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Introduction
Deformation quantization using Drinfel’d twistsF is a powerful tool to build noncommutative

deformations of a space(time)X, of quantum theories onX and of their symmetries.

Ft := exp

�

i
2
∂a⊗θab∂b

�

≡ exp

�

i
2
∂t⊗θ∂

�
, θab = −θba ∈ R

[f⋆′g](x) := ·

�

Ft(⊲⊗⊲)(f⊗g)

�
= f(x) exp

�
i
2

←−

∂a θab
−→

∂b

�
g(x),

(1)

deforms the pointwise product· of smooth functionsf, g both onX = Rm (Grönewold-Moyal-

Weyl ⋆-product) and onX = Tm (Connes-Rieffel⋆-product); herex ∈ Rm, ∂a = ∂
∂xa , and

for Tm f, g are meant periodic:f(x+ 2πL) = f(x), L ∈ Zm.

A better definition of⋆′ (larger domains!) uses the Fourier transforms/series off, g.

∂a ∈ g ≡ Lie algebra of the groupG of symmetries ofX. The twistFt ≡ F
−1
t ∈ Ug⊗Ug

determines also the deformationH  Ĥ of the symmetry Hopf algebraH = Ug .

As X := C∞(Tm) isH-module algebra, so isbX ≡ X⋆′ a Ĥ-module algebra.

Scalar quantum particle of electric chargeq onX = Tm with a magnetic fieldB = dA:

ψ ∈ Γ(X,E) ∼ eXn.

Here Γ(X,E) :=space of sections of the associated hermitean line bundleE
π
7→ X,

n ∈ N, e ∈Mn(X ) is a projector, and used the Serre-Swan theorem.

Standard approach: rightX -module structure ofΓ(X,E) ∼ eXn also deformed by⋆′,

ψf  ψ⋆′f , f ∈ X .
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Γ(X,E)∼eXn is not symmetric under translation groupG=Tm, nor is e⋆′Xn
⋆′ under 
Ug .

We point out:Γ(X,E) is symmetric under a central extension ofG, theprojective translation

group GQ .

GQ = Tk×Heisenberg group, electric charge operatorQ ≡ central generator.G,GQ have the

same action onX . Interesting result in itself.

Here we deform by aF ∈ UgQ ⊗UgQ and related⋆ to "preserve" the symmetries.

To findGQ we describeΓ(X,E) as a subspaceXV of C∞(Rm) characterized by a

quasiperiodicity condition, i.e. periodicity up to a phaseV (L, x) ∈ U(1).

This can be used also for physics onRm.

PLAN

1. Introduction

2. Mapping Γ(X,E)
∼
→ XV , definingGQ

3. Basics in Twisting Deformation technology

4. Twisting H = UgQ ,X ,XV , ... (work in progress)
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2. Mapping Γ(X,E)
∼
→ X V , defining GQ

XV := {ψ ∈ C∞(Rm) | ψ(x+2πL) = V(L, x)ψ(x) ∀ x ∈ R
m, L ∈ Z

m}, (2)

XV is

well-

defined

⇔

x
L+L′

−−−−→ x+2π(L+L′)

Lց րL′

x+2πL

is commutative

⇔
V (L+L′, x) =

V (L, x+2πL′)V (L, x).
(3)

It must be∇a : XV 7→ XV . QBab = i
2
[∇a,∇b] : XV 7→ XV ⇒ Bab(x) periodic:

Bab(x) = 1
2
βA

ab +

X
L6=0

βL
abe

iL·x| {z }
B′

ab
(x)

⇒ Aa(x) = 1
2
xbβA

ba+ A′a(x)| {z }

periodic,B′=dA′

∇aψ ∈ XV if V (L, x) = e−iπLtβAx;
(3)
⇒ πβA

ab ∈ Z

(4)
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∇a = −i∂a+QAa(x) = pa+QA′a(x), pa := −i∂a+
Q

2
xbβA

ba ua := eixa

SetuL :=eiL·x. Q, pa, uL· : XV 7→XV ; belong to the∗-algebra of observablesO ≡ algebra

of polynomials inQ, p1, ..., pm with coefficientsf in X , constrained by

[pa, pb] = −iβA
abQ, [Q, ·] = 0, [pa, f ] = −i(∂af), (5)

Q, pa generate a real Lie algebragQ = Rk⊕ Heisenberg,k ≤ m. GroupGQ consists of

Γ(z0,z) =ei[Qz0+p·z]; [Γ(z0,z)ψ](x) = e
iq

�
z0+xtβA

2

�
ψ(x+z) ∈ XV . (6)

G,GQ have same actions ifq = 0. Gauge transformationU(x) = unitary transformation,

XV 7→ XV U

, ψ 7→ ψU = Uψ, pa 7→ pU
a = UpaU

−1 ua 7→ ua. (7)

ChoosingU(x) = ei
q
4

xtβSx and settingβ := βA+βS , we find forψ ∈ XV U
=: Xβ

ψ(x+2πL) = e−iqπLtβ(x+Lπ) ψ(x), pa = −i∂a+xbβba
Q
2
. (8)
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Let: P be the canonical cover mapP : x ∈ Rm 7→ u ∈ Tm ∼ Rm/Zm, {Xi} a finite open

cover ofTm, ∀i Wi ⊂ Rm such thatPi ≡ P |Wi
: Wi 7→ Xi is invertible. Let

ψi(u) :=ψ[P−1
i (u)], Aia(u) :=Aa[P−1

i (u)], Ui(u) :=U [P−1
i (u)], u ∈ Xi,

(3)
⇒ ψi = cijψj in Xi ∩Xj , cik = cijcjk in Xi ∩Xj ∩Xk (9)

Therefore{(Xi, ψi, Ai)} defines a trivialization of a section of a line bundleE
π
7→ X with

connectionA of Chern numbersnab := πβA
ab = 1

2π
φab ∈ Z.

{(Xi, Ui)} defines a gauge transformation; ifU(x) is periodic (global gauge tr.)cUij = cij .

cij(u) = exp

n

−i q
2
[P−1

i (u)]tβA[P−1
j (u)]

o
in the gaugeXβA

This map[XV ] 7→ Γ(X,E) can be inverted, so we can identify[XV ] ≃ Γ(X,E).

(ψ′, ψ) :=

Z
X

ψ′∗ψ,

Z

X

:=

Z

Tm

dmx (10)

defines an Hermitean structure asψ′∗ψ is periodic; pa,∇a are essentially self-adjoint.

We shall callHV the Hilbert space completion ofXV .

Fixed aψ0 ∈ XV vanishing nowhere,ψψ−1
0 is well-defined and periodic, i.e. inX , whence the

decompositionXV = X ψ0: ψ0 is cyclic and separating.
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3.1 Twisting H =Ug to a noncocomm. Hopf algebraĤ

If not familiar with Hopf algebras:start with cocommutative Hopf algebraUg : then

ε(1) = 1, ∆(1) = 1⊗1, S(1) = 1,

ε(g) = 0, ∆(g) = g⊗1 + 1⊗g, S(g) = −g, if g ∈ g ;

ε,∆ are extended to all ofH=Ug as∗-algebra maps,S as a∗-antialgebra map:

ε : H → C, ε(ab) = ε(a)ε(b), ε(a∗) = [ε(a)]∗,

∆ : H → H⊗H, ∆(ab) = ∆(a)∆(b), ∆(a∗) = [∆(a)]∗⊗∗,

S : H → H, S(ab) = S(b)S(a), S {[S(a∗)]∗} = a.

(11)

The extension of∆ is unambiguous, as∆

�
[g, g′]

�
=

�
∆(g),∆(g′)

�

if g, g′ ∈ g .

ε gives the trivial representation,∆, S are the abstract operations by which one constructs the

tensor product of any two representations and the contragredient of any representation,

respectively;S is uniquely determined by∆.
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Real deformation parameterλ. Ĥ,H[[λ]] have

1. same∗-algebra (overC[[λ]]) and counitε

2. coproducts∆, ∆̂ related by

∆(g) ≡

X

I

gI
(1)⊗g

I
(2) −→ ∆̂(g) = F∆(g)F−1 ≡

X
I

gI
(1̂)

⊗gI
(2̂)

3. antipodesS, Ŝ s.t. Ŝ(g) = βS(g)β−1, with β=

P
I F

(1)
I S

�
F

(2)
I

�
.

where thetwist [Drinfel’d 83] is for our purposes a unitaryelementF∈(H⊗H)[[λ]] fulfilling

F = 1⊗1 +O(λ), (ǫ⊗id )F = (id ⊗ǫ)F = 1,

(F⊗1)[(∆⊗id )(F)] = (1⊗F)[(id ⊗∆)(F)] =: F3. (12)

Ĥ has unitary triangular structureR =F21F
−1.

HereH = UgQ , F ∈(UgQ ⊗UgQ )[[λ]]; here for simplicity only Reshetikhin twists:

F = e
i
2
(pt⊗θp+µ·p∧Q), θ = h̃tΘh̃, whereh̃ solves̃hβAh̃t = 0 (13)

(θab = λϑab, µa = λνa; the termµ·p ∧Q irrelevant for 1-particle system).

(13) implies tr(θβA) = 0, θβAθ = 0.
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Suchθ 6= 0 exist only ifm ≥ 3: Simple nontrivial deformations arem = 3 with

βA =

0BB� 0 −b 0

b 0 0

0 0 0

1CCA , θ =

0BB� 0 0 0

0 0 η

0 −η 0

1CCA , ⇒

F = e
i
2

η p2∧p3 , ∆̂(Q) = ∆(Q), ∆̂(pa) = ∆(pa) + δa1
ηb
2
p3 ∧Q,

(14)

andm = 4 with

βA =

0BBBBB�

0 −b 0 0

b 0 0 0

0 0 0 −c

0 0 c 0

1CCCCCA , θ =
0BBBBB�

0 0 0 0

0 0 η 0

0 −η 0 0

0 0 0 0

1CCCCCA ⇒

F = e
i
2

η p2∧p3 , ∆̂(Q) = ∆(Q), ∆̂(pa) = ∆(pa)+δ1a
ηb
2
p3∧Q+δ4a

ηc
2
p2∧Q.

(15)
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3.2 Twisting H-module (∗-)algebras
Let A be aH-module (∗)-algebra (overC), V

�

A

�

the vector space underlyingA.

V

�

A

�

[[λ]] gets aĤ-module (∗-)algebraA⋆ when endowed with the product (and∗-structure)

a ⋆ a′ :=

X

I

�

F
(1)
I ⊲ a

��

F
(2)
I ⊲ a′

�

, ( a∗̂ := S(β) ⊲ a∗ ). (16)

In fact,⋆ is associative by (2), fulfills(a⋆a′)∗̂=a′∗̂⋆a∗̂ and

g ⊲ (a⋆a′)=

P
I

h
gI
(1̂)
⊲ a

i
⋆

h
gI
(2̂)
⊲ a′

i
. (17)

A left H-equivariant (∗-)A-bimoduleM is deformed into a left̂H-equivariantA⋆-∗-bimodule

M⋆ w.r.t. the left, rightA⋆-multiplication: (16) for alla∈A⋆, a′∈M⋆ anda∈M⋆, a′∈A⋆.

If A defined by generatorsai and relations, then alsoA⋆ is, with same Poincaré-BirkhoffWitt

series.Generalized Weyl map ∧ : f ∈A→ f̂ ∈A⋆ defined by the equations

f(a1, a2, ...)⋆ = f̂(a1⋆, a2⋆, ...) in V (A) = V (A⋆) (18)

If ∃ a (∗)-algebra mapσ :H 7→A such thatg ⊲ a =

P

I σ

�

gI
(1)

�

a σ

�

SgI
(2)

�

, then∃ a

Ĥ-module∗-algebra isomorphismDσ
F

: A⋆ ↔ A[[λ]] (deforming map) defined by

Dσ
F

(a) :=

P
I

�

F
(1)
I ⊲ a

�

σ

�

F
(2)
I

�

(19)

Change notation:ai⋆aj  âiâj , f̂(ai⋆) f̂(âi), A⋆  

bA, M⋆  


M,...
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Twisting X ,X V ,O, ...

Weyl form of the comm. rel.[Q, xa]=[Q, pa]=0, [pa, xb]=−iδb
a, [pa, pb]=−iβA

abQ:

ei(h·x+p·y+ Q
2

y0)ei(k·x+p·z+ Q
2

z0) = e
i

h

(h+k)·x+p·(y+z)+ Q
2

(y0+z0)
i

e−
i
2 [k·y−h·z−QyβAz

(20)

for anyh, k, y, z ∈ Rm andy0, z0 ∈ R.

Y := {ei(Qh·x+p·z+ Q
2

z0+is) | h, z ∈ Rm, z0, s ∈ R} ≃ Heisenberg Group⊇ G,

C := the universalC∗-algebra generated by they ∈ Y .

(21)

The group law ofY can be read off (20) replacingh→ Qh. Fixed a twist (13) and applying the

deformation procedure toC one obtainsbC ∼ C with basic commutation relations

ei(Qh·x̂+p̂·y+ Q
2

z0)ei(k·x̂+p̂·z+ Q
2

z0) = ei[(h+k)·x̂+p̂·(y+z)]− i
2 [k·y−h·z+(h+Q̂βAy)tθ(k+Q̂βAz)]

(22)

for all h, k, y, z ∈ Rm; for y = z = 0 the second becomes exactly as on Moyal space

eih·x̂eik·x̂ = ei(h+k)·x̂e−
i
2

hθk. (23)
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[Q̂, f̂ ] = 0, [p̂a, eik·x̂] = eik·x̂[k+Q̂kθβA]a, [eik·x̂, x̂a] = eik·x̂(θk)a,

Q̂∗̂ = Q̂,

�

ei(k·x̂+p̂·y)

�∗̂
= e−i(k·x̂+p̂·y),

(24)

GivenβA, θ fulfilling (4), (13), we start with a gauge where (the symmetric part of)β fulfills

βθ ≡ (βA + βS)θ = 0 (25)

(such aβ always exists). In such a gauge we definebXβ ⊂ bS′ as the spaces (and̂H-∗-modules)

of objects of the form

ψ̂(x̂) =

Z
Rm
dmk eik·x̂ψ̃(k) (26)

with ψ̃(k) fulfillingZ

Rm

dmk |ψ̃(k)|

�
1+|k|

�h
<∞, ψ̃(k+πqLtβ) = eiπL·[2k+qπβL]ψ̃(k), (27)

for all h = 0, 1, 2, ... andL ∈ Zm. This ensures the noncommutative quasiperiodicity property

ψ̂(x̂+ 2πL) = e−iqπLtβ(x̂+Lπ) ψ(x̂), L ∈ Zm, (28)

completely analogous to (8).
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−iD̂a =−i∂̂a+ÂaQ̂ = p̂a+Â′aQ̂, p̂a =−i∂̂a+x̂bβba

Q̂

2
, Â′a∈ bX , (29)bXβ is mapped into itself by multiplication by anŷuL, the action of̂pa. Moreoverψ̂∗̂ψ̂′∈ bX for

anyψ̂, ψ̂′ ∈ bXβ ; we define a Hermitean structure onbXβ by

(ψ̂, ψ̂′) :=

Z

X̂

ψ̂∗̂ψ̂′ =

Z
Tn
dnx ψ∗ψ′ = (ψ,ψ′); (30)

where

R

X̂
is Connes-Rieffel integration on the noncommutative torus. By the last equalities there

exists a Hilbert space isomorphismbHβ ≃ Hβ , where bHβ is the Hilbert space completion ofbXβ . p̂a, ∇̂a are essentially self-adjoint.

Going to a more general gauge is under study...
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