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Introduction

Deformation quantization using Drinfel'd twisfs is a powerful tool to build noncommutative
deformations of a space(timg), of quantum theories oX and of their symmetries.

Fi:=exp(£0,00%0,) = exp(£0'®60), 0°° = —gb2 € R
(1)

' g)(z) =+ [Fs (0@0) (f®0)] = f(x) exp [ D G20 ab] o(x),

deforms the pointwise producbf smooth functions, g both onX = R™ (Grénewold-Moyal-
Weyl x-product) and onX = T™ (Connes-Rieffek-product); herex € R™, 9, = a%’ and
for T™ f, g are meant periodicf (x + 2nL) = f(x), L € Z™.

A better definition of’ (larger domains!) uses the Fourier transforms/serie of

0q € g = Lie algebra of the groups of symmetries ofX. The twistF; = ]_-"t_le Ug®Ug
determines also the deformatidh ~~ H of the symmetry Hopf algebrel = Ug.

As X := C°°(T™) is H-module algebra, so X = X, aH-module algebra.

Scalar quantum particle of electric chakgen X = T with a magnetic fieldB = dA.:
Y e(X,FE) ~eX™.

Here I'(X, E) :=space of sections of the associated hermitean line bufidle X,

n €N, e € M,,(X) is a projector, and used the Serre-Swan theorem.

Standard approach: right-module structure of (X, E) ~ eX™ also deformed by’,
Yf -~ f, feEX.
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[X,E) ~eX™ is not symmetric under translation groug="T", noris e,/ X7, under (75
We point out:I'( X, E') is symmetric under a central extension(of theprojective transation
group G, .

Go = T* xHeisenberg group, electric charge operafor= central generatorG, G, have the
same action otk’. Interesting result in itself.

Here we deform by & € Ug, ®Ug,, and related-to "preserve” the symmetries.

To find G, we describd (X, E) as a subspac&" of C>°(R™) characterized by a
quasiperiodicity condition, i.e. periodicity up to a phasér, z) € U(1).

This can be used also for physicsRii*.

PLAN

Introduction
Mapping I'(X,E) = XV, definingGg

Basics in Twisting Deformation technology

A

Twisting H = Ug,, , X, XV, ... (work in progress)
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2. Mapping I'( X,E) — XV, defining G,

XV ={yp e C®R™) | Y(z+27L) =V(,z)p(z) VzeR™ LeZ™}, (2)

4L’
xVis T — Tfr@iL)
! V /7.’,13 o
well- = LN L N (241", ) )
defined Ti2m L V(L,z42~0")V (L, x).

IS commutative

ltmustbeVy : XV — XV, QBg, = £[Va, V] : XV — XYV = By, (z) periodic:

Boy(z) = 3684 + 3 BLel™ = Ag(x)= 28R+ Al(z)

L20 . \,_/
N -— _ periodic,B’=d A’
B!, (x) (4)
Vo € XV if V(r,2) = e_”LtﬁAx; (:3>) Wﬁfb S/
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Vo = —10a+QAq(x) = pa + QA (2), Pa = —i@a—l—gmbﬁ{% u® = e'®

Setul :=el'®, Q, po,ul : XV — XV belong to thex-algebra of observable§ = algebra
of polynomials inQ, p1, ..., pm With coefficientsf in X', constrained by

[pCL?pb] — _iﬁbea [Qa ] — 07 [pCU f] — _i(aaf)a (5)

Q, pa generate areal Lie algebgg, = R* @ Heisenbergk < m. GroupGo consists of

A
1q [zo—{—xt%

i[QzO-I—p-z]. }w(aj—l—z) € xV. (6)

F(zo,z) =€ » [F(zoz)w](w) =€
G, G have same actions if = 0. Gauge transformatioli (z) = unitary transformation,

a a

AV e xV eyl =Uy, papl =UplUT ut s ut (7)
ChoosingU(z) = ei12'8% and settingd := 34+ 55, we find fory € xVY = &8

Y(a+2rL) = e~ 1AL B@HT) 4(g), Pa = —i0a+"Bpa L. (8)
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Let: P be the canonical covermdp: x € R™ +— u € T™ ~ R™/Z™, { X, } afinite open
cover of T™, Vi W; C R™ suchthatP; = P|w, : W; — X isinvertible. Let

(3) : :
= Vi :Cz'jwj N XiﬂXj, Cik = CijCjk N Xz'ﬂXj N X (9)

Therefore{ (X;, v;, A;)} defines a trivialization of a section of a line bundie™ X with
connectionA of Chern numbers,;, := wﬁg‘b = %qbab € Z.
{(X;,U,)} defines a gauge transformationlif x) is periodic (global gauge trc)ZUj = Cjj.

ij (u) = exp { <[P (w)]'BA[P; ! (w)] } in the gaugex "

This map[x"V'] — I'(X, E) can be inverted, so we can ident{fy V'] ~ I'( X, E).

(@', ) == /X B, /X - /T A (10)

defines an Hermitean structure dg* is periodic; p,, V, are essentially self-adjoint.
We shall callH" the Hilbert space completion of V.

Fixed ayyg € X'V vanishing nowherel/npo_1 is well-defined and periodic, i.e. i, whence the
decompositiont’V' = X vg: g is cyclic and separating.
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3.1 Twisting H =Ug to a noncocomm. Hopf algebraf

start with cocommutative Hopf algebtag: then
e(1) =1, A(l) =1®1, S(1) =1,
e(g9) =0, A(g) = g®1 + 1®g, S(g) = —y, if g € 9;

g, A are extended to all off =Ug asx*-algebra maps$ as ax-antialgebra map:

e: H—C, e(ab) = e(a)e(b), e(a*) = [e(a)]™,
A:H— HRH, A(ab) = A(a)A(b), A(a*) = [A(a)]™®*, (11)
S:H — H, S(ab) = S(b)S(a), S{[S(a*)]*} = a.

The extension ofA is unambiguous, aa ([g,¢']) = [A(g), A(¢')] if g, ¢’ € 9.

e gives the trivial representatiody, S are the abstract operations by which one constructs th
tensor product of any two representations and the contlagreof any representation,
respectively;S is uniquely determined bxA.
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Real deformation parametar H, H[[\]] have

1. samex-algebra (ovefC[[\]]) and counit
2. coproducts\, A related by

Alg) = 9(1y®gly — Dl =FAWQF = g}4,®g5,
I I

3. antipodess, § s.t. $(g) = 8S(g)3~1, with 8= 3=, FMs (]—"5-2)).

where thewist [Drinfel’d 83] is for our purposes a unitasiementF € (H ® H)[[A]] fulfilling
F=11+ 0\, (e®id)F = (ld®e)F =1,
(FR1D[(A®I)(F)] = AF)[(i[d @A) (F)] =: Fa. (12)

H has unitary triangular structuf@ = Faq F 1.

HereH = Ug,, F€(Ug, ®UQ, )[[M]]; here for simplicity only Reshetikhin twists

F = e3 (P'®0ptu-pAQ). 0 = htOh, whereh solvesh 34 ht = 0 (13)

(090 = X920, 1@ = Av@; thetermu-p A Q irrelevant for 1-particle system).
(13) implies t(654) =0, 6346 = 0.
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Such@ # 0 exist only ifm > 3: Simple nontrivial deformations are = 3 with

0 —b 0 0 0 0
A= 0 0 |, o= o o =n |, =

0O 0 0 0O -n O (14)
F = e5np2/p3. AQ) = A(Q), Apa) = Apa) + a1 p3 A Q,

andm = 4 with

(0 —b 0 0 ) (0 0 0 0)
el O ol P B
. .

\0 0 ¢ 0 ) Koooo)

F=e1"P2/P3 AQ)=AQ), Alpa) = Alpa)+5L 2 p3AQ+521E paAQ.
(15)
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3.2 Twisting H-module (x-)algebras

Let A be aH-module &)-algebra (ovefC), V(.A) the vector space underlying.
V (A)[[N] gets ai -module &-)algebrad, when endowed with the product (amestructure)

axa = (?gl) > a) (.7_-"?) > a,’) : (a* = S(B)>a™). (16)
I

In fact, x is associative by (2), fulfill§axa’)* = a’*xa* and
g> (axa’)=>"; [g(Ii)D a] * [g(IQ)D a’] : (17)

A left H-equivariant ¢-).4-bimoduleM is deformed into a lefff-equivariantA -+-bimodule
M, w.r.t. the left, rightA,-multiplication: (16) for alla € A4, a’ € My anda € M, a’ € A..

If A defined by generatorsa; and relations, then also A, is, with same Poincaré-BirkhoffWit
series.Generalized Weyl map A : fe A— fe A, defined by the equations

flat,az,..)x = flaix, azx,...) inV(A) =V(A) (18)

If 3 a (x)-algebra map : H+— A suchthayba =5, 0 (g{l)) ao (Sgé)) , then3 a
H-module x-algebra isomorphismDZ : A, < A[[\]] (deforming map) defined by

D%.(a) :=>; <?§1) > a) a(]_-"?)) (19)

Change notation:a; xa; ~» a;a;, f(ax) ~> f(ai), Ax ~> A, My ~> M,...
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Twisting X, XV, 0, ...
Weyl form of the comm. rel.[Q, %] = [Q, pa] =0, [pa, x| =—i8%, [pa,pp]=—iBAQ:

. . : Q 0 0 i
ez(h-x+p'y+%yo)ez(k-x—l—p-z+%zo) — ez[(h+k)-a:—|—p-(y—{—z)+7(y +z )] e—i[k-y—h-z—QyﬁA

(20)
foranyh, k,y, z € R™ andy?, 20 € R.

. Q . .
Y .= {e’L(Qh'mﬂLP'H?ZO“S) | h,z € R™, 2V, s € R} ~ Heisenberg Group G,

C := the universalU*-algebra generated by thec Y.
(21)
The group law ofY” can be read off (20) replacing— Qh. Fixed a twist (13) and applying the
deformation procedure © one obtain€ ~ C with basic commutation relations

ci(Qh-itpy+F20) jilk-dtp-2+520) _ _il(htk) dtp-(yt2)]— & [key—h-2Hh+QBAY) 0 (k+QB42)]
(22)
forall h, k,y,z € R™; for y = z = 0 the second becomes exactly as on Moyal space

ih-@ ik-& i(hrtk)-

e’ e =e ‘%e_%hek. (23)
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Q,f1=0,  [Pa,e*?] = *2[k+ QKOS a, [etk2 3] = et* 2 (0k)?,

OF = 0, [ei(k-:wp-y)]’?‘ _ e—ilhd+py)
(24)
Given 34, 6 fulfilling (4), (13), we start with a gauge where (the symriteprart of) 3 fulfills
86 = (54 + 5°)8 = 0 (25)

(such a3 always exists). In such a gauge we deflié C S as the spaces (arfd-+-modules)
of objects of the form

b(@) = d™k M PP(k) (26)
Rm
with (k) fulfilling
d™k | (k)| (14]k]) " < oo, P(k+mqLtB) = ™ BRaTBLL ) (27)

Rm

forallh =0,1,2,...andL € Z™. This ensures the noncommutative quasiperiodicity ptgpe

A

D(& + 27L) = e—tam L B@EHLT) (), Leczm, (28)

completely analogous to (8).
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A

Q

—iDy =—i0a+AaQ = pa+ A" Q, Pa =—v:c‘§a+a“:”6ba5, AleX, (29)

X’# is mapped into itself by multiplication by ariy~, the action ofp,. Moreovery*)’ € X for
any, ¢’ € XP; we define a Hermitean structure ar by

(D,") = P*P = dx ot = (P, ); (30)
X Tn

WherefX is Connes-Rieffel integration on the noncommutative toBysthe last equalities ther

exists a Hilbert space isomorphisﬁ?lﬁ ~ HPB, where H? is the Hilbert space completion of
XP. pa,Va are essentially self-adjoint.

Going to a more general gauge is under study...
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