T0))

]−1
Ia =

r2

r2+Λ2
Ia with Λ2 = e2T0R2





Vψ

t-t0

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
ψ

Uψ

t-t0

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
ψ

Gauge potential and field strength:

A = Xa e
a = −

1

r2+Λ2
ηaij Ia x

idxj

F = −
Λ2

(r+Λ2)2
ηaij Ia dxi∧dxj

This is the familiar BPST instanton extended from R4 to S4 X



What about anti-de Sitter?

Four-dimensional anti-de Sitter space AdS4 is embedded in R3,2 via

(y1)2 + (y2)2 + (y3)2 − (y4)2 − (y5)2 = −R2

AdS4 is conformally equivalent to I × AdS3 ' I × PSL(2,R)

and also conformally equivalent to S1 × S3
+ (upper hemisphere)

Construction for gauge group SU(N) is similar to the one on dS4 but . . .

• conformal factor now depends on a spatial coordinate χ

• AdS3 slicing: energy and action ∼ vol(PSL(2,R)) are infinite  
• S3

+ slicing: can import time-periodic dS4 solutions and restrict S3 → S3
+

• these solutions have again finite energy and action (again ≥ −3
2π

3C(j)) X

• all field components vanish exponentially towards the AdS boundary

• finite-action instantons exist but are unstable; they become stable on ÃdS4



Summary and outlook

• Finite-action Yang–Mills solutions (without Higgs) exist in 4D de Sitter space

• Rotationally symmetric solutions are spatially homogeneous and everywhere smooth

• Ansatz reduces Yang–Mills to matrix equations & then to special Newtonian dynamics

• Nonabelian fields from 3D particle trajectories in a tetrahedric quintuple-well potential

• fields ∼ (R cosh τ)−2 , energy ∼ (R cosh τ)−1 , action finite and ≥ −3
2π

3C(j)

• Instantons extended to S4 are reconstructed as a byproduct

• Analog configurations on AdS4 with H3 slicing also enjoy finite energy and action

• These classical fields may be important for Yang–Mills vacuum structure on (A)dS4



THANK YOU !


