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Aspects of the BMS/CFT correspondence 



Classical gravitational aspects of AdS3/CFT2 correspondence 

4d flat case, null infinity: asymptotic symmetries

Overview

3d flat case, null infinity: BMS3/CFT1 correspondence 

4d flat case, null infinity: dual theory

G.!Barnich and C.!Troessaert. Aspects of the BMS/CFT correspondence. JHEP, 05:062, 2010. 

based on

G.!Barnich and C.!Troessaert. Symmetries of asymptotically ßat four-dimensional spacetimes 
at null inÞnity revisited. Phys. Rev. Lett., 105(11):111103, Sep 2010.



Fefferman-Graham ansatz  

AdS3/CFT2

gµ! =

!
l2

r2 0
0 gAB

"

Asymptotic symmetries

2d metric

gAB = r
2øγAB(xC) + O(1)

øγAB conformal to flat metric on the cylinder  

asymptotic symmetries L ! grr = 0 = L ! grA , L ! gAB = O(1),

general solution determined by conformal 
Killing vector  

�
ξr = ! 1

2ψr,
ξA = Y A + I A , I A = ! l2

2 ∂B ψ
� !

r
dr �

r � gAB = ! l2

4r 2 øγAB ∂B ψ + O(r " 4).

Y A

! = øDA Y A

of ηAB

ø! AB = e2! " AB

ηABdxAdxB = ! dτ2 + dφ2, τ =
t
l
, ϕ = ϕ(xA)

r t,φ

! = − 1
l2



linear representation of conformal algebra  

modified bracket

AdS3/CFT2 Asymptotic symmetries

[! 1, ! 2]µM = [ ! 1, ! 2]µ − " g
! 1

! µ
2 + " g

! 2
! µ
1

[! 1, ! 2]rM = !
1

2
!" r, [! 1, ! 2]AM = !Y A + !IA , !Y A = [Y1, Y2]A , !! = D̄A !Y A

light-cone coordinates 
x± = ! ± " , 2#± = ∂

∂τ
± ∂

∂φ
, $̄AB dxA dxB = −e2ϕdx+ dx!

[l ±
m , l±

n ] = (m − n)l ±
m , [l ±

m , l∓n ] = 0

include Weyl rescalings of boundary metric Lξgrr = 0 = LξgrA , LξgAB = 2ωgAB + O(1)

direct sum with abelian algebra of Weyl rescalings
( !Y , !! ) = [( Y1, ! 1), (Y2, ! 2)]

�Y A = Y B
1 ∂B Y A

2 ! Y B
2 ∂B Y A

1 , �ω = 0

! g
! 1

gµ" = L! 1 gµ"! µ = ! µ (x, g)metric dependence

Y ± (x± )! ± =
!

n! Z
cn± l±

n , l±
n = ieinx±

! ±



existence of general solution 

AdS3/CFT2 Solution space

ϕ = 0

integration “constants”

gABdxAdxB = ! (r2 +
l4

r2 Ξ++ Ξ!! )dx+ dx! + l2Ξ++ (dx+ )2 + l2Ξ!! (dx! )2,

! ++ = ! ++ (x+ ), ! −− = ! −−(x−)

BTZ black hole ! ±± = 2G(M ± J
l

)

when

general solution

gABdxAdxB =
!

! e2ϕr 2 + 2"! +! ! r ! 2e! 2ϕ("! 2
+! + "! ++"! !! )

#
dx+dx! +

+"! ++(1 ! r ! 2e! 2ϕ"! +! )(dx+)2 + "! !! (1 ! r ! 2e! 2ϕ"! +! )(dx! )2,

�! ±± = l2�Ξ±± (x± ) + " 2
± # ! (" ± #)2� �! + ! = l2" + " ! #

AdS3 space M = − 1
8G

, J = 0

! != 0



! ! Y +,Y ! ,ω! ±± = Y ± " ± ! ±± + 2" ± Y ± ! ±± ! 1
2 " 3

± Y ±

! ! Y + ,Y ! ,ω" = #

conformal transformation properties

AdS3/CFT2 Conformal properties

gAB = gAB(x, ! , ! )asymptotic symmetries transform 
solutions into solutions gAB(x,−δΞ,−δϕ) = LξgAB

asymptotically AdS3 gravity: dual to conformal boundary theory



centrally extended charge representation of  conformal algebra

Hamiltonian approach

AdS3/CFT2 Charge algebra

Q!
surface charge generators, 

Dirac algebra

Qξ[g ! ḡ,ḡ] =
1

8πG

! 2π

0
dφ (Y + ! ++ + Y−! −−)

Qξ1 [L ξ2 g,øg] ≈ Q[ξ1 ,ξ2 ]M [g− øg,øg] + K ξ1 ,ξ2 ,

K ξ1,ξ2 = Qξ1 [Lξ2 ḡ, ḡ] =
1

8! G

! 2π

0
d" (#φY τ

1 #2
φY φ

2 ! #φY τ
2 #2

φY φ
1 )

Strominger 1998:  combine with Cardy formula to provide a microscopic 
derivation of the Bekenstein-Hawking entropy of BTZ black hole 

modes

Brown & Henneaux 
1986



BMS ansatz 

BMS4/CFT2 Asymptotically flat spacetimes

Sachs: unit sphere 

gABdx
A
dx

B = r
2øγABdx

A
dx

B + O(r)

ø! AB = e2ϕ
0! AB 0! ABdxAdxB = d" 2 + sin 2 " d#2

! = ei φ cot
"
2
, ø#AB dxA dxB = e2 eϕd! dø!Riemann sphere 

determinant condition detgAB =
r4

4
e4e!

fall-off conditions

gµ! =

!

"
e2" V

r + gCD UC UD ! e2" ! gBC UC

! e2" 0 0
! gAC UC 0 gAB

#

$

u r

Minkowski u = t ! r ! µν =





! 1 ! 1 0 0
! 1 0 0 0
0 0 r 2 0
0 0 0 r 2 sin2 "





d! 2 + sin 2 !d" 2 = P! 2d#dø#, P(#,ø#) =
1
2

(1 + #ø#), ÷ϕ = ϕ ! ln P

β = O(r! 2), U
A = O(r! 2), V/r = !

1

2
R̄+O(r! 1)

xA =
!

!, "
#,ø#



asymptotic symmetries 

BMS4/CFT2 Asymptotic symmetries

general solution

conformal Killing vectors of the sphere

Lξgrr = 0, LξgrA = 0, LξgAB gAB = 0,

Lξgur = O(r ! 2), LξguA = O(1), LξgAB = O(r ), Lξguu = O(r ! 1)

Y A = Y A (xB )

T = T(xB) generators for supertranslations  

algebra

[(Y1, T1), (Y2, T2)] = ( !Y , !T)

spacetime vectors with modified bracket 
form linear representation of bms4

standard GR choice:  restrict to globally 
well-defined transformations generators of Lorentz algebraY A

!Y A = Y B
1 ∂BY A

2 ! Y B
1 ∂BY A

2 ,
!T = Y A

1 ∂AT2 ! Y A
2 ∂AT1 +

1

2
(T1∂AY A

2 ! T2∂AY A
1 )

SL(2, C)/ Z2 � SO(3, 1)






ξu = f,
ξA = Y A + I A , I A = −f ,B

�∞
r dr �(e2βgAB ),

ξr = − 1
2 r ( øDA ξA − f ,B UB + 2 f ∂u ϕ),

ḟ = f ˙! + 1

2
" ⇐⇒ f = e! !

T + 1

2

" u

0
du�e−! "

#
,

! = D̄A Y A

Sachs 1962



CFT choice : allow for meromorphic functions on the Riemann sphere  

BMS4/CFT2 New proposal

Y ζ = Y ζ(! ), Y
øζ = Y

øζ(!̄ )solution to conformal Killing equation 

generators 

ln = −ζn+1 ∂

∂ζ
, l̄n = −ζ̄n+1 ∂

∂ζ̄
, n ∈ Z

Tm,n = ! m !̄ n, m, n ∈ Z

commutation relations

[lm , ln ] = ( m ! n)lm +n , [ølm , øln ] = ( m ! n)ølm +n , [lm , øln ] = 0 ,

[ll , Tm,n ] = (
l + 1

2
! m)Tm +l,n , [øll , Tm,n ] = (

l + 1
2

! n)Tm,n +l .

Poincaré subalgebra l ! 1, l0, l1, l̄ ! 1, l̄0, l̄1, T0,0, T1,0, T0,1, T1,1,



BMS3/CFT1 Asymptotic symmetries

gµν =

!

"
#

e2βV r! 1 + r 2e2ϕU2 ! e2β ! r 2e2ϕU
! e2β 0 0

! r 2e2ϕU 0 r 2e2ϕ

$

%
&

ansatz for asymptotically 
flat metrics

fall-off conditions ! = O(r ! 1), U = O(r ! 2) V = −2r 2" u # + O(r )

asymptotic symmetries L ξgrr = 0 = L ξgr φ, L ξgφφ = 0,

L ξgur = O(r! 1), L ξguφ = O(1), L ξguu = O(1)

solution involves 2 arbitrary 
functions on the circle Y = Y(φ), T = T(φ)

u = t − rMinkowski spacetime

bms3 algebra [(Y1, T1), (Y2, T2)] = ( !Y , !T)

!Y = Y1! ! Y2 ! (1 " 2), !T = Y1! ! T2 + T1! ! Y2 ! (1 " 2)

ds2 = ! du2 ! 2dudr + r 2dφ2

spacetime vector form faithful 
representation of 

!
"#

"$

! u = f,

! ! = Y + I, I = −e−2" " ! f
%∞

r dr� r�
−2

e2# = − 1
r e−2" " ! f + O(r−2),

! r = −r
&
" ! ! ! − " ! fU + ! ! " ! # + f " u #

'
, ∂uf = f∂uϕ + Y ∂! ϕ + ∂! Y !" f = e" !

T +
" u

0
du!e" " (∂! Y + Y ∂! ϕ)

#



general solution parametrized by 

BMS3/CFT1 Solution space and conformal properties 

ds2 = suudu2 ! 2dudr + 2su! dud! + r 2e2" d! 2,

suu = e−2" �
Θ ! (" ! #)2 + 2" 2

! #
�

! 2r " u#,

su! = e−"
�
Ξ +

� u

0
du�e−" �1

2
" ! Θ ! " ! # [Θ ! (" ! #)2 + 3" 2

! # ] + " 3
! #

��
.

Θ = Θ(φ), Ξ = Ξ(φ)

 

bms3 transformation properties ! ! Y,T Θ = Y" φΘ +2 " φYΘ ! 2" 3
φY,

! ! Y,T Ξ = Y" φΞ +2 " φYΞ + 1

2
T" φΘ + " φTΘ ! " 3

φT,

covariant charges Qξ[g ! øg,øg] "
1

16πG

! 2π

0
dφ (! T + 2 " Y )

K ! 1 ,! 2 =
1

8! G

! 2"

0
d"

"
## Y1(T2 + #2

# T2) − ## Y2(T1 + #2
# T1)

#



modes Y(θ)

iso(2, 1)

1 copy of Wit algebra acting on i1
!

charge algebra:

relation to AdS3 similar to contraction between so(2, 2) ! iso(2, 1)

l ! "L±m =
1
2
( lP±m ± J±m )

BMS3/CFT1 Charge algebra

collaboration with G. Compère



BMS4/CFT2 solution space

gAB = r2γ̄AB + rCAB +DAB +
1

4
γ̄AB CC

D CD
C + o(r−! )ansatz

Sachs: power series and DAB = 0 guarantees absence of log terms

determinant condition CA
A = 0 = D A

A

! = ! (gAB)equations of motion imply

UA = !
1
2
r! 2 øDB CBA !

2
3
r! 3

�
(ln r +

1
3

) øDB DBA !
1
2
CA

B
øDCC

CB + NA
�

+ o(r! 3! ! ),

angular momentum aspect N A (u, xA ) u dependence fixed

D!! = d(ζ), D!̄ !̄ = ød( øζ), D! !̄ = 0 .log terms also absent when 



BMS4/CFT2 Solution space

for simplicity �! = 0

V
r

= −1

2
R̄ + r−12M + o(r−1−�)

M (u, xA ) u dependence fixed 

∂uCAB (u, xA )news tensor 

mass aspect 

only arbitray function of u 

general solution: 4 arbitrary functions of 3 variables & 3 arbitrary functions of 2 variables

!̄ AB dxA dxB = d"d"̄

redefinitions

C!! = c, C!̄ !̄ = c̄, C! !̄ = 0

÷M = M − ø! 2c− ! 2øc ÷N ! = !
1
12

[2N ! + 7øcø∂c + 3 cø∂øc]

evolution equations ! u
÷M = −úcúøc 3! u

÷N ζ = ! ø! ÷M ! 2ø! 3c ! ( ø! øc + 3øcø! )úc

! uCAB(u, xA) M(u0, x
A ) NA (u0, x

A )gAB (u0, r, x
A )



BMS4/CFT2 Conformal properties

f = T +
1

2
uψ

−!c = f ċ+ YA" Ac+ (
3

2
"Y − 1

2
"̄ Ȳ )c− 2" 2f

! !d = Y A " A d + 2 "Y d

bms4 transformations

−δċ = f c̈+ Y A ∂A ċ+ 2∂Y ċ− ∂3Y

−δ ÷M = −f úcúøc + Y A ∂A ÷M +
3
2
ψ ÷M + øc∂3Y + cø∂3 øY + 4∂2 ø∂2 ÷T

! ! Ñ ζ = YA" AÑ ζ + ("Y + 2"̄ Ȳ )Ñ ζ +
1

3
" (# d̄)

! ø!f ( ÷M + 2 ø! 2c + øcúc) !
f
3

! ø! ÷M + 2 ø! 3c + ( ø! øc + 3øcø! )úc
"

Interpretation and consequences: work in progress



BMS4/CFT2 Conclusions and perspectives

4d gravity is dual to some conformal field theory 

to be done: 

classifiy (non)-central extensions; study representation theory of bms4

surface charge algebra

non extremal Kerr/CFT correspondence ?

angular momentum problem in GR:

Lorentz = bms4(old)/supertranslations  bms4(new)/supertranslations = Virasoroversus
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Quantum Coulomb solution

quantum understanding of BH entropy: what microstates are responsible?

physical toy model for BH: electromagnetic Coulomb solution

quantize EM field in the presence of external source Q

Toy model to understand BH entropy

SQ =
!

d4x [−1
4
Fµ! F

µ! − jµAµ ]action 

jµ = δµ
0Qδ3(�x)

! Q
2 ≡ −" i,i +j 0 = 0modification of constraint associated with Gauss law



standard BFV-BRST operator quantization in Hilbert space with indefinite norm

modified BRST charge

Quantum Coulomb solution BFV-BRST quantization

! Q =
�

d3k c! (�k)[a(�k) − q(�k)] + [ a! (�k) − q(�k)]c(�k)

a(!k) = a3(!k) + a0(!k)
null oscillators

b(!k) =
1

2
(a3(!k) ! a0(!k))

[â(!k), b̂  (!k!)] = " 3(!k ! !k!)

q(!k) =
Q

(2" )3/ 2
!

2k3/ 2

standard vacuum no longer BRST invariant !

shifted oscillators aQ (�k) = a(�k) ! q(�k), a∗Q = a∗(�k) ! q(�k)

new vacuum in the presence of source öaQ (!k)|0�Q = 0



Quantum Coulomb solution Coherent state of unphysical photons

|0!Q =
�

!k

exp q(�k)b̂  (�k)|0! = exp

�
d3k q(�k)b̂  (�k) |0!solution in terms of old vacuum

null oscillator Q!0|0"Q = !0|0" = 1

expectation values of electric and magnetic fields Q �0|!̂ i (x)|0�Q =
Qxi

4!r 3

Q �0| !∇× ö!A|0�Q = 0

quantum mechanical understanding of Coulomb solution only possible in 
Gupta-Bleuler/ BRST quantization

BH problem: one needs to “count” coherent states of unphysical degrees of freedom


