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Introduction (1)

» Slowly moving particle cannot resolve the structure of a
short-ranged scatterer (e.g. an impurity or a defect).
» (Much) below a physical cutoff scale a, any short-ranged

interaction could be approximated by a point interaction.
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Question: Do there exist any universality classes of short-ranged
interactions whose long-wavelength limits appear to be the same?

(Yes. It is described by running boundary conditions.)

point interaction
(boundary condition)
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Introduction (2): trivial example

Flow of S-matrix elements

V(x) =2g6(x)
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Introduction (2): trivial example Running BC's

S.0hya

Flow of S-matrix elements Eoreite
U(2) family of BC's
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R(k)eilkx ) —1 — R(k; g) =- § = 0 state energy
D T (k)e ik—g Exact RG flow of BC's
k—0 ik k—so0 Exact p-functions
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el tk—g Applications
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1/r* potential
Quantum graph

Summary

Momentum rescaling k — ke’ as running coupling

t
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T(ke'sg) = o il T(k;g(t))
with
gr)=ge™!, —eo<r<w
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Introduction (3)

Today's talk

» Spinless one-particle quantum mechanics on a line
» Absence of long-ranged interaction (such as Coulomb force)

» Long-wavelength limit

Theory space (spanned by parameters which characterize all
possible point interactions)
[

Parameter space of U(2)
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U(2) family of boundary conditions (1)

Allowed point interaction in quantum mechanics
|

Boundary condition consistent with the probability conservation
(& self-adjointness of H < unitary time evolution e )

Current conservation at the origin [cf. Cheon et al. (2000)]

J04) = j(0-), jx) = —i [y () p(x) -y )y (x)]
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U(2) family of boundary conditions (2)

» U(2) family of boundary conditions

(1-U) (ﬁgjg) —iLy(14 V) (5(09) _3,

» Parameterization of U € U(2)

UeU(2)

U= Z ela/P P =

» 4 independent parameters
0<a;, 0 <2m,
S . 2., 2, 2
€= (ex,ey,e;) with eyteyte;=1

» U(2) family of boundary conditions reduces to the following
two independent conditions:

P [(g;ggg) L. (g;ggg)] 6 L Lo %
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Running BC's

S-matrix

S.Ohya

Introduction

U(2) family of BC's

» Reflection and transmission coefficients (k > 0) _

Exact RG flow of BC’s

FrOm Ieft From right Exact p-functions

Exact RG flow

5 ' ' ;
R_ (k)e_‘kx : . ) : R+ (k)e’k" Applications
H I (k)elkx T+ (k)eilk)C ! . 1/ potential
: = - : Quantum graph
L |
eikx : ll o ikx Summary
< > X o > x
» S-matrix
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Bound states and antibound (or virtual) states

» Bound (antibound) state = LmE
simple pole of S(k) lying on
the positive (negative)
imaginary k-axis (bound states)

» Bound/antibound state -
energy at a pole k =i/L4: 0 Rek

2
E:t — (i) — _é (antibound states)

» Bound/antibound state wave function at a pole k=i/L:

Wy (x) o< exp _H (Li:Locot%, L0>0)
Ly 2

normalizable bound state forO<or<m
non-normalizable antibound state for w < oy < 27
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Phase diagram

2

1 bound state
1 antibound state

0 bound state
2 antibound states

2 bound states
0 antibound state

1 bound state
1 antibound state

27

ot
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Exact RG flow of boundary conditions (1)

Renormalization group transformation

Since Ly is an arbitrary parameter, any physical quantities must be
independent of the choice of Ly. The lack of dependence of L
can be expressed as the invariance of the theory under the RG
transformation

R :Ly— L(t) :==Loe™", —oo<t< oo

Renormalization group equation

Any change of Ly must be equivalent to changes in the U(2)
parameters. This is expressed as the RG equation

S(kLo: g, Py) = S(kL(0): (1), By (1),
or, equivalently,

S((ke")Lo; aj, Pj) = S(kLo; @;(t), Pj(1)).
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Exact RG flow of boundary conditions (2) AT EEo

S.Ohya

Since k appears only in the combination kL1 = kLo cot - %= the
rescaling of kK must be adjusted by the running of o:

Introduction

U(2) family of BC's

O koke! s (1) Tl
kLgcot— kLo (e cot— | =kLg | cot ,
2 2 2
Exact p-functions

. . Exact RG flow
from which we find Applications
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Summary

(04 —
0. (t) = 2arctan (e*’ tan Ti) and Pi(t)=Py.

T< oy <2m

11/17



Exact RG flow of boundary conditions (3

Exact p-functions

- da(t .
Boc, (02 (1)) = 5;() = —sina (1)
oxsLo
Bas
IR limi UV limi
0 T /(l_)n_wo:) \([Hnj;»zﬂ)

UV fimit R limit 3
\(1 o) /‘(, ) T

» of =0: UV fixed point
» of =m: IR fixed point

» 22 =4 fixed points on T? = {(oty, ) |0 < oty <27}
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Exact RG flow of boundary conditions (1)

a e Neumann fixed point (UV stable)

2 U=S5=1
v'(04) =0=y'(0-)

e Dirichlet fixed point (IR stable)

T

U=5=-1

W(0,) =0=y(0 )
0 b4 > > % o (0,7) fixed point

Arrows indicate the
directions toward infrared.

—i0 .-
U:S:(COS(P e sm(p>

efsing —cosg
Y(0_) = e an 2y (0,
¥'(0-) =e“cot Sy’ (04)
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Running BC's

Applications: 1/r? potential

S.Ohya
» Hamiltonian (in one-dimension) Introduction
d2 U(2) family of BC's
g S-matrix & bound
H=-a5+3 0<r<e

Exact RG flow of BC’s

Short-distance behavior of wavefunction Exact p-functions
Exact RG flow

y(r) = r'* x (regular polynomial) + r'~ x (regular polynomial) S
1/r* potential
Quantum graph

where vy :=1/2++/g+1/4. Summary
Boundary condition at » =0 (for —1/4 < g <3/4)

{y/(r) +Ly " (cos E) rwiM] =0
0

v

v

rv- 2 dr rv-

v

RG equation

v

Exact B-function

B(a(1)) = —(v+ — v_)sina(r)
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Applications: Quantum graph (1)

» Star graph with N edges
(The most simplest model
of quantum wire junctions)

» Boundary condition

y(01) v'(01)
a-uy| : |-iwa+v)| | =0, veuw
v (0y) v’ (On)
» Exact B-function
B(@;(t)) = —sina;(t), j=1,--,N

(aj: jth eigenphase of U)
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Applications: Quantum graph 2 Funning BCs

S.Ohya

Introduction

» Exact RG flow of boundary conditions for N =3 (Y-junction) U(2) family of BC's

S-matrix & bound
state energy

Exact BG flow of BC's

- - . functions
Dirichlet fixed point G flow
Neumann fixed point e

ential

Fixed point with 1 relevant direction

m mH O e

Fixed point with 2 relevant directions

(Arrows indicate the directions toward IR.)
» Rich phase structure

» There exist 23 = 8 fixed points
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Summary

Summary

» U=¢e%P +e%P cU(2)

» Running eigenphase & () = 2arctan (e ' tan %)

v

v

v

Projection operator P1: Exactly marginal
UV stable fixed point: Neumann boundary condition

IR stable fixed point: Dirichlet boundary condition
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